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To	
  start	
  with:	
  the	
  gap	
  of	
  semiconductors	
  and	
  insulators	
  

Compiling	
  data	
  from	
  the	
  literature	
  (courtesy	
  V.	
  Olévano)	
  :	
  

Silicon	
  gap:	
  	
  	
  	
  1.17	
  eV	
  (Exp)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ≈0.6	
  eV	
  (DFT-­‐LDA	
  Kohn-­‐Sham)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ≈6	
  eV	
  (HF)	
  



The	
  GW	
  formalism:	
  

1)  The	
  +me-­‐ordered	
  Green’s	
  func+on	
  
2)  Lehman	
  representa+on	
  and	
  rela+on	
  to	
  photoemission	
  
3)  The	
  Green’s	
  func+on	
  equa+on	
  of	
  mo+on	
  
4)  Hedin’s	
  set	
  of	
  self-­‐consistent	
  equa+ons	
  
5)  The	
  GW	
  approxima+on	
  
6)  Exemples	
  

The	
  Bethe-­‐Salpeter	
  equa+on:	
  

1)  The	
  Bethe-­‐Salpeter	
  equa+on	
  (BSE)	
  
2)  Charge-­‐transfer	
  excita+ons	
  
3)  Benchmark	
  on	
  standard	
  organic	
  set	
  

• By solving the 1-electron Schrödinger equation: 
 
 
 
we obtain the band structure εn which can be determined experimentally 
by photoemission or inverse photoemission (valence or conduction bands).

One particle approximations

⋮

E

hν 
⋮

Energy conservation: 
   before  → hν + EN,0 

   after     → Ekin + EN-1,n 

The binding energy is: 
   Ekin − hν = EN,0 − EN-1,n  = εn 
    EN-1,n = ε1 +…+ εn + … + εN

Ekin 
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Optical absorption 

Outline	
  



 ̂H(rt) and  ̂†
H(r0t0) are	
  destruc+on/crea+on	
  field	
  operators	
  

| 0
Hi is	
  the	
  N-­‐electron	
  ground–state	
  (H	
  stands	
  for	
  Heisenberg	
  representa+on)	
  

The	
  one-­‐par+cle	
  +me-­‐ordered	
  Green’s	
  func+on	
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Electron	
  propaga+on	
  
from	
  (r2t2)	
  to	
  (r1t1)	
  

Hole	
  propaga+on	
  
from	
  (r1t1)	
  to	
  (r2t2)	
  



i~Ge(rt, r0t0) = ✓(t� t0)h 0
S(t)| ̂S(r) e
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Wri+ng	
  the	
  electron	
  propagator	
  in	
  the	
  Schrödinger	
  representa+on	
  

and	
  introducing	
  the	
  closure	
  rela+on	
  for	
  the	
  (N+1)-­‐electron	
  system:	
  

i~Ge(rt, r0t0) = ✓(t� t0)
X

n

fN+1
n (r)f

N+1
n (r0)e�i"N+1

n (t�t0)/~

fN+1
n (r) = h 0

H | ̂S(r)| n,N+1
H i

"N+1
n = (EN+1

n � EN
0 )

one	
  obtains:	
  

Lehman	
  (addi+on)	
  amplitudes	
  

Electron-­‐addi+on	
  energies	
  

Lehman	
  representa+on	
  

This	
  resembles	
  an	
  independent-­‐electron	
  formula+on	
  but	
  replacing	
  the	
  one-­‐body	
  
orbitals	
  by	
  Lehman	
  amplitudes	
  and	
  the	
  «	
  electronic	
  energies	
  »	
  by	
  total	
  energy	
  
differences	
  between	
  the	
  N-­‐electron	
  and	
  (N+1)-­‐electron	
  systems.	
  



Proceeding	
  similarly	
  for	
  the	
  hole-­‐propagator,	
  one	
  obtain:	
  

where	
  we	
  have	
  introduced	
  the	
  “removal”	
  Lehman	
  amplitude	
  and	
  energies:	
  

Lehman	
  (removal)	
  amplitude	
  

Electron-­‐removal	
  energy	
  

Lehman	
  representa+on	
  (II)	
  

i~G(rt, r0t0) = ✓(t� t0)
X

n

fN+1
n (r)f

N+1
n (r0)e�i"N+1

n (t�t0)/~

� ✓(t0 � t)
X

n

fN�1
n (r)f

N�1
n (r0)e�i"N�1

n (t�t0)/~

fN�1
n (r) = h n,N�1

H | ̂S(r)| 0
Hi

"N�1
n = (EN

0 � EN�1
n )

NOTE:	
  	
  you	
  will	
  see	
  a	
  lot	
  of	
  +mes	
  (t+)	
  =>	
  a	
  trick	
  to	
  select	
  electron	
  or	
  hole	
  channels	
  !	
  
	
  	
  	
  	
  e.g.	
  	
  t’=t+	
  	
  makes	
  (t’-­‐t)	
  posi+ve	
  =>	
  selects	
  the	
  hole-­‐channel	
  (occupied	
  states)	
  



• By solving the 1-electron Schrödinger equation: 
 
 
 
we obtain the band structure εn which can be determined experimentally 
by photoemission or inverse photoemission (valence or conduction bands).

One particle approximations

⋮

E

hν 
⋮

Energy conservation: 
   before  → hν + EN,0 

   after     → Ekin + EN-1,n 

The binding energy is: 
   Ekin − hν = EN,0 − EN-1,n  = εn 
    EN-1,n = ε1 +…+ εn + … + εN
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• By solving the 1-electron Schrödinger equation: 
 
 
 
we obtain the band structure εn which can be determined experimentally 
by photoemission or inverse photoemission (valence or conduction bands).

One particle approximations

⋮

E hν 

⋮

Energy conservation: 
   before  → Ekin + EN,0 

   after     → hν + EN+1,n 

The binding energy is: 
   Ekin − hν = EN+1,n − EN,0 = εn 
    EN+1,n = ε1 + … + εN + εn

Ekin 

N→N+1

εn


�1

2
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(r)
�

fn(r) = enfn(r)

Energy	
  conserva+on:	
  
	
  	
  	
  before	
  	
  →	
  hν	
  +	
  EN,0	
  
	
  	
  	
  aqer	
  	
  	
  	
  	
  →	
  Ekin+	
  EN+1,n	
  

The	
  binding	
  energy	
  is:	
  
	
  	
  	
  hν	
  –	
  Ekin	
  =	
  EN,0	
  −	
  EN-­‐1,n	
  =	
  “εn”	
  
	
  	
  	
  e.g.	
  IP	
  =	
  -­‐(EN,0	
  −	
  EN-­‐1,0)	
  	
  

Photoemission	
  and	
  addi+on/removal	
  energies	
  

Energy	
  conserva+on:	
  
	
  	
  	
  before	
  	
  →	
  Ekin	
  +	
  EN,0	
  
	
  	
  	
  aqer	
  	
  	
  	
  	
  →	
  hν	
  +	
  EN+1,n	
  

The	
  binding	
  energy	
  is:	
  
	
  	
  	
  Ekin	
  −	
  hν	
  =	
  EN+1,n	
  −	
  EN,0	
  =	
  “εn”	
  
	
  	
  	
  e.g.	
  	
  AE=	
  -­‐(EN+1,n	
  −	
  EN,0)	
  

«	
  Electronic	
  energy	
  levels	
  »	
  are	
  really	
  differences	
  of	
  energy	
  between	
  the	
  N-­‐electron	
  	
  
ground-­‐state	
  and	
  ground/excited	
  states	
  of	
  the	
  (N-­‐1)	
  and	
  (N+1)-­‐electrons	
  system.	
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Green’s	
  func+on	
  in	
  the	
  frequency	
  domain	
  

G	
  depends	
  on	
  (t-­‐t’).	
  	
  	
  	
  	
  Fourier	
  transform	
  of	
  G:	
  	
   g(!) =

Z
d⌧ei!⌧g(⌧)

!IP$

!EA$ Re(ω)$
(hole$addi1on$«$excita1ons$»)$

(electron$addi1on$«$excita1ons$»)$
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The	
  poles	
  of	
  G	
  are	
  the	
  addi+on/removal	
  energies	
  as	
  measured	
  experimentally.	
  
