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Definition (metric space). Let M be a set. A functiond : M x M — R,
satisfying for all (u, v, w) € M?,

1. du,v)=0 <& u=u;
2. d(v,u) = d(u,v);
3. du,w) <d(u,v)+dv,w) (triangular inequality),

is called a metric (or a distance) on M. A set M endowed with a metric is
called a metric space.

Example 1: some useful metrics on M = R"
1/2
e Euclidean distance: ds(x,y) := (Zf\il |z, — yz|2) ;
e Taxi (or Manhattan) distance:  d,(x,y) = S |z; — ui%;
e SNCF (or British Rail) distance:  dsncr(X,y) = do(x,0) + d2(0,y) for x # y.
None of these metrics is a priori better than the other ones. In practice,

one has to choose an appropriate metric for the specific problem (QOI,
numerical method) under consideration.
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1
Example 2: some metrics on M = {,0 :10,1] = R, pcont., p > 0, / 0= 1}
0

1/p
o dry(p1, p2) (/ p1(z |pdﬂi‘) s, 1< p<+oo;

o dr(p1, p2) = deo(p1, p2); = max |p1(z) — pa(2)]s

z€(0,

o d (1, p2) = (/ [V pi(z) — v/ pa(z \2d$+/0 dc\l/;() dzi/;()

Note that d 7 is an extended metric: it takes values in R, U {+o0}.

)1/2

V(p1, p2) € MXM, dp(p1, p2) < dpe(pr, p2),  dri(pr, p2) < 2d z1(p1, p2),

[ (pN) =1 (")) < dpi(ph. 1°),  lae(pN)—a2(”)] < (@(pN) + @2(p°)) d (P, p7),

sin(Nmx) 0 0 o
A VN dplpy, ) 72 0, @lp) =0, alpy) — +oo.
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Topology of metric spaces
Let (M, d) be a metric space.

Definition (open subsets of M). A subset U of M is called open if
VoeU, Ie > 0| B(v,e) ={w e M |dv,w)<e} CU.

Definition (closed subsets of M). A subset F' of M is called closed if M\ F is open.

Proposition.
¢ A union of open subsets of M is an open subset of M.

e An intersection of closed subsets of M is a closed subset of M.

Definition (closure of a subset of M). Let A C M. The closure of A is the
subset of M denoted by A and defined as the smallest closed subset of M
containing A.

Definition (dense subsets of M). A subset D of M is called dense if D = M.
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Topology of metric spaces (continued)

Definition (bounded subsets of M). A subset B of M is called bounded if

diam(B) .= sup d(v,w) < 0.
(v,w)eBxB

Definition (converging sequences). A sequence (v,),cn of elements of M
converges in M (endowed with the metric d) if there exists v € V s.t.
d(v,,v) — 0.

n—oo

If such a v exists, it is unique and is called the limit of the sequence (v,,),,cn.
We denote v, — vin M (implicitly endowed with the metric d).

n—oo

Definition (continuous functions). Let (M, d;) and (M5, d;) be two metric
spaces. A function f : M; — M, is continuous if

v, —vinM; = f(u,) — f(v) in M.

n—oo
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Topology of metric spaces (continued)

Theorem (characterization of closed subsets and dense subsets in metric spaces).

e A subset F' of M is closed if and only if the limit of any sequence of
elements of F' which converges in M is in F.

e A subset D of M is dense if any point of M is the limit of a sequence of
elements of D.

Examples
e Q is not closed in R but is dense in R;

e let us endow C'([0,1],R) := {v : [0,1] — R, v continuous} with the metric

deo(v,w) = max |v(x) —w(z)|.
z€0,1]

Let P := {v:[0,1] — R, v polynomial function}.

Then, P is an (infinite dimensional) vector subspace of C'([0, 1], R), which
is not closed, but is dense (Weierstrass approximation theorem).
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Notion of completeness
Let (M, d) be a metric space.

Definition (Cauchy sequences). A sequence (v,),cy of elements of M is
called Cauchy if

Ve >0, INeN st Yg>p>N, duyu,) <e.
Any converging sequence is Cauchy, but the converse is not always true!

Definition (completeness). The metric space (M, d) is called complete if
any Cauchy sequence of elements of M converges (to an element of M).

Important remark:

1. if a metric space (M, d) is not complete, it usually means that M is not
the right set to consider;

2. any metric space (M, d) can be embedded in a "'canonical” way into a
complete metric space (M, d), called the completed space, such that M
is dense in M and d = d on M x M (ex: (R, dy) is the completed of (Q, d>)).



2 - Normed vector spaces

Normed vector spaces are special, very important, instances of metric spaces.

In this section, K denotes R or C.
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Definition (K-vector space). A K-vector space is a set I endowed with

1. an addition law V' x V' 5 (u, v)—u + v €V such that (V| +) is an abelian group;
2. a scalar multiplication law K x V' 3 (\,v) — \v € V,

such that for all (\, 1, v, w) e Kx K x V x V,

AMuv) = Ap)v, lv=v, A v+w)=Iw+Iw, A+ pv=>+ .

The elements of a vector space are called vectors.

Definition (basis and dimension). Let IV be a K-vector space. A family
(e1,- - ,eq) of d elements of V' is called a basis of I if for any v € V, there
exists a unique (\(,--- , \;) € K’ such that

d
VUV = E )\ivz’-
1=1

If VV admits a basis, then all the bases of I/ have the same cardinality. This
number is called the dimension of V.

