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@0A�B2'��CD #03���&%'CD .4 �8E
t8FKp :<FILHGJISJP9XHI36FXJPYZ=4L FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF pCy

t8FKp$FKp c�36=NjkLQ5�LQ\VHS?NFI3&M \NJPLQ\ LQH xC7@nPxQ=Nn 9XHI3ZxG2>769XHXJPYZ=4L FLFKFLFLFKF tsq
t8FKp$F t f 7@JP9I9G7@\4x�L MNL�9 5�lQHX243bMNL�9SMNL c�36\VHILvd_O-7@FXnP3 FLFKFLFKFLFLFKF tWp
t8FKp$F o D L�9S5�lQHX243ZMNL�9"MNL#c�36\VHILvd_O-7@FXnP3�7�NANNnKJPYV=4l�L�9PO
nRQ l�YZ=>7@HXJP36\

MNL�`bxI2NFTSbMWJK\AUkLQF FLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF tst
t8F t DE7
5�lQHX243bMNLWVYXe7@FXJ 7@HXJP36\>7@n c 36\ZHIL�O-7@FXnP3�Z\['X"c O^] FLFKFLFKFLFLFKF tso

t8F t8FKp DJQ 7@n_Uk36FXJKHX2N5�L�MNL#c LQHXFI3BNB36nKJP9 FLFKFLFKFLF@FKFLFKFLFKFLFLFKF t$`
t8F t8F t a lbNNn 76x�LQ5�LQ\VH"MNL�9^Nh36JK\ZHI9 FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF t=c
t8F t8F o DE7,5�lQHX243bMNL8MNL�MNlbNNn 76x�LQ5�LQ\VH
?>769Il�L�9I=NF#nPL�5�36=NjkLQ5�LQ\ZH

:<FI3�M \NJPLQ\�7�jkL�x#MNlQFXJKjkL FKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF t$d
t8F t8F e DE7 5�lQHX243ZMNL�?>769Il�Le9I=NFEnRQ l�YZ=>7@HXJP36\ MNL<DE7@\AUkLQjbJK\ M47@\49mnRQ L�9 d

N>76x�L#MNL�9^NN2>769GL�9 FLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF tsy
t8F t8Ff` DE7gNNFI3bx�l�MW=NFIL�M�Q 76x�x�LbNNHG7@HXJP36\(h0FILjiXLQH FKFLF@FKFLFKFLFKFLFLFKF osq
t8F t8F r D L�9 lQHG7�NBL�9 MNL nRQ 7@n_Uk36FXJKHX2N5�L�MNL#c�LQHXFI3BNh36nKJP9 FLFKFLFKFLFLFKF oWp
t8F t8Fkc l FXFILQ=NFI9;M47@\49 n 7
5�lQHX243bMNLKX"c O FLFKFLF@FKFLFKFLFKFLFLFKF ost
t8F t8Ffd DJQ LQFXFILQ=NFS9IHG7@HXJP9XHXJPYV=4L FLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF oso
t8F t8F y DJQ LQFXFILQ=NFS9IUb9XHIlQ587@HXJPYZ=4L F@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF oso

t8F o DJQ l�YZ=>7@HXJP36\ MNL8`bxG2NFTSZMWJK\AUkLQF x�365�5�L�l�YV=>7@HXJP36\ M�Q lQjk36nK=NHXJP36\ M�Q =N\
NNFI3bx�L�9I9X=49 MNL MWJnmh=49XJP36\po-n 7$5�lQHX243ZMNL a Jnmh=49XJP36\ c 36\ZHIL O-7@FXnP3
[ a c�O^] FKFLFLFKF@FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF o�e