The	
  spectral	
  weights	
  are	
  associated	
  with	
  the	
  Lehman	
  amplitudes.	
  



i~@ ̂H(rt)

@t
=

n

 ̂H(rt), Ĥ
o

, with:  ̂H(rt) = eiĤt/~ ̂H(r)e�iĤt/~

Considering	
  the	
  commuta+on	
  rela+ons	
  and	
  the	
  equa+on-­‐of-­‐mo+on	
  of	
  field	
  operators	
  	
  
(Heisenberg	
  representa+on)	
  :	
  

and	
  the	
  defini+on	
  of	
  the	
  Hamiltonian	
  with	
  field	
  operators:	
  

i~@G(1, 2)

@t1
� ĥ0(r1)G(1, 2) + i~

Z
d3v(1+3)G2(13; 23

+) = �(12)

one	
  ends-­‐up	
  with	
  the	
  equa+on	
  of	
  mo+on	
  for	
  the	
  1-­‐body	
  Green's	
  func+on,	
  	
  with	
  1=(r1,t1),	
  
that	
  involves	
  ..	
  a	
  two-­‐body	
  Green's	
  func+on:	
  

How	
  can	
  we	
  calculate	
  G	
  ?	
  	
  	
  	
  Green's	
  func+on	
  hierarchy	
  

 ̂H(rt) = eiĤt/~ ̂S(r)e
�iĤt/~

Ĥ =

Z
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2
+ V ext(r)

�
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h0	
  



Green's	
  func+on	
  hierarchy	
  to	
  linear	
  response	
  

Instead	
  of	
  "shaking"	
  the	
  system	
  by	
  adding	
  a	
  (N+1)	
  par+cle	
  (electron	
  or	
  hole),	
  let's	
  shake-­‐it	
  	
  
by	
  an	
  external	
  local	
  poten+al	
  φ(r,t).	
  One	
  can	
  show	
  (go	
  to	
  interac+on	
  representa+on)	
  that:	
  

G2(13; 23
+) = G(12)

n(r3)z }| {
G(33+)� @G(12)

@�(3)

which	
  also	
  involves	
  the	
  two-­‐body	
  Green's	
  func+on.	
  This	
  equa+on	
  makes	
  a	
  connec+on	
  with	
  	
  
response	
  theory,	
  namely	
  the	
  way	
  the	
  N-­‐electron	
  system	
  respond	
  to	
  an	
  external	
  perturba+on.	
  	
  
As	
  a	
  result	
  	
  (ħ=1	
  in	
  the	
  following):	
  

i
@G(12)

@t1
�

⇣
ĥ0(r1) + V (1)

⌘
G(12)� i

Z
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@G(12)

@�(3)
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with:	
  

This	
  equa+on	
  only	
  involves	
  the	
  one-­‐body	
  Green’s	
  func+on	
  !	
  

(References:	
  	
  	
  Mar+n	
  and	
  Schwinger,	
  Phys.	
  Rev.	
  1959	
  ;	
  Hedin;	
  Phys.	
  Rev.	
  1965)	
  	
  

n(3)	
  

V = V H + �



The	
  self-­‐energy	
  and	
  Dyson	
  equa+on	
  

To	
  obtain	
  an	
  	
  operator-­‐ac+ng-­‐on-­‐G,	
  	
  let's	
  use	
  	
  G-­‐1G=I	
  	
  to	
  show	
  :	
  

�
Z

d3 v(1+3)
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Σ	
  is	
  the	
  self-­‐energy	
  operator	
  !	
  One	
  then	
  obtain	
  the	
  equa+on	
  of	
  mo+on	
  for	
  G:	
  	
  	
  

G(12)	
  verifies	
  an	
  «	
  inhomogeneous	
  »	
  Schrödinger	
  equa+on	
  with	
  the	
  right-­‐hand-­‐side	
  
source	
  term	
  equal	
  to	
  a	
  +me-­‐space	
  delta-­‐func+on	
  =>	
  	
  	
  G	
  is	
  a	
  «	
  mathema+cal	
  »	
  Green’s	
  
func+on	
  (George	
  Green,	
  Bri+sh	
  mathema+cal	
  physicist	
  1793	
  –	
  1841)	
  	
  

The	
  self-­‐energy	
  Σ	
  accounts	
  for	
  exchange	
  and	
  correla+on.	
  It	
  is	
  a	
  non-­‐local,	
  +me-­‐
dependent	
  and	
  in	
  general	
  non-­‐hermi+an	
  operator.	
  

i
@G(12)

@t1
�
n

ĥ0(1) + V H(1) + �(1)
o

G(12)�
Z

d3 ⌃(13)G(32) = �(12)



The	
  Dyson	
  equa+on	
  

i~@G0(1, 2)

@t1
�

0

B@ĥ0(r1) +

V (1)
z }| {
V H(r1) + �(1)

1

CAG0(1, 2) = �(12).

G(12) = G0(12) +

ZZ
d34 G0(13)⌃(34)G(42)

and	
  defining	
  the	
  Hartree	
  G0	
  	
  Green's	
  func+on	
  that	
  verifies:	
  

one	
  obtains	
  the	
  Dyson	
  equa+on	
  rela+ng	
  the	
  unknown	
  G	
  to	
  G0	
  and	
  	
  Σ :	
  

G�1 = G�1
0 � ⌃or	
  

i
@G(12)

@t1
�
n

ĥ0(r1) + V H(r1) + �(1)
o

G(12)�
Z

d3 ⌃(13)G(32) = �(12)

Star+ng	
  with:	
  

G0	
  is	
  easy	
  to	
  get	
  =>	
  if	
  we	
  are	
  given	
  a	
  self-­‐energy,	
  G	
  is	
  known	
  straigh|orwardly.	
  



A	
  second	
  central	
  ingredient:	
  the	
  screened	
  Coulomb	
  poten+al	
  

W (12) = v(12) +

Z
d3d4 v(13)�(34)v(42)

= v(12) +

Z
d3d4 v(13)�0(34)W (42)

�(12) = �0(12) +

Z
d3d4 �0(13)v(34)�(42)

The	
  external	
  poten+al	
  	
  φ	
  	
  induces	
  a	
  charge	
  density	
  varia+on	
  	
   �n(1) =
Z

d2 �(1, 2)�(2)

This	
  varia+on	
  of	
  charges	
  generates	
  as	
  well	
  a	
  poten+al:	
  

If	
  the	
  perturba+on	
  	
  is	
  created	
  by	
  a	
  Q=+1	
  point	
  charge	
  
located	
  in	
  (1)	
  ,	
  then	
  the	
  total	
  poten+al	
  varia+on	
  seen	
  	
  
in	
  (2)	
  is:	
  

�0 = @n(1)/@(�(2) + V H(2)) is	
  the	
  independent-­‐electron	
  polarizability.	
  

�V H(2) =

Z
d1�n(1)v(12)

From	
  R.D.	
  Ma�uck,	
  «	
  A	
  guide	
  to	
  Feynman	
  
Diagrams	
  in	
  the	
  Many-­‐Body	
  problem	
  »	
  



Short-­‐range	
  and	
  long-­‐range	
  screening	
  in	
  solids	
  

Courtesy:	
  	
  	
  	
  Raffaele	
  Resta,	
  
Lecture	
  Notes,	
  Methods	
  of	
  
Electronic	
  Structure	
  Theory,	
  
SISSA,	
  Trieste.	
  

In	
  a	
  metal,	
  the	
  screened	
  Coulomb	
  poten+al	
  decays	
  exponen+ally	
  with	
  a	
  Yukawa-­‐like	
  
decay	
  law:	
  	
  W(r,r’)	
  ≈	
  e-­‐kf|r-­‐r’|/|r-­‐r’|	
  

In	
  a	
  semiconductor,	
  the	
  screened	
  Coulomb	
  poten+al	
  converges	
  to	
  the	
  bare	
  Coulomb	
  
poten+al	
  renormalized	
  by	
  the	
  macroscopic	
  dielectric	
  constant	
  (13-­‐14	
  in	
  Si).	
  