If V' does not admit a basis, it is called an infinite dimensional vector space.
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Examples of vector spaces:

e K?is a d-dimensional K-vector space;

e the set K""*" of matrices of size m x n is a K-vector space of dimension mn;

n(n+1),

e the set of real square matrices of size n x n is an R-vector space of dim. ——;

o the set
P, :={v:[0,1] — K, v polynomial function of degree < n}
is an K-vector space of dimension n + 1;

e the set
Py :={v:]0,1] — K, v polynomial function}

is an infinite dimensional K-vector space;

o the set
C%([0,1],K) := {v : [0,1] — K, v continuous}

is an infinite dimensional K-vector space.
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Definition (norm). Let V be a K-vector space (K = R or C). A norm on V

is a mapping || - || : V — R, satisfying for all (\,v,w) e Kx V x V,
Aol = [l v+l < loff + [lwll, (o]l =0 v=0).
A norm || - || on V defines a metric on V

The distance between two elements v and w of 1 (for the norm ||-||) is defined as

d(v, w) = [lv —wl].

Example (finite dimensional case): VV = K"
1/p

e [’-norm: ||x||, := Z lzP ], 1< p<oos
1<i<d

e [*-norm: ||x||» = max |24
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Definition (norm). Let V be a K-vector space (K = R or C). A norm on V

is a mapping || - || : V — R, satisfying for all (\,v,w) e Kx V x V,
Aol = [l v+l < loff + [lwll, (o]l =0 v=0).
A norm || - || on V defines a metric on V

The distance between two elements v and w of 1 (for the norm ||-||) is defined as

d(v, w) = [lv —wl].

Example (infinite dimensional case): V' = CY([0, 1], K).

1 1/p
e LP-norm (1 < p < 00): ||v||1r = (/ \’U!p) 5
0

e L>®-norm (or C'-norm): ||v||;~ = ||v]|c0 := sup |v(z)]-
z€l0,1]
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Definition (equivalence of norms). Let VV be a vector space and || - ||; and
| - |2 be two norms on V. The norms || - ||; and || - ||; are equivalent if there
exist 0 < ¢ < C < oo such that

voeV, clvli < flvlls < Cllvlh.

Importance of the notion of equivalent norms. Two equivalent norms give
rise to the same topology. In particular,

e they lead to the same set of open (resp. closed, dense, bounded, ...) sets;

e if a sequence converges for one of the norms, it converges for the other
one, and the limits are the same.

Theorem. All the norms of a finite dimensional vector space are equivalent.

Example of non-equivalent norms: let V' = C%([0, 1], K) (dim(V) = oc) and
vp(r) = v2n + 12" € V. The sequence (v,,),eN

e converges to 0 for any L”-norm with 1 < p < 2;

e is bounded, but does not converge, for the L*-norm (||v,|| ;2 = 1 for all n € N);

e goes to infinity in any L”-norm with 2 < p < oc.
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Let VV and IV be two normed K-vector spaces.

Definition (linear maps). A mapping A : V' — W is called linear if
VA p,u,v) e Kx KX VXV, A(du+ pv) = Mu + pAv.

Definition (kernel and range of a linear map). The vector subspaces
Ker(A)={veV|Av=0} and Ran(A)={we W |dve Vst Av=w}

are respectively called the kernel and the range (or the image) of A.

Theorem. A linear map A : V' — W is continuous if and only if

Av
|Allsgar = sup 1200w
veV\{0} vy

< OO

A continuous linear map therefore maps bounded sets of V' into bounded
sets of IV. For this reason, it is often called a bounded linear operator. The
set B(V; W) of bounded linear operators from V' to 1V is a vector space and
| - |lBv.w) is anorm on B(V; W),
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Definition (dual of a normed vector space). A linear map L : V — K is
called a linear form. The set of continuous linear forms on V' is a normed
vector space called the (topological) dual of VV and denoted by 1.

In infinite dimensional vector spaces, not all linear maps are continuous!

Example: let V = CY([0,1],K) and L : V — K be defined by Lv = v(0).

e the linear form L is continuous, and is therefore an element of ', if V' is
endowed with the norm || - || -0 since

| Lo| = [v(0)] < [v]|co;

e on the other hand, it is not continuous if V is endowed with the Z'-norm.
Consider for instance the sequence (v,,),cn of elements of C" defined by
vp(z) = e " and v(x) = 0. We have

1l —e™"

v — 0|1 = > 0 while Lv, =1and Lv = 0.
n n—oo
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Banach spaces

Definition (Banach space). A complete normed vector space is called a
Banach space.

Examples:

¢ Any finite-dimensional vector space, endowed with any norm, is a Ba-
nach space.

o If K is a closed bounded subset of R? (that is a compact subset of RY),
then C'(X, K), endowed with the norm defined by

Julln = ma [u(x)
is a Banach space.

Theorem. If V' and IV are two normed vector spaces, and if 1/ is a Banach
space, then B(V, /), endowed with the norm || - || 5y.11), is a Banach space.

In particular, the dual V'’ of a normed vector space V' is always a Banach
space.
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LP spaces

e For any 1 < p < oo, the mapping

1/p
v = ||| = (/ |v|p)
Rd
defines a norm on

C)R’,K) := {v € CO(R%K) | v =0 outside some bounded set}

but CY(R?, K), endowed with the norm || - ||», is not complete.

e Its completed space is the vector space

LP(RY K) = {u R 5 K| / lul? < oo} ,
R4
which, endowed with the norm || - ||z», is a Banach space.

® Technical details:

— one must use the Lebesgue integral (doesn’t work with Riemann integral);

— the elements of L?(RY) are in fact equivalence classes of measurable functions (for the Lebesgue
measure) for the equivalence relation u ~ v iff u = v everywhere except possibly on a set of Lebesgue
measure equal to zero.



3 - Hilbert spaces

""Each quantum system is associated with a separable complex Hilbert space #."

A separable complex Hilbert space is a set H
e endowed with a C-vector space structure;
e endowed with a scalar product (-|-);
e complete for the norm || - || associated with the scalar product (-|-);

e admitting a countable dense subset.