o



t8F o8FKp RTFXJK\4xQJ_NBL�9 UklQ\4lQFG7@=Wu FLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF o$`
t8F o8F t `ZJK5�=Nn 7@HXJP36\49;\V=N5�lQFXJPYZ=4L�9 FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF osr
t8F o8F o l xG2>7@\VHXJKnKnP36\N\>7�UkL
9ILQnP36\�nRQ JK5 NB36FXHG7@\4x�L FLF@FKFLFKFLFKFLFLFKF osr
t8F o8F e D JPLQ\ LQ\ZHXFILKX c�O LQH a c O FLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF o=c
t8F o8Ff` DJQ LQFXFILQ=NFS9IHG7@HXJP9XHXJPYV=4L FLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF o$d
t8F o8F r DJQ 7�NANNFI3CubJK587@HXJP36\�MNL�9 \ � =4MN9��NuNl�9 FKFLF@FKFLFKFLFKFLFLFKF o$d
t8F o8Fkc ^Sl�9I=NnKHG7@HI9 LQH nKJK5�JKHIL�9SMNL n 7
5�lQHX243bMNL#w J uNL�Mbd f;3bMNL a c�O F e4p
t8F o8Ffd a;n_Uk36FXJKHX2N5�L a c�O LQ\ NNFG7@HXJPYZ=4L FKFLFKFLF@FKFLFKFLFKFLFLFKF eVo
t8F o8F y a c�O M47@\49 nPL#xC769 M�Q =N\ NB36HILQ\VHXJPLQnm\V=Nn FLF@FKFLFKFLFKFLFLFKF e:`
t8F o8FKpCq�a c�O M47@\49 nPL#xC769 M�Q =N\ NB36HILQ\VHXJPLQnm\436\�\V=Nn FLFKFLFKFLFLFKF eVr
t8F o8FKpsp ^Sl�9I=N5�l M�Q =N\ N>769 lQnPlQ5�LQ\VHG7@JKFIL M47@\49 nRQ 7@n_Uk36FXJKHX2N5�L a c O F e/c
t8F o8FKpCt ^Sl�9I=N5�l�MNL�9�lQHG7�NBL�9 NNFXJK\4xQJ_N>7@nPL�9 M�Q =N\ xC7@nPxQ=Nn a JnmB=49XJP36\

c�36\VHILvd_O-7@FXnP3 FLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF e:d

� ���#�&%';�%'7�08�&%'�(� �#4 2 0�� �(�#"$�&%'�(�*�e�_�(�#�!4 	 E
o8FKp l xG2>7@\VHXJKnKnP36\N\>7�UkL�x�36FXFIlQnPlKN>7@F NB36\4MNlQFG7@HXJP36\ FKFLF@FKFLFKFLFKFLFLFKF	`st
o8F t 
 NNHXJK5�JP9G7@HXJP36\ N>7@F n 7 j67@FXJ 7@\4x�L FKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF	`so
o8F o DE7
5�lQHX243bMNL#MNL#f"LbM HI36\ FLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF	`�e

o8F o8FKp a L�9IxQFXJ_NNHXJP36\�HX24l�36FXJPYZ=4L F@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF	`�e
o8F o8F t ] 5 NNnPlQ5�LQ\VHG7@HXJP36\ LQ\�["c�O FLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF	`$`
o8F o8F o D L�9 L�9IHXJK587@HILQ=NFI9 FLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF	`$`
o8F o8F e D LPNNFXJK\4xQJ_NBL�MNL��ClQFI3@d js7@FXJ 7@\4x�L FLFKFLFKFLF@FKFLFKFLFKFLFLFKF	`sr
o8F o8Ff` `bxI24lQ5878MNL 9XHG7@?NJKnKJP9G7@HXJP36\ MNL#nRQ 7@n_Uk36FXJKHX2N5�L FKFLFKFLFKFLFLFKF	`=c
o8F o8F r ^Sl�9I=N5�lSMNL�9<lQHG7�NhL�9-M�Q 3BNNHXJK5�JP9G7@HXJP36\ NB36=NF�n 7�5�lQHX243ZMNL"MNL

f"LbM HI36\ FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF r=c
o8F e c�lQHX243ZMNL nKJK\4lC7@JKFIL FLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF r=c

o8F e3FKp a L�9IxQFXJ_NNHXJP36\�HX24l�36FXJPYZ=4L F@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF r=c
o8F e3F t ^Sl�9G36nK=NHXJP36\�M�Q =N\ NNFI36?Nn�
Q5�L#7@=Wu8js7@nPLQ=NFI9 NNFI3BNNFIL�9 UklQ\4lQFG7@nKJP9Il rsy
o8F e3F o l 9XHXJK587@HILQ=NFI9 FKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF cbp
o8F e3F e ^SLQ\436FX587@nKJP9 7@HXJP36\ FKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF cbp
o8F e3Ff` w436FX5�=NnPL�9S=NHXJKnKJP9Il�L�9 FKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF c6t
o8F e3F r `bxI24lQ5878MNL 9XHG7@?NJKnKJP9G7@HXJP36\ FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF c6o