W (r, r0) =

Z
dr”✏�1

(r, r”)v(r”, r0) ) 1

✏M |r� r0| (long range)



Hedin’s	
  coupled	
  equa+ons	
  

�(12; 3) = �@G�1(12)

@V (3)
= �@G�1

0 (12)

@V (3)
+

@⌃(12)

@V (3)
= �(12)�(13) +

@⌃(12)

@V (3)

where	
  we	
  have	
  introduced	
  the	
  3-­‐body	
  vertex	
  func+on:	
  

L.	
  Hedin,	
  Phys.	
  Rev.	
  	
  1965	
  	
  

G(12) = G0(12) +

ZZ
d3d4 G0(13)⌃(34)G(42)

W (12) = v(12) +

ZZ
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P (12) = �i

ZZ
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ZZ
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+
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Finally:	
  	
  

Gathering	
  everything:	
  
38 SECTION3.3

Y

K

W G

r~ ~

Figure 3.1: Symbolical representation of the practical solution of the Hedin’s
equation. This representation is probably due to V.Olevano [27].

At the present time, all introduced quantities are properly defined and
the limit of vanishing external potential U can be safely performed. Let us
gather Hedin’s set of five equations of five variables:

G(1, 2) = G0(1, 2) +

∫
d34G0(1, 3)Σ(3, 4)G(4, 2) (3.24a)

Γ̃(1, 2; 3) = δ(1, 2)δ(1, 3) +

∫
d4567

δΣ(1, 2)

δG(4, 5)

×G(4, 6)G(7, 5)Γ̃(6, 7; 3) (3.24b)

χ̃(1, 2) = −i

∫
d34G(2, 3)G(4, 2)Γ̃(3, 4; 1) (3.24c)

W (1, 2) = v(1, 2) +

∫
d34v(1, 3)χ̃(3, 4)W (4, 2) (3.24d)

Σ(1, 2) = i

∫
d34G(1, 4)W (3, 1+)Γ̃(4, 2; 3) (3.24e)

Only the definition of W was worked out to avoid the introduction of the
intermediate quantities ε−1 and χ.

In his original paper, Hedin mentioned that these equations can be
viewed as an iterative solution of the many-body problem, but he stressed
that they would be interesting if only very few iterations were actually
needed. Initiate with some hypothesis on Σ and G, evaluate Γ̃, then χ̃.
Calculate W and then Σ. Now one knows an improved Green’s function G
and one can start again the same procedure, with the new Σ and G. This
procedure can be represented by the pentagon in figure 3.1, where each sum-
mit symbolizes an unknown variable and each edge one of the five Hedin
equations. The exact solution can be obtained in principle upon completion
of numerous cycles of the pentagon.

P	
  



Exercice:	
  the	
  exchange	
  operator	
  in	
  Green’s	
  func+on	
  language	
  

GT
HF (r; r

0 : !) =
X

n

�n(r)�⇤
n(r

0)

~! � "n + i⌘sgn("n � µ)

!IP$

Re(ω)$�!�!�!�!�!�!

�!�!�!�!�!�!

….$
….$µ

Im(ω)$
C

i

2⇡

Z 1

�1
d! ei!0+GT

HF (r, r
0;!)v(r, r0) =

i

2⇡
2i⇡

occupiedX

n

�n(r)�
⇤
n(r

0)v(r, r0)

= �
occupiedX

n

�n(r)�⇤
n(r

0)

|r� r0|

⌃(r, r0;E) =
i

2⇡

Z +1

�1
d! ei!0+G(r, r0;!)W (r, r0;! � E)

The	
  GW	
  self-­‐energy	
  :	
  the	
  self-­‐energy	
  to	
  lower	
  order	
  in	
  W	
  

G	
  

W	
  

G	
  

v	
  



Prac+cals	
  (and	
  «	
  pragma+cals	
  »):	
  the	
  tradi+onal	
  G0W0	
  scheme	
  	
  

One	
  should	
  start	
  with	
  Hartree	
  eigenstates	
  …	
  in	
  prac+ce,	
  we	
  take	
  the	
  «	
  best	
  »	
  mean	
  
field	
  Green’s	
  func+on	
  we	
  have:	
  	
  Kohn-­‐Sham	
  DFT	
  one	
  !	
  

) W = v + v�0W

Finally,	
  in	
  the	
  spirit	
  of	
  first-­‐order	
  perturba+on	
  theory:	
  

"GW
n = "KS

n + h�KS
n |⌃("GW

n )� V XC |�KS
n i

Pioneers:	
  	
  	
  L.	
  Hedin	
  1965	
  (free	
  electron	
  gas):	
  	
  Strina+/Ma�ausch/Hanke	
  1980	
  (+ght-­‐binding)	
  ;	
  
	
  Hybertsen/Louie	
  1986	
  and	
  Godby/Schlüter/Sham	
  1988	
  (ab	
  ini&o	
  calcula+ons).	
  	
  

GT
KS(r, r

0;!) =
X

n

�KS
n (r)[�KS

n (r0)]⇤

~! � "KS
n + i⌘sgn(µ� "KS

n )

�KS
0 (r, r0;!) =

X

ij

(fi � fj)
�KS
i (r)[�KS

j (r)]⇤[�KS
i (r0)]⇤�KS

j (r0)

~! � ("KS
i � "KS

j ) + i⌘ sgn("KS
i � "KS

j )



To	
  start	
  with:	
  the	
  gap	
  of	
  semiconductors	
  and	
  insulators	
  

Silicon	
  gap:	
  	
  	
  	
  1.17	
  eV	
  (Exp)	
  	
  	
  	
  	
  	
  	
  ≈0.6	
  eV	
  (DFT-­‐LDA	
  KS)	
  	
  	
  	
  	
  	
  	
  ≈6	
  eV	
  (HF)	
  	
  	
  	
  	
  	
  	
  	
  ≈1.2	
  eV	
  (G0W0@LDA)	
  

EGW-­‐ELDA	
  (Hybertsen/Louie	
  1986)	
  



What	
  about	
  organic	
  molecules	
  (no	
  long-­‐range	
  screening	
  …)	
  

Hahn et al. PRB 2005; Blase et al. PRB 2011; Marom 
et al., PRB 2011, 2012; Körzdörfer et al. PRB 2012; 
Bruneval et al., PRB 2013; etc. 

Stan et al. JCP 2009; Rostgaard et al., PRB 
2010; Strange et al. PRB 2011; Bruneval, JCP 
2012; Caruso et al., PRB 2013;  Lischner et al., 
PRB 2014; P. Koval et al., PRB 2014; etc.   

Simplest	
  SCF	
  scheme:	
  par+al	
  self-­‐consistency	
  on	
  eigenvalues	
  only	
  (evGW).	
  

Self-consistent GW for small molecules G0W0 with « best » starting point 

(Blase,	
  A�accalite,	
  Olévano,	
  2011)	
  



Beyond	
  the	
  scissor	
  operator:	
  level	
  ordering	
  and	
  spacing	
  below	
  the	
  gap	
  

HOMO	
  to	
  (HOMO-­‐3)	
  in	
  cytosine	
  

LDA	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  evGW	
  	
  	
  	
  	
   	
  	
  CASPT2	
  	
  	
  	
  	
  	
  	
  	
  	
  IP-­‐CCSD	
  

σO	
   + π	



π	

π	



HOMO	
   6.167	
  (σO)	
   8.73	
  	
  (π)	
   8.73/8.76	
  	
  	
  (π)	
   8.78	
  	
  (π)	
   8.8-­‐9.0	
  

HOMO-­‐1	
   6.172	
  (π)	
   9.52	
  	
  (π’)	
   9.42/	
  -­‐	
  	
  	
  	
  	
  	
  	
  	
  	
  (σO)	
   9.55	
  	
  (π’)	
   9.45-­‐9.55	
  

HOMO-­‐2	
   6.81	
  (σ)	
   9.89	
  	
  	
  (σO)	
   9.49/	
  -­‐	
  	
  	
  	
  	
  	
  	
  	
  	
  (π’)	
   9.65	
  	
  (σO)	
  	
   9.89	
  	
  

LDA	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  evGW	
  	
  	
  	
  	
  	
  	
  	
  	
  CASPT2/CCSD(T)	
  	
  	
  	
  	
  	
  EOM-­‐IP-­‐CCSD	
  	
  	
  	
  	
  	
  Exp.	
  

