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Outline

● How to define electron-nucleus correlation?
By analogy with electronic correlation energy

● How to calculate electron-nucleus correlation?
The electron-nucleus mean field configuration interaction (EN-MFCI)
method.

● How to understand some case example results?
How about a Quantum Chemistry without Born-Oppenheimer?
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1. How to define EN-correlation?

Independence (⇔ no correlation) in probability theory

● p(A and B) = p(A) ⋅ p(B)

Born probabilistic interpretation of the wave function

● ∣ψ(r)∣2 = p(r) : probability of being observed at point r.

Distinguishable particles: Hartree product (ψH = ψ1 ⊗ ψ2)

● ψH(r1, r2) = ψ1(r1)ψ2(r2)⇒ ∣ψH(r1, r2)∣2 = ∣ψ1(r1)∣2 ∣ψ2(r2)∣2

Fermionic particles: Slater determinant (ψS = ψ1 ∧ ψ2)

● ψS(r1, r2) = ψ1(r1)ψ2(r2)−ψ1(r2)ψ2(r1)
√

2
⇒ ∣ψS(r1, r2)∣2 ≠ ∣ψ1(r1)∣2 ∣ψ2(r2)∣2

↝ some correlation but just spin statistic correlation
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Electronic correlation energy in quantum chemistry

Eel
correl =Min

ψS
⟨ψS ∣H ∣ψS⟩ -⟨ψFullCI ∣H ∣ψFullCI⟩

⇔

Eel
correl =⟨ψHF ∣H ∣ψHF ⟩ -⟨ψFullCI ∣H ∣ψFullCI⟩

↝ Electron-nucleus correlation energy

ψH(R⃗n, R⃗e) = ψn(R⃗n)ψe(R⃗e)

EEN
correl =Min

ψH
⟨ψH ∣H ∣ψH⟩ -⟨ψFullCI ∣H ∣ψFullCI⟩

⇔

EENcorrel = ⟨ψEN−SCFCI ∣H ∣ψEN−SCFCI⟩ -⟨ψFullCI ∣H ∣ψFullCI⟩

↝ Born-Oppenheimer ansatz has built-in EN-correlation

ψBO(R⃗n, R⃗e) = ψn(R⃗n)ψe(R⃗n, R⃗e) with ∣ψe(R⃗n, R⃗e)∣2 ≠ ∣ψ1(R⃗n)∣2 ∣ψ2(R⃗e)∣2
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2. How to calculate EN-correlation?

Notation

● R⃗e ∶= (r⃗ e
1 , r⃗

e
2 , . . . , r⃗

e
p ) : electronic position variables

● R⃗n ∶= (r⃗ n
1 , r⃗

n
2 , . . . , r⃗

n
N ) : nuclear position variables

● Q⃗ ∶= (Q1,Q2, . . . ,Qq) : mass-weighted normal coordinates.
● ∆R⃗n = R⃗n − R⃗0 : Cartesian displacements

● Ĝ: (3N × 3N) diagonal matrix of the square roots of nuclear masses
● L̂: (q × 3N) orthogonal matrix such that Q⃗ = L̂Ĝ∆R⃗n

● Ĝ−1
a : (3 × 3N) submatrix of Ĝ−1 corresponding to nucleus a

with these notation r⃗ n
a = Ĝ−1

a L̂T Q⃗ + r⃗ 0
a when rotation = translation = 0

● Ĥ(R⃗e) = − 1
2µe

p

∑
i=1

∆r⃗ei
+ ∑

1≤i<j≤p

1
∥r⃗ e

i −r⃗ e
j ∥

: electronic Hamiltonian

● Ĥ(Q⃗) = −1
2

q

∑
i=1

∆Qi
+ ∑

1≤a<b≤N

ZaZb

∥r⃗ 0
a −r⃗ 0

b +Ĝ−1a L̂
T Q⃗−Ĝ−1b L̂

T Q⃗∥
: nuclear Hamiltonian

● Ĥ(R⃗e, Q⃗) = −
p

∑
i=1

N

∑
a=1

Za

∥r⃗ e
i −r⃗ 0

a −Ĝ−1a L̂
T Q⃗∥

: electron-nucleus coupling
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Electron-Nucleus MFCI: principle

1 ● Start from an effective electronic Hamiltonian

Ĥeff(R⃗e) = Ĥ(R⃗e) + ⟨φ(0)

0⃗
(Q⃗)∣Ĥ(Q⃗) + Ĥ(R⃗e, Q⃗)∣φ(0)

0⃗
(Q⃗)⟩Q⃗

b φ
(0)
0⃗
(Q⃗) = δ(Q⃗0) ↦ clamped nuclei approximation

b φ
(0)
0⃗
(Q⃗) = GS of a Kratzer potentialD ( Q

Q+ξ0ab)
2 ↦ vibrationally averaged Ĥeff(R⃗e)

↝ Obtain a basis set of electronic approximate eigenstates ψi(R⃗e) (not ψi(R⃗e,Q) like in BO)

2 ● Keep electrons and nuclei uncontracted?