e



o8F e3Fkc ^Sl�9I=N5�l MNL�9�lQHG7�NBL�9�M�Q 3BNNHXJK5�JP9G7@HXJP36\ NB36=NF,nRQ 7@n_Uk36FXJKHX2N5�L
nKJK\4lC7@JKFIL FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF cB`

o8F e3Ffd a lQFI36=NnPLQ5�LQ\VH NNFG7@HXJPYV=4L#M�Q =N\4L�3BNNHXJK5�JP9G7@HXJP36\ nKJK\4lC7@JKFIL FLFKF c6r
	 � 0 �Y���."=�&% ��� ���_�(�#�#4 ���_4:7�7&03% ;  !2 �&% ?���0A7�������� ���

e3FKp � lQ\4lQFG7@nKJKHIl�9 oh^	�6nPL�MNL
n 7<G 36\4xQHXJP36\ M�Q 36\4MNL�M�Q L�9G9G7@J�M47@\49 nPL�9 5�lvd
HX243bMNL�9Sc�36\VHIL�O-7@FXnP3�YZ=>7@\VHXJPYZ=4L F@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF c$c
e3FKp$FKp D L�9 x�36\4MWJKHXJP36\49"MNL xQ=49 N F@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF cBd

e3F t w436\4xQHXJP36\�M�Q L�9I9G7@J =49X=4LQnKnPL MNL�9;9XJK5�=Nn 7@HXJP36\49;c 36\ZHIL�O-7@FXnP3�YZ=>7@\VHXJPYZ=4L c6y
e3F t8FKp a L�9IxQFXJ_NNHXJP36\ M�Q =N\ MNlQHILQFXFX5�JK\>7@\ZH"MNL�`Zn 7@HILQF

Ψk
FLFKFLFLFKF	dsq

e3F t8F t D L HILQFX5�L�MNL�
V769XHXFI3�M FKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF	dso
e3F t8F o ] \VHILQF NNFIlQHG7@HXJP36\ MNL�9Sx�3ZL
�8xQJPLQ\ZHI9 FKFLFKFLF@FKFLFKFLFKFLFLFKF	d$`

e3F o DE7 \436=NjkLQnKnPL�G 36\4xQHXJP36\ M�Q 36\4MNL NNFI3BNB3s9Il�L9oSn 7*G 36\4xQHXJP36\ V 5�=NnKHXJ d

V769XHXFI3&M Z FLFLFKF@FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF	dsr
e3F o8FKp D JPLQ\ 7CjkL�x n 7gG 36\4xQHXJP36\ M�Q 36\4MNL#MNL H U/NBL V ?>76x����>3�M Z FLFLFKF	d$d
e3F o8F t [;=4LQnPYZ=4L�9�FILQ587@FIYV=4L�9�JK5 Nh36FXHG7@\ZHIL�9 9X=NF�n 7�G 36FX5�L MNL�n 7

G 36\4xQHXJP36\�5�=NnKHXJ d�
V769IHXFI3�M F@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF ysq

� 
@032'": !2 �#4/7\�!+:�B%���+:4/7\�#4 2'0��Y�(�#"$�&%'�(�*�e�_���.�!4 ;  #2 �&% ?���0A7�������� E 	
`8FKp O-7@nPxQ=NnmMNL�9�
V769XHXFI3�M 9;LQHSMNL nPLQ=NFI9SMNlQFXJKjkl�L�9 FKFLF@FKFLFKFLFKFLFLFKF y=c

`8FKp$FKp a lQFXJKjkl�L#9 N>7@HXJ 7@nPL#9IJK5 NNnPL#MW=�
V769XHXFI3&M FLF@FKFLFKFLFKFLFLFKF ysy
`8FKp$F t a lQFXJKjkl�L#9 N>7@HXJ 7@nPL#MN36=N?NnPL�MW=�
V769XHXFI3&M FLF@FKFLFKFLFKFLFLFKF�pCqsq
`8FKp$F o a lQFXJKjkl�L#MW=�
V769XHXFI3&M 9X=NJKjs7@\VHS=N\ N>7@FG7@5 
QHXFIL FKFLFKFLFLFKF�pCqWp
`8FKp$F e a lQFXJKjkl�L�MW=LUsFG76MWJPLQ\ZH LQHEMW=�DE7�NNn 76xQJPLQ\�MW=�
Z769XHXFI3�M 9X=NJKj67@\ZH