π	



σO	
  

σO	
  

σO	
  

σ	
  

π’	


π’	



π’	



EOM-­‐	
  

-3.72 eV 

(Faber, Attaccalite, Olevano, Runge, Blase, 2011) 

(DNA nucleobases) 



G	
  

W	
  

€ 

Γ

€ 

Σ P	
  

€ 

G =G0 +G0ΣG

€ 

Σ =GWΓ

€ 

W =VC +VCPW
€ 

Γ =1

€ 

P =GG

€ 

P =GGΓ
€ 

Γ =1+ (∂Σ /∂G)GGΓG0	
  

DFT	
  
Hybrid	
  
HF	
  
(whatever)	
  

A	
  difficult	
  issue:	
  self-­‐consistency	
  (cycling	
  Hedin’s	
  set	
  of	
  equa+ons)	
  

Which	
  self-­‐consistency	
  ?	
  “Quasipar+cle-­‐like	
  G”	
  or	
  not	
  ?	
  	
  
Where	
  does	
  it	
  converge	
  ?	
  Unicity	
  of	
  solu+on	
  ?	
  Dependence	
  on	
  star+ng	
  point	
  ?	
  
Should	
  we	
  go	
  to	
  higher	
  order	
  (vertex	
  correc+ons	
  ?)	
  
Do	
  we	
  improve	
  all	
  quan++es	
  (quasipar+cle	
  energies,	
  satellites,	
  total	
  energy,	
  etc.)	
  

Self-­‐consistency:	
  	
  s+ll	
  an	
  open	
  ques+on	
  !	
  



  

GW Self-Consistency
G

0
W

0
 →  GW

0
, G

0
W, GW

Quasiparticle Self-Consistency

● EV-scGW

● QPscGW

● scCOHSEX+G
0
W

0

Full Self-Consistency

● Models (e.g. Jellium)  
                                   
 

● Solids                         
 

● Real Atoms & 
Molecules 

[van Schilfgaarde, Kotani,
Faleev, PRL 2006]

[Bruneval, Vast, Reining,
PRB 2006]

[Holm von Barth, PRB 1998]: 
worst spectral QP, better Total Energies

[Stan, Dahlen, van Leeuwen,EPL 2006]:
improvements by SC on both Total and QP

[Caruso, Rinke, Ren, Scheffler, Rubio, PRB 2012]:
Improvements on Total Energies (but PBE better)

[Schindlmayr, Pollehn, Godby, PRB 1998]:
not even Total Energies (Hubbard)

[Marom et al.PRB 2012]: no clear improvements on QP 

[Schone, Eguiluz, PRL 1998]:
worst bandgaps (Si) and bandwidths (K)

[Rostgaard, Jacobsen, Thygesen, PRB 2010]:
no net improvements, G0W0[HF] the best

Critical points:

● Conserving Approximations?

● Basis Sets and Convergence? 

● GW scheme (e.g. imaginary 
axis, analytic continuation, 
Matsubara, Keldysh, etc.)?

[Hibertsen, Louie, 1988]

(courtesy	
  V.	
  Olévano,	
  CECAM	
  workshop,	
  Green’s	
  func+on:	
  next	
  genera+on,	
  2015)	
  



• By solving the 1-electron Schrödinger equation: 
 
 
 
we obtain the band structure εn which can be determined experimentally 
by photoemission or inverse photoemission (valence or conduction bands).

One particle approximations

⋮

E

hν 
⋮

Energy conservation: 
   before  → hν + EN,0 

   after     → Ekin + EN-1,n 

The binding energy is: 
   Ekin − hν = EN,0 − EN-1,n  = εn 
    EN-1,n = ε1 +…+ εn + … + εN

Ekin 

N→N-1

εn

×


�1

2

—2 +V
ext

(r)
�

fn(r) = enfn(r)Op+cal	
  proper+es	
  and	
  the	
  Bethe-­‐Salpeter	
  equa+on	
  (BSE)	
  formalism	
  

Optical absorption Electron-hole interaction 

Photoemission	
  	
  GW	
  formalism	
   Op+cal	
  proper+es	
  	
  Bethe-­‐Salpeter	
  equa+on	
  

Propaga+on	
  of	
  an	
  addi+onal	
  
electron	
  OR	
  a	
  hole	
  

Propaga+on	
  of	
  an	
  electron-­‐hole	
  pair	
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Third, we have used fxc!r, r0" ! 2a#4pjr 2 r0j, with
the empirical value a ! 0.2. The result of the TDDFT
calculation for ´M!v" is shown in Fig. 1. The dots are
the experimental results for the absorption spectrum
$Im!´"% measured by Lautenschlager et al. [17] and the
refraction index $Re!´"% measured by Aspnes and Studna
[18]. The dot-dashed curve is the result of a standard
TDLDA calculation (i.e., using DFT-LDA eigenvalues
and the static short-range LDA xc kernel). We find the
well-known discrepancies with experiment. The dashed
curve is the BSE result. Finally, the continuous curve
is the result of our approximate TDDFT calculation: It
fits almost perfectly all experimental features in both real
and imaginary parts of ´. It turns hence out that this
static long-range contribution to the kernel is sufficient to
reproduce the strong excitonic effect in a material with
weakly bound excitons such as silicon. Preliminary results
on other materials such as GaAs or AlAs are showing a
similar quality of agreement with experiment. We refer to
a forthcoming manuscript [19] for details.

In conclusion, we have derived a TDDFT equation from
the Bethe-Salpeter equation which should be particularly
suitable for practical applications to the absorption spectra
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FIG. 1. Silicon, optical absorption (bottom), and refraction in-
dex (top panel) spectra. Dots: experiment. Dot-dashed curve:
TDLDA result. Dashed curve: result obtained through the
Bethe-Salpeter method. Continuous curve: TDDFT result us-
ing the long-range kernel derived in this work.

of solids. We have demonstrated that the static exchange-
correlation kernel has a long-range contribution stemming
from the electron-hole interaction. We have explained why
this long-range contribution is particularly important for
the absorption spectra of solids. At the example of bulk
silicon, we have shown how a very simple approximation
for the kernel can yield excellent agreement between the
calculated TDDFT absorption spectrum and experiment.

We are grateful to P. Ballone and R. Del Sole for
useful discussions and comments. This work has been
supported in part by the European Community Contract
No. HPRN-CT-2000-00167. Computer time has been
granted by IDRIS (Project No. 000544) on the NEC SX5.

[1] P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964);
W. Kohn and L. J. Sham, Phys. Rev. 140, A1133 (1965).

[2] L. Hedin, Phys. Rev. 139, 796 (1965).
[3] G. Onida, L. Reining, R. W. Godby, R. Del Sole, and

W. Andreoni, Phys. Rev. Lett. 75, 818 (1995).
[4] S. Albrecht, L. Reining, R. Del Sole, and G. Onida, Phys.

Rev. Lett. 80, 4510 (1998).
[5] L. X. Benedict, E. L. Shirley, and R. B. Bohn, Phys. Rev. B

57, R9385 (1998).
[6] M. Rohlfing and S. G. Louie, Phys. Rev. Lett. 81, 2312

(1998).
[7] E. Runge and E. K. U. Gross, Phys. Rev. Lett. 52, 997

(1984).
[8] E. K. U. Gross, F. J. Dobson, and M. Petersilka, Density

Functional Theory (Springer, New York, 1996).
[9] V. I. Gavrilenko and F. Bechstedt, Phys. Rev. B 55, 4343

(1997).
[10] I. V. Tokatly and O. Pankratov, Phys. Rev. Lett. 86, 2078

(2001).
[11] In the Hartree Fock limit, the diagonal element of F

reduces to Eq. (7) of X. Gonze and M. Scheffler, Phys.
Rev. Lett. 82, 4416 (1999) at the resonance energy.

[12] The standard and successful way to introduce the electron-
hole interaction in the Bethe-Salpeter scheme has been
done so far by the use of a static screened interaction W
[3–6] in the kernel of the BSE FBSE.

[13] We remark that the spirit of our scheme is to find a static
fxc that mimics the role of the exact frequency dependent
fxc in the macroscopic dielectric function, even if it is far
from the true one.

[14] Note that in order to obtain this simple formula, we had to
assume that KS orbitals and QP wave functions are equal.
Otherwise, we could write, for example, the BSE in the
KS basis, and we would get a complicated v dependence
instead of the simple !en1 2 en2 2 v" diagonal part in
Eq. (4).