In this section, K denotes R or C.
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Definition (scalar product on real vector spaces). Let VV be an R-vector
space. A scalar product on 1/ is a symmetric, positive definite, bilinear
formonlV x V.

In other words, a scalar product on V' is a mapping

VxV —- R
(v,w) = (v,w)y

satisfying the following properties:
e bilinearity: for all (\, v, 0", w,w") ER XV xV xV x V,
(v+ v, w)y = (v,w)y + @, w)y, Av,w)y = Av,w)y,
(v, w+w)y = (v,w)y + (v,w)y, (v, \w)y = XNv,w)y;
e symmetry: for all (v, w) € XV x V, (w,v)y = (v, w)y;
e positive definiteness: Vv € V, (v,v)y > 0and (v,v)y =0 & v = 0.
Theorem (norm associated with a scalar product). Themap ||-|| : V — R,
defined by ||v||y = (v, v)%//2 is a norm on V' and it holds

Viv,w) eV, |(v,w)y| <|v|vI||w|y (Cauchy-Schwarz inequality).
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Definition (scalar product on complex vector spaces). Let IV be a C-vector
space. A scalar product on V' is a skew-symmetric, positive definite, sesqui-
linear formon V' x V.

In other words, a scalar product on V' is a mapping
VxV =+ R
(v, w) = (v,w)y
satisfying the following properties:
e sesquilinearity: for all (\, v, v, w,w') e CxV xV xV xV,
(v+ v, w)y = (v,w)y + W, w)y, Av,w)y = Mo, w)y,
(v, w+w)y = (v,w)y + (v, )y, (v, \w)y = XNv,w)y;

e skew-symmetry: for all (v, w) € XV x V, (w,v)y = (v,w)y;

e positive definiteness: Vv € V, (v,v)y > 0and (v,v)y =0 < v = 0.
Theorem (norm associated with a scalar product). Themap ||-||y : V — R,
defined by ||v||y = (v, fu)‘l//2 is a norm on V' and it holds

V(v,w) eV, |(v,w)y| < ||v]lv||w|v (Cauchy-Schwarz inequality).
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Definition (Hilbert space). A Hilbert space is a vector space IV endowed
with a scalar product (-, -);, and complete for the associated norm || - ||y.

Example: all finite dimensional K-vector spaces equipped with a scalar
product are Hilbert spaces.

e Endowed with the Euclidean scalar product, R" is a Hilbert space:

n 1/2
X,y =Yz, Xl =(x,%)y" = (Z %2) .
1=1

e Let S € R"*" be a positive definite symmetric matrix
(Sji=S;;forall1 <i,j<nandx!’Sx > 0forallx € R"\ {0}).
Then (x,y)s = x' Sy defines a scalar product on R" and

vx e R", - A(S)[Ix[[2 < [[x[ls < Aa(S)]Ix][2,
where \(S) < A\y(S5) < --- < A\, (S) are the eigenvalues of S.
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Bra-ket notation and Riesz representation theorem

In QM, vectors of the Hilbert space 7 are denoted by kets: |¢)

To each ket |¢)) € H is associated the bra ()| € 7' defined by
Vig) e H, (¥l(|¢) = (¥]@).

Theorem (Riesz representation theorem). The antilinear map

H — H
[¥) = (Y

is antiunitary (it is a bijective isometry), and therefore allows one to iden-
tify 7 (the set of "'kets'') with 7’ (the set of ""bras"").

Definition-Theorem (adjoint of a bounded linear operator). Let VV and IV
be Hilbert spaces and A € B(V;W). The map A* € B(W; V) defined by

Vv,w) e V. x W, (v|A*w)y = (Av|w)w,
is called the adjoint of A. We have Ker(A*) = Ran(A)* and Ran(A*) = Ker(A)~.
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Separability and orthonormal bases

Let 7{ be a Hilbert space.

Definition (separable Hilbert space). H is called separable if it admits a
countable dense subset.

Definition (orthonormal basis). A family (e, ), <, with N\ finite or countable
is called an orthonormal basis of H if

o (e,]en) = Oy for all m,n € N

o forall v € 7, wehave v = ) (e, |v) e, and ||v]]” = )  [{e,|v)|* (Parseval).
neN neN

Theorem. H is separable if and only if it admits an orthonormal basis.
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Example: the space L?(R? K).
e The map
(u,v) — (u,v)2 := / u(x) v(x) dx
defines a scalar product on "
C®(RY K) = {ve C>*(R%, K) | v =0 outside some bounded set}

but C>(R?, K), endowed with the scalar product (-, -);, is not complete.

e Its completed space is the vector space

LR K) = {u R 5 K | / ul? < oo} .
R4
Endowed with the scalar product (u, v);2, it is a separable Hilbert space.

® Technical details:

— one must use the Lebesgue integral (doesn’t work with Riemann integral);

— the elements of L?(R“, K) are in fact equivalence classes of measurable functions (for the Lebesgue
measure) for the equivalence relation u ~ v iff u = v everywhere except possibly on a set of Lebesgue
measure equal to zero.
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Example: the Sobolev spaces /'(R? K) and H?(R? K).
e The sets
H'R.K) == {u e L*(R"K) | Vu € (L*(R",K))"},
H*RYK) == {u e L*(R,K) | Vu € (LQ(]R{d), K)* and D*u € (L*(R"), K)™}

are vector spaces. Respectively endowed with the scalar products

(u,v) g ::/ ﬂv+/ Vu - Vu,
R4 R4

(u, V) g2 ::/ UU+/ W-anL/ D2y : D*v,
Rd Rd Rd

they are separable Hilbert spaces.

® Technical detail: the gradient and the second derivatives are defined by means of distribution theory.