=N\ N>7@FG7@5 
QHXFIL FLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pCqst
`8FKp$Ff` a lQFXJKjkl�L#MN36=N?NnPL�9 FLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pCqso

`8F t O-7@nPxQ=NnmMNL�9SMNlQHILQFX5�JK\>7@\VHI9"LQHSMNL nPLQ=NFI9SMNlQFXJKjkl�L�9 F@FKFLFKFLFKFLFLFKF�pCq�e
`8F t8FKp O-7@nPxQ=NnEMNL

ΨT
FLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pCqsr

`8F t8F t O-7@nPxQ=NnEMW= UsFG76MWJPLQ\ZH FLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pCq=c
`8F t8F o a lQFXJKjkl�L�9 MN36=N?NnPL�9 FKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pspsp
`8F t8F e a lQFXJKjkl�L N>7@FXHXJPLQnKnPL�MNL

ΨT
9I=NJKj67@\ZH8=N\*N>7@FG7@5 
QHXFIL

cp
MW=


V769XHXFI3&M FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pspCy

`



`8F t8Ff` a lQFXJKjkl�L 9XJK5 NNnPL 9X=NJKj67@\ZH =N\ N>7@FG7@5 
QHXFIL MW= 
Z769XHXFI3�M MNL"n 7
MNlQFXJKjkl�L#9XJK5 NNnPL�9 N>7@HXJ 7@nPL#MNL

ΨT
FKFLFKFLF@FKFLFKFLFKFLFLFKF�pCtsq

`8F t8F r a lQFXJKjkl�L�MW=�DE7�NNn 76xQJPLQ\�MNL
ΨT

9X=NJKjs7@\VH"=N\ N>7@FG7@5 
QHXFIL MW=

V769XHXFI3&M FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pCt�e

`8F t8Fkc a lQFXJKjkl�L8MN36=N?NnPL�9X=NJKj67@\ZH�nPL�9@N>7@FG7@5 
QHXFIL�9 MW= 
V769XHXFI3�M MNL
n 7 G 36\4xQHXJP36\ M�Q 36\4MNL FLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pCosq

� � � �!2 %'"=08�&%'�(� �#4 2'0 �Y���."$�&%'��� �e�_�(�#�!4 ;  !2 �&% ?�� 0A7����1����� CD #4/2'CD #4:7
7��D7����/;�4:7<08����;�%'CD #4:7\4:�<; �(2'+/": #2'03%'��4:7 � � 	
r8FKp ] \VHXFI3bMW=4xQHXJP36\ FKF@FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pCo$`
r8F t 1-24L 5�=NnKHXJ d�
V769XHXFI3�M'HXFXJ 7@nDM-7�jkLHG =N\4xQHXJP36\ FKFLFKFLF@FKFLFKFLFKFLFLFKF�pCo$d

r8F t8FKp 1-24L 9XHG7@\4M47@FIM G 36FX5 FLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pCo$d
r8F t8F t 1-24L 5�=NnKHXJ 
Z769XHXFI3�M�G 36FX5 F@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pbeVq
r8F t8F o ^SLQn 7@HXJP36\49I2NJ_N M JKHX2�?>76x����>3�M-d H U/NBL#HXFXJ 7@n.M<7�jkLHG =N\4xQHXJP36\ FKF�pbeVo

r8F o 
 NNHXJK5�J ��7@HXJP36\�3�G HX24L HXFXJ 7@nDM-7�jkLHG =N\4xQHXJP36\ FLFKFLF@FKFLFKFLFKFLFLFKF�pbe$e
r8F e l js7@nK=>7@HXJK\AU�MNLQFXJKjs7@HXJKjkL�9S3�G HX24L 5�=NnKHXJKJ d�
Z769XHXFI3�M'HXFXJ 7@nDM<7CjkLHG�=N\4xQHXJP36\ pbe:`

r8F e3FKp l js7@nK=>7@HXJP36\ 3�G
Ψ
FLFKFLFKFLFKF@FLFKFLFKFLFLFKF@FKFLFKFLFLFKF�pbeVr

r8F e3F t l js7@nK=>7@HXJP36\ 3�G ∇Ψ
FKFLFKFLFKF@FLFKFLFKFLFLFKF@FKFLFKFLFLFKF�pbe/c

r8F e3F o l js7@nK=>7@HXJP36\ 3�G ∇2Ψ
FLFKFLFKF@FLFKFLFKFLFLFKF@FKFLFKFLFLFKF�pbe:d

r8F e3F e a LQFXJKj67@HXJKjkL�3�G
Ψ
M JKHX2)FIL�9TNhL�xQH
HI3 7 5�36nPL�xQ=Nn 7@F 
V769XHXFI3&M