[15] Ph. Ghosez, X. Gonze, and R. W. Godby, Phys. Rev. B 56,
12 811 (1997).

[16] W. Hanke and L. J. Sham, Phys. Rev. Lett. 43, 387 (1979).
[17] P. Lautenschlager et al., Phys. Rev. B 36, 4821 (1987).
[18] D. E. Aspnes and A. A. Studna, Phys. Rev. B 27, 985

(1983).
[19] S. Botti et al. (to be published).

066404-4 066404-4

TDLDA	
  

Exp.	
  

BSE	
  

LR-­‐TDDFT	
  

Op+cal	
  spectrum	
  in	
  bulk	
  silicon:	
  

TDLDA:	
  wrong	
  onset	
  and	
  not	
  enough	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  «	
  low	
  energy	
  »	
  spectral	
  weight	
  

LR-­‐TDDFT:	
  adding	
  a	
  long-­‐range	
  kernel	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  derived	
  from	
  GW/Bethe-­‐Salpeter	
  	
  

Correct	
  energy	
  loca+on	
  and	
  spectral	
  weight	
  !!	
  

In	
  silicon,	
  the	
  average	
  electron-­‐hole	
  
distance	
  (effec+ve	
  bohr	
  radius)	
  is	
  of	
  the	
  
order	
  of	
  50	
  Angström	
  	
  =>	
  local	
  kernels	
  
cannot	
  capture	
  the	
  long-­‐range	
  	
  
electron-­‐hole	
  interac+on	
  	
  !!	
  

Reining,	
  Olevano,	
  Rubio,	
  Onida,	
  PRL	
  2002	
  



�(1, 2) =
@n(1)

@V ext(2)
and L(1234) =

@G(1, 2)

@Uext(3, 4)

L(1234) = L0(1234) +

Z
d(5678) L0(1256)K(5678)L(7834)

L0(1234) = G(12)G(34)

K(6678) = v(57)�(56)�(78) +
@⌃(56)

@G(78)

TDDFT	
   Bethe-­‐Salpeter	
  

Op+cal	
  proper+es	
  and	
  the	
  Bethe-­‐Salpeter	
  formalism	
  in	
  a	
  nutshell	
  

Link:	
  

Deriving	
  the	
  Dyson	
  equa+on	
  for	
  G	
  leads	
  to	
  a	
  Dyson-­‐like	
  equa+on	
  for	
  L:	
  

n(1) = �i~G(1, 1+)

(Propaga+on	
  of	
  non-­‐interac+ng	
  electron	
  and	
  hole)	
  

Need	
  an	
  expression	
  	
  
for	
  the	
  self-­‐energy	
  Σ	



K(5678)



Neglect	
  frequency	
  dependence	
  of	
  W:	
  	
  	
  	
  W(r1,r2	
  ;	
  ω=0)	
  	
  	
  (adiaba+c	
  approxima+on)	
  	
  

RBSE
ai,bj = �a,b�i,j

⇣
"QP
a � "QP

i

⌘

� h �a(r)�i(r
0)W (r, r0)�b(r)�j(r

0) i
+ 2 h �a(r)�i(r)v(|r� r0|)�b(r

0)�j(r
0) i .

@GW

@G
= W +G

@W

@G
⇠ W + higher order in W

The	
  Bethe-­‐Salpeter	
  formalism	
  in	
  a	
  nutshell:	
  standard	
  approxima+ons	
  	
  

⌃ = iGW and	
  	
  

	
  

Expressing	
  the	
  BSE	
  Hamiltonian	
  in	
  the	
  (occupied)x(virtual)	
  product	
  space,	
  one	
  
obtains	
  a	
  BSE	
  Hamiltonian	
  formally	
  similar	
  than	
  TD-­‐DFT	
  within	
  Casida’s	
  formula+on	
  

physics with a justification that can be traced back to the
original paper by Sham and Rice.37 The proposed argument is
that (δW/δG) is a vertex correction that can be neglected
consistently with the approximation leading to the GW
formalism, even though no explicit numerical evaluation of
such a term can be found in the literature for real systems. As a
result, the four-point kernel K reduces to

δ δ δ δ= −K v W(56,78) (57) (56) (78) (56) (57) (68) (15)

Finally, due to computational cost, the standard implementa-
tion of the BSE formalism assumes a static (frequency-
independent) approximation for the screened Coulomb
potential, namely, W(56) = W(r5,r6)δ(t5-t6). Such an
approximation is equivalent to assuming an adiabatic kernel
within the TD-DFT framework. It is known to significantly
affect the calculations of transitions with multiple-excitation
character because a static kernel is expected to shift the energy
of the single-electron transitions contained in the independent-
electron susceptibility without creating new poles associated
with multiple excitations.94,95 It is worth emphasizing at this
stage however that the “full” (dynamical) BSE formalism exists
on paper and has been explored under various approxima-
tions,96,97 but the cost associated with such an extension
impedes its systematic application to large molecules.
As a final step, we express the L operator in transition space

between occupied and virtual orbitals

= − ′L L t tr r r r(12, 34) ( , , , , )1 2 3 4 (16)

ω ω ϕ ϕ ϕ ϕ= * *L Lr r r r r r r r( , , , ; ) ( ) ( ) ( ) ( ) ( )kl
ij

i j k l1 2 3 4 1 2 3 4

(17)

where we have used the fact that a static screened-exchange W
leads to a “four-point one-time” only L(t−t′) operator, that is a
one-frequency L(ω) functional in the energy domain. Such a
treatment leads to a formulation that resembles the so-called
Casida’s equation to TD-DFT,2 and the optical excitations can
be obtained as the eigenvalues of the Bethe−Salpeter
eigenvalue problem that reads in transition space

λ
λ

ϕ ϕ
ϕ ϕ

−
− * − * −

=
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

R I C
C R I

r r

r r
.

[ ( ) ( )]

[ ( ) ( )]
0

a e i h

i e a h (18)

where the indexes (i,j) and (a,b) indicate the occupied and
virtual orbitals, and (re,rh) indicate the electron and hole
positions, respectively. In this block notation, the vector [ϕa(re)
ϕi(rh)] represents all excitations (e.g., note that ϕa(re) means
that an electron is put into a virtual orbital), whereas the vector
[ϕi(re) ϕa(rh)] represents all de-excitations. As such, R (R*)
describes the resonant coupling between electron−hole
excitations (de-excitations), and the off-diagonal block C and
C* account for nonresonant coupling between excitations and
de-excitations. The TD-DFT and BSE resonant parts can be
directly compared, and we write here the Bethe−Salpeter
formulation in the approximation listed above

δ δ ε ε
ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ

= −
− ⟨ ′ ′ ′ ⟩

+ ⟨ | − ′| ′ ′ ⟩

R

W

v

r r r r r r

r r r r r r

( )

( ) ( ) ( , ) ( ) ( )

2 ( ) ( ) ( ) ( ) ( )

ai bj a b i j a i

a i b j

a i b j

,
BSE

, ,
QP QP

(19)

We use the notation ⟨...⟩ for the ∫ ∫ dr dr′ double integral. The
middle (last) line gathers terms with occupied and virtual

orbitals taken at different (identical) integration variables with
the important consequence that the W matrix elements do not
vanish for spatially separated electrons and holes, leading in
particular to the correct Mulliken limit for charge-transfer
excitations. For isolated systems, the wave functions can be
taken to be real. The resonant terms have been written above
for singlet excitations that will be the focus of the present study.
Obtaining the Bethe−Salpeter vertical excitation energies
comes thus at the same price as the standard TD-DFT within
Casida’s formulation, and we use recursive techniques to obtain
the lowest desired excitation energies. The eigenvectors
solution of the Bethe−Salpeter equation yields the electron−
hole two-body wave functions ψeh(re, rh) with the standard
interpretation that it represents the amplitude of probability of
finding an electron and a hole in (re, rh).