Remark. Let u € H'(R?,K). A function 2 € H'(R?,K) can be a very
accurate approximation of v in L? and a terrible approximation of v in /..

For instance, let u(z) = ' and u,(z) = (1 + Sln(”2x2)) u(x). The sequence
() nen+ converges to v in L?(R, R) and goes to infinity in /'(R, R).
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Theorem (orthogonal projection on closed vector subspaces). Let [’ be a
closed vector subspace of a Hilbert space V. Then,

1. for any v € V, there exists a unique point of 7', denoted by I1(v) and
called the orthogonal projection of v on F’ such that

[v = Ip(v)|lv = min [[v — wly;
weF

2. the vector 1 (v) is characterized by
[Mp(v)e F and v—Ilp(v) € Fr={weV | (w,z2)y=0forallze F};

3. the mapping v — [1x(v) is a linear orthogonal projector, i.e. [1 : V' — V
is a bounded linear operator on V' satisfying

[1% =y = 5.
Besides, Ran(I1;) = F and Ker(I1z) = F.
Application: best approximation of a function f € H?*(R’) by a gaussian-

polynomial of total degree < n centered at zero, for the L?, ' and H*
norms.



4 - Differential calculus in Hilbert spaces

For brevity, we will limit ourselves to the setting of real Hilbert spaces.
All the results presented here can be extended to complex Hilbert spaces.

All these results, except the ones involving the notion of gradient, can be
extended to normed K-vector spaces.
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Definition (derivative of a function at a point). Let V', I/ be Hilbert spaces,
F:V —- W,and v € V. The function F'is called differentiable at v, if there
exists a continuous linear map d,F' : V' — IV such that in the vicinity of v,

F(v+h)=F((v)+d,F(h)+o(h),
which means
Ve >0, In>0st.Vh e Vst |h|ly <n, ||Flv+h)—F@)=d,F(h)||lw < ellh||v.

If such a linear map d, F’ exists, it is unique. It is called the derivative of F' at v.

Definition (differentiable and C' functions). F is called differentiable if F
is differentiable at each point of V. In this case, the mapping
db -V — B(V; W)
v — d,F

is called the derivative of ['. I is called of class C' on V if dF is continuous.
Remark. One can similarly define the derivative of a function 7' : U — W,

where U is an open subset of V' (thatis U = V' \ F, where F' is a closed
subset of V).
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Theorem (Riesz). Let VV be a Hilbert space and [ : V' — R a continuous
linear map. Then there exists a unique vector w € V' such that

YoeV, l(v)=(w,v)y.

Definition (gradient). Let |V be a Hilbert space endowed with the scalar
product (-, )y, U an open subset of VV and ¥ : U — R a function differen-
tiable at v € U.

The unique vector of 1V denoted by V E(v) and defined by
Vh eV, dyE(h) = (VE(v),h)y (by means of Riesz theorem)
is called the gradient of £ at v.
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Gradient of a function £ : R? — R

The above abstract definition of the gradient agrees with the usual one
when V = R endowed with the Euclidean scalar product:

vh € RY, E(x+h)= E(X)-l—z aE(X) hi+o(h) = E(x)+VE(x)-h+o(h)

0x;
(560

with VE(x) =
OF
\ 52,/

If R? is endowed with the scalar product (x,y)s := x’ Sy, where S ¢ R?*¢
is a positive definite symmetric matrix, then the gradient of £, which we
will denote by V¢ F(x), is related to the Euclidean gradient V £ (x) by

VsE(x) = ST'VE(x).
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Geometric interpretation of the gradient

Let £:V — Rofclass C',v € Vand a = E(v). If VE(v) # 0, then
e in the vicinity of v, the level set
Co ={weV| Fw)=a}
is a C'! hypersurface (a codimension 1 C'' manifold);

e the vector V E/(v) is orthogonal to the affine hyperplane tangent to C,, at
v and points toward the steepest ascent direction.

L

O
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Example (Yukawa functlonal) V =H' R = {ve L*RY) | Vv e (L*(R")"}

b= 5 [vek g [ = [ o e e given
2 Rd 2 Rd Rd

Letv e Vand h € V. We have
E(v+h) = /\Vu+h|2 /(v—l—h)2 f(v—l—h

|va\2 /VU Vh—l— |Vh|2 / /vh+ / /

2 Rd 2 JRd Rd Rd Rd R4
:E(U> Vo - Vh+/ vh — /fh+ / IVh|* + /
R4 Rd Rd Rd 2 Rd

with
1 1
Vv-Vh+/vh—/ fh‘ < Cy s, ‘—/ |Vh|2+—/ 2
Rd Rd Rd 2 Rd 2 Rd

Therefore, £ is differentiable at v and

1
— SIAl3 = ofh).

VheV, d,E(h)= Vv -Vh +/ vh — fh.
Rd

Rd Rd
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Example (Yukawa functional - continued)

The gradient of £ at v therefore is the function w ¢ H'(R?) characterized by

VheV = H(RY), (w,h)y =d,E(h)= [ Vv-Vh +/

vh — fh.
R3 R3 R4

To compute w = V E(v), we have to solve the linear elliptic problem

seek w € V such that
Vh eV, a(w,h)= L(h)

with
a(w, h) = Vw-Vth/ wh and L(h) = Vv-Vth/ vh— [ fh,
R3 R3 R3 R3 R3
or equivalently the PDE
seek w € H'(R’)suchthat — Aw +w = —Av+v— .
Therefore Xy
e XY
E — — dy.
VB = o) = [ T ) dy



5 - Optimization in Hilbert spaces

For brevity, we will limit ourselves to the setting of real Hilbert spaces.

All the results presented here can be extended to complex Hilbert spaces.
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A simple result: 1D unconstrained optimization

If £ : R — R is differentiable, the set of the local minimizers of £ is
included in the set C = {x € R | E'(z) = 0} of the critical points of F.