Y ES ↝ set φ
(1)
0 (R⃗e) = ψ0(R⃗e) and solve an effective vibrational Hamiltonian

Ĥeff(Q⃗) = Ĥ(Q⃗) + ⟨φ(1)0 (R⃗e)∣Ĥ(R⃗e) + Ĥ(R⃗e, Q⃗)∣φ
(1)
0 (R⃗e)⟩R⃗e

and loop back to 1

Remark : ⟨φ(1)0 (R⃗e)∣Ĥ(R⃗e, Q⃗)∣φ
(1)
0 (R⃗e)⟩R⃗e known analytically, but integrals calculated directly.
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Electron-Nucleus SCFCI: convergence

Setting HCoulomb = Ĥ(Q⃗) + Ĥ(R⃗e) + Ĥ(R⃗e, Q⃗),

⟨φ(n)
0⃗
φ
(n+1)
0 ∣HCoulomb∣φ(n)0⃗

φ
(n+1)
0 ⟩ = ⟨φ(n+1)0 ∣Ĥeff(n) ∣φ(n+1)0 ⟩R⃗e

If Ĥeff(n)ψ = Eψ is solved variationally and if the variational space includes φ
(n−1)
0 then

⟨φ(n+1)0 ∣Ĥeff(n) ∣φ(n+1)0 ⟩R⃗e ≤ ⟨φ(n−1)0 ∣Ĥeff(n) ∣φ(n−1)0 ⟩R⃗e

hence

⋯ ≤ ⟨φ(n)
0⃗
φ
(n+1)
0 ∣HCoulomb∣φ(n)0⃗

φ
(n+1)
0 ⟩ ≤ ⟨φ(n−1)0 φ

(n)
0⃗
∣HCoulomb∣φ(n−1)0 φ

(n)
0⃗
⟩ ≤ ⋯

iteration nb HF Full CI
0 -1.11 00467 -1.15 08083
1 -1.113 8025 -1.154 6101
2 -1.113 9342 -1.154 7108
3 -1.1139 687 -1.1547 212
4 -1.1139 925 -1.1547 273
5 -1.1140 094 -1.15473 17
6 -1.1140 215 -1.15473 49
7 -1.1140 300 -1.15473 74
⋮ ⋮ ⋮

H2 total energy in hartree

[cc-pV5Z + 16 (2s) ]⊗ [16 Kratzer ] basis.

Variational space: V = V vib
FullCI ⊗ V elec

FullCI

↝ best wave function of the form:

ψH =ψn ⊗ ψe

and:

EEN−SCFCI = ⟨ψEN−SCFCI ∣H ∣ψEN−SCFCI⟩



●First ●Prev ●Next ●Last ●Go Back ●Full Screen ●Close ●Quit

Electron-Nucleus CI

2 ● Keep electrons and nuclei uncontracted?

NO ↝ Electron-Nuclei CI in direct product basis set :

{ψj(Q)ψi(R⃗e)}(j,i)

In particular, ↝ Electron-Nuclei Full CI

↝ EEN−FullCI = ⟨ψFullCI ∣H ∣ψFullCI⟩
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Electron-Nucleus MFCI: basis set pb

↝ Core atomic orbitals unsuited to describe vibrationally
averaged molecular electronic clouds:
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Electron-Nucleus MFCI: basis set pb

↝ Core atomic orbitals unsuited to describe vibrationally
averaged molecular electronic clouds:
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Electron-Nucleus MFCI: basis set pb

↝ Core atomic orbitals unsuited to describe vibrationally
averaged molecular electronic clouds:
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Electron-Nucleus MFCI: basis set pb

↝ Core atomic orbitals unsuited to describe vibrationally
averaged molecular electronic clouds:
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Electron-Nucleus Full CI results

H2

Transition TF-NOMO/CIS TF-NOMO/FCI this work Exp.
ν ∶ 0→ 1 4655 4182 4165 4161
ν ∶ 0→ 2 9406 N/A 8110 8087

Σ+g ∶ 0→ 1 106556 N/A 91711 91700

D2

Transition TF-NOMO/CIS TF-NOMO/FCI this work Exp.
ν ∶ 0→ 1 3549 3006 2994 2994
ν ∶ 0→ 2 7026 N/A 5874 5869