2.3. Computational Details. For the molecules of Thiel’s
set, we have used the MP2/6-31G(d) geometries supplied in
ref 13 and selected the most refined best estimates, the so-
called TBE-2 (see Introduction), as reference values. Our GW
calculations are performed at the all-electron level with the aug-
cc-pVTZ correlation consistent atomic basis set98,99 using the
FIESTA code,54,77 implementing resolution-of-the-identity (RI)
techniques. The input Kohn−Sham eigenstates are generated
with the NWChem package.100 The implemented RI or
Coulomb fitting technique expresses four-center integrals in
terms of three-center integrals combined with the aug-cc-
pVTZ-RI basis by Weigend and co-workers.101 We provide in
the Supporting Information (SI) a comparison with aug-cc-
pVQZ calculations for butadiene, benzene, benzoquinone, and
adenine, namely, one representative of each chemical family in
Thiel’s set.
All virtual states are included in the construction of both the

polarizability P and the self-energy Σ. The energy integration
required to calculate the correlation self-energy is achieved by
contour deformation techniques and does not involve any
plasmon-pole approximation. Because the correlation contri-
bution to the self-energy Σ(EQP) must be calculated at the
targeted (unknown) EQP quasiparticle energy, we calculate
Σ(E) on a fine energy grid to solve eq 11. We do not advocate
the standard linear extrapolation from the value of the self-
energy at the input Kohn−Sham DFT energy, which may lead
to sizable errors. We typically correct at the GW level all
occupied valence states and the same number of virtual states
above the gap, even though convergency tests show that for
medium size molecules, such as naphthalene or nucleobase,
correcting only 10 to 20 occupied and virtual states is enough.
For the BSE calculations, performed with the FIESTA code, all
valence and virtual states are included in the electron−hole
product space within which the electronic excitations are built.
We go beyond the Tamm−Dancoff approximation in the
present study, namely, we mix resonant and nonresonant
contributions.
To identify the transitions, we ran TD-PBE0 calculations

with Gaussian09102 and CC2 calculations with Turbomole,103

both using the aug-cc-pVTZ atomic basis set. Results (orbital
compositions, oscillator strengths, symmetry, etc.) were
compared to previous calculations of Thiel’s group17,18 to
establish the correct nature of the excited states. As noted in the
study by Thiel and co-workers devoted to basis size effects,17

the identification of transitions generated by two different
approaches is more complicated with the aug-cc-pVTZ atomic
basis set, as compared with the diffuse-less TZVP atomic basis
set, which yields less excited states. We therefore followed ref
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D

The	
  resonnant	
  term	
  reads	
  (for	
  singlet	
  excita+ons):	
  
GW	
  occupied/	
  
virtual	
  energies	
  



(UC Berkeley, Chemistry department, 2004) 

TDDFT (BLYP) 

(charge-transfer excitation) 

(intramolecular excitation) 

R distance 



(Duchemin, Deutsch, Blase, PRL 2012) 

TD-LDA 

BSE 

The Bethe-Salpeter formalism: explicit screened  nonlocal electron-hole 
interaction  (on top of the GW “photoemission” band structure) 

The bacteriochlorin-zincbacteriochlorin complex 

Intramolecular excitations are at  
the « correct » energy location 

                        BSE     Exp 

BC       Qx       1.70      1.6 
ZnBC   Qx       1.67      1.65 
ZnBC   Qy       2.36      2.2 
BC       Qy       2.33      2.3  

The correct « Mulliken » (-1/R)  
charge transfer (CT) excitonic  
binding energy is recovered  !! 



TDLDA, TD-HF, TD-SEX (=BSE) and charge-transfer excitations  

TDDFT with charge density dependent kernel 

TD-Hartree-Fock and TD-Hartree-Screened-Exchange 

€ 

ΣX
(r,r') =

−ρ(r,r')

| r − r' |
    with :  ρ(r,r') = φv (r)φv

*
(r')

v= occp

∑

€ 

ΣSEX
(r,r') = −ρ(r,r')W (r,r',ω = 0)   with :  ρ(r,r') = φv (r)φv

*
(r')

v= occp

∑

Unscreened direct term 

Screened direct term 

Goes to zero for charge-transfer excitations:  

would need kernel divergency (Vxc discontinuity) 

Comes from δΣSEX 

Comes from δVHartree 



h �a(r)�i(r
0)W (r, r0)�a(r)�i(r

0) i =
ZZ

drdr0|�a(r)|2W (r, r0)|�i(r
0)|2

BNL	
  =	
  Range-­‐separated	
  hybrid	
  func+onal	
  

(Stein,	
  Kronik,	
  Baer,	
  JACS	
  2009)	
  

TDDFT	
  hybrid	
  

Acceptor	
  =	
  TCNE	
  (tetracyanoethylene)	
  
Donor	
  =	
  anthracene	
  

Charge	
  transfer	
  excita+ons:	
  a	
  standard	
  TDDFT	
  problem	
  

Dreuw and Head-Gordon,  JACS  2004  
=> “Failure of TDDFT for charge transfer excitations” 

The	
  BSE	
  «	
  kernel	
  »	
  accounts	
  for	
  	
  nonlocal	
  electron-­‐hole	
  interac+on:	
  



Benchmark vertical excitation energies on a « standard » molecular set (« Thiel’s set ») 

This set contains 28 medium size molecules covering several classes of chromophores.  
104 singlet  transitions were studied at various levels of TDDFT and quantum chemistry  
CC (CC2, CC3, EOM-CCSD) or complete active space CASPT2 perturbative techniques. 

Schreiber et al. JCP 128, 134110 (2008); 
Silva-Junior et al., JCP 133, 174318 (2010); 
Caricato et al., JCTC 2010, 6, 370; 
Silva-Junior et al., Mol. Phys. 2010, 133; 
Jacquemin et al. JCTC 2010, 6, 1532; etc. 

(Jacquemin, Duchemin, Blase, JCTC 2015) 

A “theoretical best estimate” (TBE) has been accumulated over the years. All approaches are 
compared on the same geometry and using the same basis (here aug-cc-pVTZ) 



Overall	
  sta+s+cs:	
  importance	
  of	
  self-­‐consistency	
  and	
  good	
  agreement	
  with	
  the	
  best	
  TDDFT	
  

Even when starting with hybrid functional (PBE0), 
BSE on top of single-shot G0W0 calculations yield 
too low excitation energies (MSE=-0.65 eV) 

BSE/evGW@PBE0 yields an error similar to 
the best TDDFT (MAE=0.25 eV) 
NOTE: TD-PBE:     MAE=0.55 eV 

(Note	
  that	
  this	
  set	
  does	
  not	
  contain	
  charge-­‐transfer	
  excita+ons	
  	
  !!)	
  



Overall	
  sta+s+cs:	
  weak	
  star+ng	
  point	
  	
  
dependency	
  for	
  BSE/evGW	
  scheme	
  

Star+ng	
  from	
  PBE	
  or	
  PBE0	
  and	
  	
  
upda+ng	
  ONLY	
  the	
  eigenvalues	
  
leads	
  to	
  very	
  close	
  results	
  !!	
  

(Note: no transition metal 
atoms in the studied set !) 

A	
  closer	
  look	
  at	
  the	
  aroma+c	
  family	
  

Same	
  overall	
  behavior	
  for	
  BSE	
  and	
  TDPBE0	
  	
  
but	
  a	
  few	
  transi+ons	
  are	
  	
  too	
  high	
  in	
  energy	
  	
  
within	
  TDPBE0	
  ....	
  (compensated	
  by	
  transi+ons	
  
too	
  low	
  within	
  BSE).	
  



A	
  closer	
  look	
  to	
  transi+ons	
  with	
  “mul+ple	
  excita+on”	
  character	
  

Aromatic family 

€ 

Ψ = eT HF
T = T1 + T2 + T3 + ...

T1 =
a

virt

∑
i

occp

∑ ta
i ˆ a a

+ai

T2 =
1
4 ab

virt

∑
ij

occp

∑ tab
ij ˆ a a

+ ˆ a b
+aia j

€ 

CCSD :    T = T1 +T2

CCSDT :   T = T1 +T2 +T3

CCSD(T) :   triples perturbative
CC3 = simplification on CCSD(T)
exCC3 = linear response CC3 for excited states

Coupled-cluster techniques 



Conclusions	
  and	
  open	
  ques+ons	
  

   It is not an easy task to solidly improve the GW approximation through  
      self-consistency and it is still a matter of discussion on how to proceed 
      and on what we gain for which physical observables … but let’s not throw out 
      the baby with the bathwater:   G0W0 with  a reasonable starting point usually 
      dramatically improve quasiparticle energies (within 0.1 eV accuracy …) ! 