Local maximizer

Critical points

T ~ Local minimizers
Global minimizer

Goal: extend this result to unconstrained and constrained optimization in
finite or infinite dimensional Hilbert spaces.



5 - Optimization in Hilbert spaces 37

Unconstrained optimization in Hilbert spaces

Theorem. Let VV be a Hilbert space and I : V' — R a differentiable func-
tion. The set of the local minima of £ is included in the set

C={veV|dFEF=0}={veV|VE(w)=0}
of the critical points of F.
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Example: V' = R? (endowed with the Euclidean scalar product)

E(x1,22) = (23} + 23) exp(—(z] + x3))

1 (3z1 — 203 — 256%) e~ (TTHe)

219 (1 — x} — 23) e~ (@1+7)

(
VE(x) = =0 < (:1:1,:1:2)22
(

,:&
(7NN
1) = ™
0\ il N
i

.\,\‘

A | AN
\ l 'I|"I 1]
I._ I'. III .'II-I| | I ll.' l.u' | III | ..'
W Ll |I H / I."I I'I I

— =) k‘—_’ //",{

—~
W
S
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Example: back to the Yukawa functional

1 1
inf FE(v) where FE(v) :5/ |Vv\2+§/ v2—/ fv, f € L*RY given.
R R R4

veH1(R3)

Since [VFE(v)|(x — 3 fﬂz ?‘ y) dy, the unique critical point of
in /71(R%) is

e~ Xy
u(x) = /R 7(y) dy,

3 41|x — y|
which is a solution to the Yukawa equation —Au +u = f on R°.

u is in fact the unique global minimizer of £ on H'(R’) (strict convexity
argument), and the unique tempered distribution solution to —Au+u = f.

Remark. The 3D Poisson equation —Au = f is more complicated to handle:
o for f € L?(R%), it may have no solution even in the sense of distributions;
e if it has one solution, it has infinitely many;

o for e.g. f € C°(R?), the physical solution is the unique minimizer of

B(v) =} [ [VoPP—fas fo on WHR) = {o] Vo € (AR, 159 € LA(RY) |
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Equality constrained optimization. Let VV and 1V be Hilbert spaces s.t.
dim(W) < oo, £ : V - R,g : V — W. Consider the optimization problem

in}f{ E(v) where K ={veV|gw)=0}.
ve

Definition (qualification of the constraints). The equality constraints g = 0
are called qualified atw € K if d,g : V — W is surjective (i.e. Ran(d,g) = W).

Theorem (Euler-Lagrange theorem). Let © € K be a local minimum of £ on
K={veV|gw) =0}.

Assume that

1. E is differentiable at v and g is C' in the vicinity of u;

2. the equality constraint g(v) = 0 is qualified at w.

Then, there exists a unique A € I/ such that
Vh eV, d,E(h) = (\,dyg(h))w orequivalently VE(u)=d,g*(\),

where d,g" is the adjoint of d,g. )\ is called the Lagrange multiplier of the
constraint g = (.
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Euler-Lagrange equations

Assume that the constraints are qualified at any point of /K. Then solving

seek (u, \) € V x W such that
VE(u) - d,g*(A) =0 (1)
g(u) =0

allows one to find all the critical points (among which the local minimizers
and the local maximizers) of £ on K.

The solutions of the Euler-Lagrange equations (1) are called the critical
points of I/ on K.

Remark : if dim(V) = d < oo and dim(W) = m < oo, then the above
problem consists of (d +m) scalar equations with (d +m) scalar unknowns.

Remark. Equations (1) are equivalent to seeking (u, \) € V' x W such that

g—i(w A) =0, g—i(u, A)=0, where L(v,u):=E(v)—(p g(v))w (Lagrangian).
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A simple 2D example

On K = g 1(0) = {v € V| g(v) = 0}, the function £ possesses
e two local minimizers, all global
e two local maximizers, among which the global maximizer

e one critical point which is neither a local minimizer not a local maxi-
mizer.
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Sketch of the proof

e Let u be a local minimizer of £ on K = ¢ '(0) = {v € V| g(v) = 0} and
a = E(u).

o If the constraint ¢ = 0 is qualified at « (i.e. if d,g : H — K is surjective),
then, in the vicinity of u, K is a C'' manifold with tangent space

T,K = {h € H | dyg(h) = 0} = Ker(d,g).

e Since v is a minimizer of £’ on K, the vector V E/(u) must be orthogonal
to 7, K. Indeed, for any / € T, K, there existsa C' curve ¢ : [-1,1] — V
drawn on K such that ¢(0) = u et ¢(0) = h, and we have

0 < E(6(t)) — E(u) = E(u+th+o(t)) — E(u) = tVE(u) - h+ olt).

e We have
VE(u) € (T,K)*" = (Ker(d,g))" = Ran(d,g*) = Ran(d,¢") since dim(WW) < oo.

e Therefore, there exists A € W such that VE(u) = d,g*(\).
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Most often, Lagrange multipliers have a '"physical'’ interpretation

o statistical mechanics, the equilibrium state of a chemical system inter-
acting with its environment is obtained by maximizing the entropy un-
der the constraints that the energy, the volume and the concentration of
chemical species are given on average:

— the Lagrange multipliers are respectively 1/7, P/T and p; /T
(T': temperature, P: pressure, 1; chemical potential of species 7)

e fluid mechanics, the admissible dynamics of an incompressible fluid are
the critical points of the action under the constraint that the density of
the fluid remains constant (div (u) = 0)

— the Lagrange multiplier of the incompressibility constraint is the
pressure field.
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Analytical derivatives
vx € RY,  W(x)=inf{E(x,v), veV, g(x,v) =0} (2)
with F:RxV =R, g:RxV =W, V,WW Hilbert spaces, dim(1V) < oc.