Σ+g ∶ 0→ 1 107628 N/A 92182 91697

T2

Transition TF-NOMO/CIS TF-NOMO/FCI this work Exp.
ν ∶ 0→ 1 2929 2477 2465 2465
ν ∶ 0→ 2 5843 N/A 4851 4849

Σ+g ∶ 0→ 1 108043 N/A 92375 91696

Vibrational and electronic transition wave numbers (in cm−1 )
from H. Nakai Int. J. Quantum Chem. 107, 2849 (2007). Except “This work”:

P. Cassam-Chenäı, B. Suo, W. Liu, Phys. Rev. A92, 012502 (2015).
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3. How to understand some case exam-
ple results?

Convergence of ground state energy with MFCI iterations

H2 D2 T2

iteration number HF Full CI HF Full CI HF Full CI
0 -1.1100467 -1.1508083 -1.1167995 -1.1575238 -1.1198084 -1.1605164
1 -1.1138025 -1.1546101 -1.1195670 -1.1603205 -1.1221191 -1.1628484
2 -1.1139342 -1.1547108 -1.1196533 -1.1603841 -1.1221867 -1.1628971
3 -1.1139687 -1.1547212 -1.1196775 -1.1603892 -1.1222067 -1.1629007
4 -1.1139925 -1.1547273 -1.1196943 -1.1603926 -1.1222208 -1.1629030
5 -1.1140094 -1.1547317 -1.1197066 -1.1603949 -1.1222308 -1.1629043
6 -1.1140215 -1.1547349 -1.1197148 -1.1603967 -1.1222379 -1.1629055
7 -1.1140300 -1.1547374 -1.1197209 -1.1603978 -1.1222430 -1.1629067
8 -1.1140360 -1.1547391 -1.1197252 -1.1603988 -1.1222467 -1.1629073
9 -1.1140404 -1.1547403 -1.1197283 -1.1603993 -1.1222493 -1.1629076

CV -1.1140507 -1.1547436 -1.1197358 -1.1604013 -1.1222556 -1.1629091
EN-FullCI -1.1638438 -1.1669493 -1.1683018

Eelcorrel =E
(0)
HF -E

(0)
FullCI EMF

scf = E
(0)
FullCI -E

(CV )
FullCI EENcorrel =E

(CV )
FullCI -EENFullCI
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Correlation energies for hydrogen isotopologues

Eelcorrel=E
(0)
HF -E

(0)
FullCI EMF

scf = E
(0)
FullCI -EEN−SCFCI EENcorrel = EEN−SCFCI -EENFullCI

Correlation energies (hartrees)

H2 D2 T2

Eelcorrel .0407616 .0407243 .0407080

EMF
scf .0039353 .0028775 .0023927

EENcorrel .0091002 .0065480 .0053927

How about a Quantum Chemistry without Born-Oppenheimer?
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Selected rotational energy levels (in cm−1 ) of H2

this work Pachucki et al. 2009 Matyus et al. 2012
ν = 0
J = 1 118.4 118.4851 118.485355
J = 2 354.1 354.3684 354.369007
J = 3 705.1 705.5097 705.509982
J = 4 1168.1 1168.7825 1168.782740
J = 5 1739.1 1740.1675 N/A
J = 14 10797.7 10800.9043 N/A
ν = 1
J = 1 112.5 112.5730 N/A
J = 2 336.5 336.6682 N/A
J = 3 669.9 670.2172 N/A
J = 4 1109.7 1110.2000 N/A
J = 5 1652.2 1652.7361 N/A
J = 14 10257.8 10237.9613 N/A
ν = 2
J = 1 107.0 106.7905 N/A
J = 2 319.9 319.3545 N/A
J = 3 637.0 635.6922 N/A
J = 4 1055.6 1052.8833 N/A
J = 5 1572.0 1567.1775 N/A
J = 14 9795.1 9684.4911 N/A
ν = 5
J = 1 88.3 89.7800 N/A
J = 2 264.5 268.4120 N/A
J = 3 527.8 534.0707 N/A
J = 4 876.7 884.0925 N/A
J = 5 1309.0 1168.7825 N/A
J = 14 8218.6 8029.4047 N/A
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Comparison of full and limited electron-nucleus CI calcula-

tions

Full CI Limited CI
Number of CSF’s 144720 6286
E0 (hartrees) −1.1638438 −1.1638413

ν ∶ 0→ 1 (cm−1 ) 4165.36 4165.86

The configuration state functions (CSF’s) selected for the limited CI were those having a coefficient

in the full CI expansion of the ground or first excited states with absolute value larger than 10−5.
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