  Bethe-Salpeter can tackle charge-transfer and cyanine-like excitations and performs  
     as well as the “best”  TDDFT for standard (Frenkel) excitations. 

  The problem of multiple-excitations is under discussion. The role of a dynamical W  
      has been shown to be crucial in capturing such effects. 

 Refs:  Ma, Y.; Rohlfing, M.; Molteni, C. Phys. Rev. B 2009, 80, 241405;  
                   P. Romaniello et al. J. Chem. Phys. 2009, 130, 044108.  
                   Elisa Rebolini PhD Thesis. 

  Analytic forces in the excited states: everything to be done ! Standard scheme: 
     vertical excitation within BSE and excited-state relaxation within TDDFT. 

Ref: Ismail-Beigi, S.; Louie, S. G. Phys. Rev. Lett. 2003, 90, 076401.   
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A	
  puzzling	
  (?)	
  result:	
  the	
  «	
  cyanines	
  »	
  family	
  

Cyanines	
  represent	
  an	
  important	
  family	
  of	
  dyes.	
  	
  
Lowest-­‐lying	
  excita+ons	
  not	
  charge-­‐transfer	
  states.	
  
No	
  mul+-­‐determinental	
  character	
  of	
  ground-­‐states.	
  
S+ll	
  TDDFT	
  fails	
  even	
  with	
  range-­‐separated	
  hybrids.	
  

All	
  electron	
  aug-­‐cc-­‐pVTZ	
  GW/BSE	
  calcula+ons	
  with	
  self-­‐consistency	
  at	
  the	
  COHSEX	
  level	
  
(Boulanger,	
  Jacquemin,	
  Duchemin,	
  Blase,	
  JCTC	
  2014)	
  

MAE	
  with	
  respect	
  to	
  exCC3	
  =	
  30	
  meV	
  	
  

(exCC3	
  =	
  approxima+on	
  to	
  EOM-­‐CCSDT)	
  

B2PLYP:	
  double	
  hybrid	
  with	
  «	
  some	
  »	
  
percentage	
  of	
  MP2	
  nonlocal	
  correla+ons	
  
(Grimme	
  and	
  Neese,	
  JCP	
  2007)	
  



The	
  GW	
  method	
  with	
  “atomic”	
  basis:	
  
a	
  few	
  “private”	
  codes	
  (M.	
  Rohlfing,	
  
X.	
  Blase,	
  D.	
  Foerster,	
  etc.)	
  +	
  FHI-­‐Aims	
  +	
  	
  
….	
  Turbomole	
  	
  

The GW-Method for Quantum Chemistry Applications: Theory and
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ABSTRACT: The GW-technology corrects the Kohn−Sham
(KS) single particle energies and single particle states for
artifacts of the exchange-correlation (XC) functional of the
underlying density functional theory (DFT) calculation. We
present the formalism and implementation of GW adapted for
standard quantum chemistry packages. Our implementation is
tested using a typical set of molecules. We find that already
after the first iteration of the self-consistency cycle, G0W0, the
deviations of quasi-particle energies from experimental
ionization potentials and electron affinities can be reduced by an order of magnitude against those of KS-DFT using GGA or
hybrid functionals. Also, we confirm that even on this level of approximation there is a considerably diminished dependency of
the G0W0-results on the XC-functional of the underlying DFT.

1. INTRODUCTION
One of the most used approaches for the computational study of
solids, nanoscale systems, and molecules is the density functional
theory (DFT).1 DFT has an ubiquitous appearance in computa-
tional chemistry and materials sciences because it often offers
the only possibility to obtain useful ab initio results for relevant
system sizes.
A well-known difficulty with DFT-calculations is related to

approximations in the exchange-correlation (XC) functional,
the most familiar one being the local density approximation
(LDA).2,3 The use of such local (or semilocal) approximations
has several important consequences, in praxi. First, the neglect of
the derivative-discontinuity in such approximate functionals
implies uncertainties in the description of charge-transfer pro-
cesses, because the alignment of Kohn−Sham (KS) levels of
different subsystems is not properly accounted for. Second,
neglecting nonlocal terms also implies that weak, van der Waals
like, binding forces are being described badly or not at all.
Moreover, (differences between) KS-single particle energies are
often interpreted as physical excitation energies, because the KS-
estimates of these energies tend to compare significantly better to
experimental results than, for instance, those originating from
Hartree−Fock (HF) theory. Still, a formal justification for this
praxis (i.e., a KS-analog of the Koopmans’ theorem4) does not
exist in general. To identify situations when good quantitative
estimates can be obtained, nevertheless, is the subject of ongoing
research.5,6

A method to systematically improve upon shortcomings of
DFT-estimates of single particle excitation spectra, i.e., ionization
potentials and electron affinities, is well established for electronic
band structure calculations in solids: the GW-method. Its central

object is the Green’s function G; its poles describe single particle
excitation energies and lifetimes. The GW-approach is based on
an exact representation of G in terms of a power series of the
screened Coulomb interaction W, which is called the Hedin
equations.7,8 The GW-equations are obtained as an approx-
imation to the Hedin-equations, in which the screened Coulomb
interaction W is calculated neglecting so-called vertex correc-
tions.9−12

Effectively, one can say that theGW-approach, similar to other
one electron Green’s function approaches, replaces in the DFT-
calculation the problematic unknown XC-potential by a self-
energy, Σ. In this process the KS-equations are transformed into a
self-consistent set of quasi-particle equations. Similar to the XC-
potentials of DFT, which are functionals of the electron density,
Σ[G] is a functional of G and therefore typically needs to be
updated in the iteration cycle that solves the quasi-particle
equations. In contrast to XC-potentials, Σ is not Hermitian and
depends on energy. Furthermore similar to the Fock-operator
and unlike (semi) local XC-potentials, Σ is nonlocal in space.
A key feature of Green’s functions is that their poles by

construction def ine the single-particle (or quasi-particle)
excitation energies. In particular, the GW-quasi-particle energies
up to the highest occupied molecular orbital (HOMO) cor-
respond to the primary vertical ionization energies. When using a
basis that keeps track explicitly also of core states, we have access
to the ionization energies relevant for core-level spectroscopies.
The knowledge of the full quasi-particle spectrum and quasi-
particle states also gives access to calculating other physical
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ABSTRACT: The two-component extension of the G0W0
method for closed-shell systems based on the previously
implemented one-component version in TURBOMOLE that
uses localized basis functions is presented. In this way, it is
possible to account for spin−orbit effects on one-electron
energies of isolated molecular systems at the G0W0 level. We
briefly sketch the derivation of the underlying equations, give
details about the implementation, and apply the method to
several atomic and diatomic systems. The influence of spin−
orbit coupling changes calculated first ionization energies by up
to 0.7 eV, leading to maximum errors smaller than 0.3 eV. Virtually the same results are obtained with an economic extrapolation
scheme based on the one-component G0W0 and the two-component reference state calculation. Furthermore, for binding
energies of core levels, two-component G0W0 is very accurate, as demonstrated for mercury and zinc atoms as well as for ZnF2.