Assume (2) has a unique minimizer v(x) and x — v(x) is regular. Then,

oW oL Ok Ov
o, (x) = o, (x,v(x)) + %(X, v(x)) (8332 (X)) 7

W(x) =Exvx) =

gx,0(x) =0 = gi(x,v(x))Jr%(x,v(x)) (g;(x)):().

Euler-Lagrange equation: Vh €V, %—f(x,v(x)) (h) = (%(x,v(x))(h), A(x)) .
W
Therefore gZ(X) — gi (x, v(x)) — (gi (X,U<x)),A(x>)W.



5 - Optimization in Hilbert spaces 46

Warning: weird things can happen in infinite dimension!

¢ in an infinite dimensional Hilbert space V', a function £ : V' — R can be
continuous and go to +oo at infinity, and nevertheless have no minimizer

V = {U — (Un)nEN S RN | H/UH% — Z ‘UTL|2 < OO} y E<U> — (HUH% o 1)2+Z -

2

n .
1+n’

neN neN T

e this cannot happen under the additional assumption that £ is convex;

e if ' is not a Hilbert space, but simply a Banach space (that is a complete
normed vector space), then this can happen even if £ is convex;

¢ in an infinite dimensional Hilbert space V/, a critical point v of a C'*°
functional £/ : V' — R can be such that VE(v) = 0 and D?E(v) positive
definite, and nevertheless not be local minimum of £’;

¢ in an infinite dimensional Hilbert space 1/, a global minimizer u of a
functional £ : V' — R twice differentiable at u can be such that VE(u) =

0 and [D?E(u)|(h,h) > ||h||#, and nevertheless not be a strict global
minimizer of I (i.e the unique minimizer of £ in the vicinity of u).
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The finite dimensional case (H = C%)
The spectrum of a matrix A € C?*? is the finite set

o(A) = {z € C|(z1; — A) € C**“ non-invertible} .
As C? s finite dimensional, (zI; — A) non-invertible < (z/; — A) non-injective:

o(A) ={z € C|Ix € C"\ {0} s.t. Ax = zx} = {eigenvalues of A} .

A matrix A € C**?js called hermitian if A* = A (i.e. Aij = A, V1 < i, 5 < d).

Key properties of hermitian matrices:

e the spectrum of a hermitian matrix is real: 0(A) C R;

e any hermitian matrix A can be diagonalized in an orthonormal basis:

7 7}

d
A= Z \xixi, NEo(A)CR, x,€Ch xix; =10y, Ax;=\x;;
1=1

e there exists a functional calculus for hermitian matrices.
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Functional calculus for hermitian matrices

Let A be a hermitian matrix of C?*? such that
d
A= Z )\Z'XZ')(>!< )\i < O'(A) C R, X; € (Cd, Xika = 52'3'7 AXZ' = )\iXi'

[ 1
1=1

For any f : R — C, the matrix

d
= Zf()\ X;X
i=1

is independent of the choice of the spectral decomposition of A.

This definition agrees with the usual definition of f(A) for f(\ Z g\

f(A) = Zf()\ XX, = ;: (Yozﬁﬁ) T = Zozk <Z )\ka > = ZakAk.
k=0

1=1 1=1

Most of the nice properties of hermitian matrices are also valid for self-
adjoint operators in (infinite dimensional) Hilbert spaces.
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References:

e E.B. Davies, Linear operators and their spectra, Cambridge University
Press 2007.

e B. Helffer, Spectral theory and its applications, Cambridge University
Press 2013.

e M. Reed and B. Simon, Modern methods in mathematical physics, Vol. 1,
2nd edition, Academic Press 1980.

Notation: from now on, 7/ denotes a separable complex Hilbert space, (-|-)
its scalar product, and || - || the associated norm.

A Hilbert space H is called separable if it admits a countable dense subset.

An infinite dimensional Hilbert space 7 is separable if and only if it admits
an orthonormal basis (¢, ),cn, that is

o (¢,lem) = Oy for all m n € N;

o for all v € 1, we have v = Z(en\w e, and ||v]|* = Z [{en|v)|* (Parseval).

neN neN
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Reminder: bounded linear operators

Definition-Theorem (bounded linear operator). A bounded operator on H
is a continuous linear map A : H — H, that is a linear map satisfying

Au
A= sup 124
ueH\{0} [wl]

< OQ.

The set B(7) of the bounded operators on 7{ is a non-commutative algebra
and || - || is a norm on B(H).

Definition-Theorem (adjoint of a bounded linear operator). Let A € B(H).
The operator A* € B(H) defined by

V(u,v) € HxH, (ulA™v) = (Aulv),
is called the adjoint of A. The operator A is called self-adjoint if A* = A.
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(Non necessarily bounded) linear operators on Hilbert spaces

Definition (linear operator). A linear operator on 7 is a linear map
A : D(A) — H, where D(A) is a subspace of # called the domain of A.
Note that bounded linear operators are particular linear operators.

Definition (extensions of operators). Let A; and A, be operators on . A, is
called an extension of A, if D(A;) C D(A,) and if Vu € D(A;), Asu = Aju.

Definition (unbounded linear operator). An operator A on  which does
not possess a bounded extension is called an unbounded operator on 7.

Definition (symmetric operator). A linear operator A on 7{ with dense
domain D(A) is called symmetric if

V(u,v) € D(A) x D(A), (Au|v) = (u]Av).