1. INTRODUCTION
Experimentally measured quantities such as ionization energies
(IEs), electron affinities (EAs), and core-level binding energies
observable via X-ray photoelectron spectroscopy are commonly
identified with quantum-chemically calculated one-electron
energies (orbital energies). At the Hartree−Fock (HF) level,
according to Koopmans’ theorem, the first vertical IE is
associated with the negative of the energy of the highest
occupied molecular orbital (HOMO).1 Despite this formal
justification, the disadvantage remains that HF theory does not
describe the effect of electron correlation. Kohn−Sham (KS)
density functional theory (DFT), on one hand, approximately
describes this effect via the exchange-correlation (XC)
functional, but on the other hand, using these approximate
(not self-interaction corrected) XC functionals, the negative of
the HOMO energy is not close to the IE in many cases,
although a DFT analog of Koopmans’ theorem exists.
Nevertheless, in practice, DFT orbital energies are often used
for the description of vertical IEs, EAs, and binding energies in
general.2−4 Sometimes, reasonable estimates for those quanti-
ties may be obtained using DFT orbital energies, but the
approximations in the XC functionals (most notably in the
exchange part, which is treated exactly within HF) often lead to
unreliable results.5−7

The GW approach5,8 improves upon the shortcomings of HF
and DFT when considering one-electron energies: it subtracts
the XC contribution and adds HF exchange along with a
systematically derived part of the electron correlation
contribution instead. The central quantity within the GW
method is the one-electron Green’s function, which is directly
related to the process of photoemission and photoabsorption.
Thus, the poles of this function by construction define one-
electron energies (vertical IEs, EAs, and electron binding

energies in general). Overall, the GW approach has become a
well-established method for the calculation of one-electron
energies (i.e., the band structure) of solids and surfaces since it
significantly improves the description of the electronic structure
compared to that with HF and DFT.5,9,10

Thus, the GW approach has become available in many plane-
wave codes as a standard tool. Recent applications indicate that
this method will also be successful when isolated systems are
treated.11−27 The calculation of core-level binding energies,
within GW and in general, is most efficiently done using atom-
centered (Gaussian-type) basis functions. Despite the fact that
such approaches are not novel,14−18,23,28−30 to the best of our
knowledge, there are only two GW implementations into
generic quantum chemistry program packages, namely, those
into the FHI-aims code28,31 and into the TURBOMOLE
program suite.32,33 The noniterative G0W0 implementation of
van Setten et al. in the TURBOMOLE quantum chemistry
package, which is based on localized basis sets using atom-
centered Gaussian-type basis functions, yields results signifi-
cantly better in agreement with the experiment (in the case of
first vertical IE mostly within 0.6 eV, maximum absolute
deviation of 1.2 eV) than those obtained from HF and DFT for
a test set containing 27 molecules.32

In particular, for heavy elements, one-electron energies
(orbital energies) are significantly influenced by relativistic
effects. Scalar relativistic effects described by the mass-velocity
and Darwin term in the Hamiltonian, yield a shift, spin−orbit
coupling (SOC) yields a splitting of one-electron energies. In
past years, quantum-chemical methods have been extended to
the relativistic framework. Usually, the incorporation of
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The	
  GW	
  method	
  in	
  codes	
  

Most	
  implementa+ons	
  rely	
  on	
  planewave	
  basis	
  as	
  a	
  signature	
  of	
  the	
  GW	
  solid-­‐state	
  
community	
  history.	
  G0W0	
  becomes	
  a	
  nearly-­‐standard	
  post-­‐processing	
  of	
  Kohn-­‐Sham	
  DFT	
  
band	
  structure	
  calcula+ons.	
  

Open-­‐source	
  PW	
  codes:	
  	
  	
  ABINIT	
  (Louvain-­‐la-­‐Neuve),	
  PWSCF	
  (Trieste),	
  BerkeleyGW,	
  etc.	
  



(Blase, Duchemin, CNRS/CEA Grenoble) 

•  Starting Kohn-Sham/Hartree-Fock eigenstates from Siesta or NWChem 
• => typically aug-cc-pVQZ basis calculations to converge GW within 0.1 eV 
(should we work on F12-GW ?? Remember lecture by W.Klopper) 

•  Auxiliary basis with resolution of the identity techniques (Coulomb fitting) 
• => standard auxiliary basis from the Karlsruhe group 
• => O(N4) scaling (with the number of atoms) 

•  Full self-consistency: static COHSEX implemented so far 

•  Correlations: explicit energy integration  
  through contour deformation 

(I. Duchemin, X. Blase, PRACE project) 

Example: 600 atoms at the TZ2P level 

An auxiliary-basis Gaussian-based GW and Bethe-Salpeter code 



Combining the BSE Formalism  with TD-DFT Excited-State Forces 

*BSE excited states forces: Ismael-Beigi and Louie, PRL 2003 

(Boulanger, Chibani, Le Guennic, Blase, Jacquemin, JCTC 2014) 

Experiment in solvent (eV) 

Challenges for GW/BSE formalism: excited states forces* and phonons and embedding 

Vertical transitions => GW/BSE 

Boranil dyes 

ZPVE + relaxation + embedding 
 => TDDFT (M06-2X) and PCM 

(Jacquemin et al. JCPC 2012) 



When	
  a	
  charge	
  arrives	
  onto	
  a	
  molecule,	
  the	
  structural	
  relaxa+on	
  of	
  the	
  molecule	
  
traps	
  the	
  charge	
  and	
  strongly	
  limits	
  the	
  mobility	
  of	
  the	
  carriers	
  (polaronic	
  coupling).	
  	
  	
  

t1u	
  (3-­‐fold)	
  

The	
  relaxa+on	
  energy	
  is	
  closely	
  	
  related	
  to	
  the	
  electron-­‐phonon	
  coupling	
  strength.	
  

LUMO	
  

GW	
  
DFT	
  (LDA)	
  	
  

(courtesy, A. Troisi, Warwick) 

Electron-phonon potential 

LDA     63 meV  
GW     109 meV 
Exp.    107 meV 

Exps:	
  Wang	
  et	
  al.,	
  JCP	
  2005	
  ;	
  Hands	
  et	
  al.,	
  PRB	
  2008	
  
Faber,	
  Janssen,	
  Runge,	
  Côté,	
  Blase,	
  PRB	
  2011	
  
Faber,	
  Boulanger,	
  A�accalite,	
  Duchemin,	
  Blase,	
  2014	
  

Parenthesis:	
  Electron-­‐phonon	
  or	
  vibronic	
  coupling	
  in	
  molecular	
  systems	
  

(Implications in superconductivity, inelastic scattering, resonant Raman, etc. ) 



. .Physical content of GW

From Hartree-Fock to GW

A(�) = |ImG (�)|

ω

A
ii

Non-interacting electrons
Interacting electrons

Re Σii

Im Σii

Satellite

Zi

GW approximation Fabien Bruneval

Spectral	
  func+on	
  of	
  G	
  



| (t)i = Û(t, t0)| (t0)i

Û(t, t0) = e�iĤ(t�t0)/~

✓
i~ @

@t2
� Ĥ(r2,r2)

◆
GR(r2t2, r1t1) = �(t2 � t1)�(r2 � r1)

Green’s	
  func+on	
  for	
  non-­‐interac+ng	
  systems	
  (can	
  be	
  found	
  in	
  the	
  Cohen-­‐Tannoudji/Diu/Laloé)	
  

Time	
  evolu+on	
  operator	
  

For	
  a	
  +me-­‐independent	
  Hamiltonian:	
  

Let’s	
  define	
  the	
  causal	
  (retarded)	
  single-­‐par+cle	
  Green’s	
  func+on.	
  	
  

Then	
  	
  GR	
  verifies	
  the	
  following	
  equa+on:	
  

One	
  recovers	
  the	
  mathema+cal	
  defini+on	
  of	
  Green’s	
  func+on	
  as	
  the	
  solu+on	
  
of	
  a	
  linear	
  differen+al	
  equa+on	
  with	
  the	
  right	
  hand-­‐side	
  as	
  a	
  delta-­‐func+on.	
  

i~GT (r2t2, r1t1) = ✓(t2 � t1)hr2|Û(t2 � t1)|r1i

= ✓(t2 � t1)
X

n

�n(r2)�
⇤
n(r1)e

�i"n(t2�t1)/~



Part II:  Optical absorption 

Optical absorption Electron-hole interaction 

In a solid  (Mott-Wannier):  
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 On a molecule, localized exciton (Frenkel):      E e-h = several 100 meV !! 

= a few tens of meV (Silicon) 

Bound (in gap) exciton binding energy 



A very simple example: dipeptide intramolecular charge-transfer states 

(Faber, Boulanger, Duchemin, Blase, JCP 2013) 

TD-DFT versus Bethe-Salpeter for charge-transfer excitations 

Charge-transfer excitations requiring long-range electron-hole  
interaction is a well known failure of TD-DFT with local kernels.  
Similar situation in solids with extended Wannier excitons. 

Dreuw and Head-Gordon,  JACS  2004 => organic donor-acceptor complexes  
Botti et al.,  PRB 2004 => long range kernel for semiconductors 

(excitonic states: electrons are green, holes are grey) 