Symmetric operators are not very interesting. Only self-adjoint operators
represent physical observables and have nice mathematical properties:

e real spectrum;

e spectral decomposition and functional calculus.
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Definition (adjoint of a linear operator with dense domain). Let A be a
linear operator on 7 with dense domain D(A), and D(A*) the vector space
defined as

D(A") ={v e H | Fw, € Hs.t.Vu e D(A), (Aulv) = (u|w,)} .
The linear operator A* on 7, with domain D(A*), defined by
Vv e D(A"), A'v=w,,

(if w, exists, it is unique since D(A) is dense) is called the adjoint of A.
This definition agrees with the one for bounded operators given on Slide 6.

Definition (self-adjoint operator). A linear operator A with dense domain
is called self-adjoint if A* = A (that is if A symmetric and D(A*) = D(A)).

Case of bounded operators:

symmetric < self-adjoint.

Case of unbounded operators:

symmetric (easy to check) z self-adjoint (sometimes difficult to check)
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Schrodinger operators commonly encountered in quantum physics

e Free particle Hamiltonian

M= [XRY, D(T)= HARY, Yue D(T) Tu= —%Au.

e Schridinger operators with confining potential 1V € C°(RY)s.t. V(r) — +o0

lr|—+00

M= LARY, D(H) = due IARY | — ~Au+Vu e LHRY
2

1
Yu € D(H), Hu = —§Au + Vu.

e Schrédinger operators with uniformly locally L? potentials in 3D. Let

Ve L? (R R):= {u 'R = R | sup / ul® < oo}
r+[0,1]3

rcR3

and
1
H = L*R®%, D(H)=H*R’), Yue DH), Hu= —5Au+Vu.

All these operators are self-adjoint.
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Definition-Theorem (spectrum of a closed operator). Let A be a closed’
linear operator on 7.

e The openset p(A) = {z € C| (2 — A) : D(A) — H invertible} is called
the resolvent set of A.

e The closed set o(A) = C \ p(A) is called the spectrum of A.

o If A is self-adjoint, then o(A) C R and it holds
o(A) = 0,(A) U (),
where 0,(A) and o.(A) are respectively
— the point spectrum of A
op(A) ={2€ C| (2] —A) : D(A) — H non-injective} = {eigenvalues of A};
— the continuous spectrum of A

0.(A)={2€C| (21 — A) : D(A) — H injective but non surjective}.

! The operator A is called closed if its graph I'(A) := {(u, Au), u € D(A)} is a closed subspace of H x H.
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On the physical meaning of point and continuous spectra

Theorem (RAGE, Ruelle ’69, Amrein and Georgescu ’73, Enss ’78).

Let H be a locally compact self-adjoint operator on L*(R?).
[Ex.: the Hamiltonian of the hydrogen atom satisfies these assumptions.]

Let 7{, = Span {eigenvectors of H} and H,. = 7.
[Ex.: for the Hamiltonian of the hydrogen atom, dim(7#,) = dim(#,.) = occ.]

Let x 5, be the characteristic function of the ball By = {r € R? | |r| < R}.
Then

(o € Hy) & Ve >0, IR >0, Vit >0,

‘G—X%ﬁ

- —th/h H _
(¢ € H.) & YR >0, TETOOT/ HX dol| dt =0

H, : set of bound states, H. : set of scattering states.
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Definition. Let A be a closed linear operator on 7{. Then
0(A) = 0q(A) U oes(A)
(disjoint union) where

o4(A) = {isolated eigenvalues of A with finite multiplicity} (discrete spectrum)
Tess(A) = 0(A) \ 04(A) (essential spectrum)

The essential spectrum therefore consists of
e the continuous spectrum;
e the eigenvalues of infinite multiplicities;

e the eigenvalues embedded in the continuous spectrum.

The notions of discrete and essential spectra are extremely important to
understand the numerical approximations of the spectra of Schrodinger,
Hartree-Fock, Kohn-Sham or Dirac Hamiltonians.
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Spectra of Schrodinger operators with confining potentials

H = L*(RY), V e C'RY, lim V(r) = 4oco (confining potential)

lr|—+00

1 1
D(H) = {u c L’(RY | — SAu+Vu € LQ(Rd)} , Yu€ D(H), Hu = —5Au+Vu.

H is bounded below and its spectrum is purely discrete (oq(H) = 0(H), 0css(H) = ().

As a consequence, 1 is diagonalizable in a orthonormal basis: there exist
e a non-decreasing sequence (F,),cn of real numbers going to +o00;
e an orthonormal basis (¢, ),cn of 7 composed of vectors of D(H),
such that
Vn eN, Hy, =FE,,.

In addition, the ground state eigenvalue [, is non-degenerate and the cor-
responding eigenvector can be chosen positive on R,
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Spectra of 3D Schrodinger operators with potentials decaying at infinity

V suchthat Ve >0, 3(Va, Vo) € LAR)XL®(R) s.t. V = VotV and || Vao |10 < €,

H = L*(RY), D(H) = H*(R?), Yu € D(H), Hu = —%Au + Vu.

The operator H is self-adjoint, bounded below, and o..;(H) = |0, +00).

Depending on V/, the discrete spectrum of /7 may be
e the empty set;
¢ a finite number of negative eigenvalues;

e a countable infinite number of negative eigenvalues accumulating at 0
(ex: Ridberg states).

If i has a ground state, then its energy is a non-degenerate eigenvalue and
the corresponding eigenvector can be chosen positive on R?.
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The special case of Kohn-Sham LDA Hamiltonians

1 ,0(1‘/> delPA
H,= —=A+VE with V®(r dp 4 2Cxe
p 5 +V,7 with Z |r—Rk\ s T — 1] rr dp (p(r))

For any p € L'(R*)NL*(R?), the KS potential V,** satisfies the assumptions
of the previous slide. In particular H, is bounded below and 0. (H,) = [0, +00).

M

Let Z = Z 2i. be the total nuclear charge of the molecular system and N = e

3
k=1 R

o If N < Z (positive ion), /1, has a countable infinite number of negative
eigenvalues accumulating at 0.

o If N = Z (neutral molecular system) and if p is a ground state density
of the system, then 77, has at least NV non-positive eigenvalues.
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Spectra of Hartree-Fock Hamiltonians

Let ® = (¢1,--- ,¢n) € (H(R?)Y be such that | ¢;¢; = d;,
= o), py(r) =y(rx) = |eir)l”
H = L2<R3) D(H) = H*(R?),

(Ho)(r) = ——A¢ Z o Rk’ ( 5 Pv<r’) dr’) o(r)— v(r, 1) ¢(I'/) dr’

v — 1| R3 [T — 1]

Let Z =) 24: , 2k The operator H is self-adjoint, bounded below, and we have:
® Ocss — [07 +OO>;

o if N < Z (positive ion), H has a countable infinite number of negative
eigenvalues accumulating at 0;

o if N = Z (neutral molecular system) and if ¢ is a HF minimizer of the
system, then /7 has at least NV negative eigenvalues (counting multiplicities).
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Spectra of N-body electronic Schrodinger Hamiltonians

N e T

N
on H=N\L*R’C

i=1 k=1 1<i<j<N Z_r=7|
(Pauli principle)
M
Zhislin’s theorem: if V < Z 21 (neutral or positively charged system), then
k=1

={E} < Ey < E} <---}UEyN,400), withY; =0and Sy < 0if N > 2.

Ground state Excited states

| /1N

| | | [ LI
W

s R .
Essential spectrum

In addition, ¥y = EY,_, (HVZ theorem).
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Spectra of Dirac Hamiltonians

H =L R%CY),  D(Dy)=H'R4CY,  Dy=cp-d+mcp
P = _ihaja Q= ( 0 O-k) c C4X4, 5 = (102 O[ ) c C4X4
42

OL 0
0'1:(

1 0 —i 1 0 . .
0) ) 02 = ( 0 ) ; 03 = (O _1> (Pauli matrices)

The free Dirac operator D is self-adjoint and

—_ O

0(Dy) = 0ac(Dy) = (—00, —mc*] U [me?, +00).
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Theorem. Let o := 47@2 = ~ 1/137.036 be the fine structure constant. Let

Z
Dy =Dy— ﬂ, Z € R (physical cases: 7 =1,2,3,---).
r
oif | 7| < 2—@ ~ 118.677, the Dirac operator D is essentially self-adjoint

(meaning that there exists a unique domain D (D) containing C>°(R*; C*)
for which D is self-adjoint);

oif | 7| > zio? ~ 118.677, D, has many self-adjoint extensions;

oif | 7| < é ~ 137.036, D~ has a special self-adjoint extension, considered
as the physical one. The essential spectrum of this self-adjoint exten-
sion is (—oo, —mc?| U [mc?, +00) and its discrete spectrum consist of the
eigenvalues

2

1+ , neN, j=

E,; = mc

DO | Lo
DO | Ot

DO | —

Za
n—j—t+/+h2 - 2%

Many-body Dirac-Coulomb Hamiltonian are not understood mathematically.
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Diagonalizable self-adjoint operators and Dirac’s bra-ket notation

Let A be a self-adjoint operator that can be diagonalized in an orthonormal
basis (e,),cn (this is not the case for many useful self-adjoint operators!).

Dirac’s bra-ket notation: A = Z Anlen)(en], A €R, (emlen) = dmn-

neN

Then,
e the operator A is bounded if and only if | A|| = sup,, |\,| < oo;
= {Ju) = Yo talen) | Send + eIl < 00)}s
o 0,(A) = {\},cn and o.(A) = {accumulation points of {)\,}, }\op(A);
e H, =H and H. = {0} (no scattering states);

¢ functional calculus for diagonalizable self-adjoint operators: for all
f : R — C, the operator f(A) defined by

D(f(A) { Zun‘en | Z (T +[f( M ’un|2 < X0 } Zf )| en){en|

neN neN neN

is independent of the choice of the spectral decomposition of A.
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Theorem (functional calculus for bounded functions). Let B(RR, C) be the
x-algebra of bounded C-valued Borel functions on R and let A be a self-
adjoint operator on 7{. Then there exists a unique map

Py BR,C)> fr f(A) € B(H)
satisfies the following properties:

1. 4 is a homomorphism of x-algebras:

(af+B89)(A) = af(A)+B9(A), (fg)(A) = f(A)g(4), [f(A)=f(A);

2. [[f(A)] < sup | f(z)];

reR

3.if f,,(x) — x pointwise and | f,,(x)| < |z| for all n and all z € R, then
Vu e D(A), fu(Au— Auin H;

4.if f,(x) — f(x) pointwise and sup,, sup,cp | fn(z)| < 0o, then
VueH, fu(Adu— f(A)uin H;
In addition, if u € H is such that Au = \u, then f(A)u = f(\)u.
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Theorem (spectral projections and functional calculus).

Let A be a self-adjoint operator on 7.

e For all \ € R, the bounded operator Pf = 1j_oo \(A), where 1;_ (-)
is the characteristic function of | — oo, \|, is an orthogonal projection.

e For any (u,v) € H x H, X — (u|P{u) is the distribution function of a
finite positive Borel measure on R, and \ — (v|P{lu) is the distribution
function of a finite complex Borel measure on R.

e Spectral decomposition of A: for all u € D(A) and v € H, it holds
(v|Au) = / A d(v|P{*u), which we denote by A = / AdP,
R R

e Functional calculus: let f be a (not necessarily bounded) C-valued Borel
function on R. The operator f(A) can be defined by
|

D(f(4)) = {u e #| [ IF P i) < oo} |

V(u,v) € D(f(A)) x H, /f (v| Pitu)