N>7@FG7@5�LQHILQF FLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�p�`sq
r8F e3Ff` a LQFXJKj67@HXJKjkL�3�G ∇2Ψ

M JKHX2 FIL�9 NBL�xQH HI3�5�36nPL�xQ=Nn 7@F 
V769XHXFI3&M
N>7@FG7@5�LQHILQF FLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�p�`Wp

r8Ff` ^SL�9I=NnKHI9 FKFLFLFKF@FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�p�`�e
r8Ff`8FKp a-HI365�9 F@FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�p�`�e
r8Ff`8F t 1-24LKI"w 5�36nPL�xQ=NnPL FKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�p�`sr

r8F r `Z=N5�587@FXU 7@\4M NBLQFI9 NhL�xQHXJKjkL�9 FLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pCrsq
� 
@���D�\":032 "/ #2'08���(%'��4 �!4 2'0��Y���."=�&% ��� ���_�(�#�#4 ;  !2 �&% ?���0A7�������� � � �

c-FKp DE7gG 36\4xQHXJP36\
Ψ

FLFKF@FKFLFLFKFLFKFLFKF@FLFKFLFKFLFLFKF@FKFLFKFLFLFKF�p&c$c
c-F t D LKUsFG76MWJPLQ\ZH;MNL

Ψ
F@FKFLFLFKFLFKFLFKF@FLFKFLFKFLFLFKF@FKFLFKFLFLFKF�p&cBd

c-F t8FKp a 7@\49 nPL xC769SMW=�
Z769XHXFI3�M'x�365�5�=N\ FKFLF@FKFLFKFLFKFLFLFKF�p&cBd

r



c-F t8F t a 7@\49 nPL xC769SMW=�
Z769XHXFI3�M'36FX?NJKHG7@n 7@JKFIL FLF@FKFLFKFLFKFLFLFKF�p&cBd
c-F o D L#Dm7�NNn 76xQJPLQ\ MNL

Ψ
FKFLFLFKFLFKFLFKF@FLFKFLFKFLFLFKF@FKFLFKFLFLFKF�p&c6y

c-F o8FKp a 7@\49 nPL xC769SMW=�
Z769XHXFI3�M'x�365�5�=N\ FKFLF@FKFLFKFLFKFLFLFKF�p&c6y
c-F o8F t a 7@\49 nPL xC769SMW=�
Z769XHXFI3�M'36FX?NJKHG7@n 7@JKFIL FLF@FKFLFKFLFKFLFLFKF�p�dsq

c-F e a lQFXJKjkl�L�9XJK5 NNnPL MNL
Ψ
N>7@F FG7�NANh36FXH O�=N\ N>7@FG7@5 
QHXFIL FKFLFKFLFLFKF�p�dst

c-Ff` a lQFXJKjkl�L�MN36=N?NnPL#MNL
Ψ

FLFLFKFLFKFLFKF@FLFKFLFKFLFLFKF@FKFLFKFLFLFKF�p�dst
c-F r a lQFXJKjkl�LLN>7@FXHXJPLQnKnPL#MW= DE7�NNn 76xQJPLQ\ 9X=NJKjs7@\VHS=N\ N>7@FG7@5 
QHXFIL FKFLFLFKF�p�d�e

� 
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d8FKp a-HI365�L�M�Q 3CubU-U 
Q\4L FLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�p�dsy

d8FKp$FKp `ZJK5�=Nn 7@HXJP36\49 X c�O FKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�p�dsy
d8FKp$F t 
 NNHXJK5�JP9G7@HXJP36\ FLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pCyso
d8FKp$F o 
 NNHXJK5�JP9G7@HXJP36\ Nh36=NF =N\ N>7@FG7@5 
QHXFIL@Nh36=NFS=N\�
V769XHXFI3�M'9X=NF

MNLQ=Wu�36FX?NJKHG7@nPL�9 FLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pCy$d
d8F t a-HI365�L�MNL xQ=NJKjbFIL FLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF�pCy$d

d8F t8FKp `ZJK5�=Nn 7@HXJP36\ X"c O MW= xQ=NJKjbFILPNh36=NFS=N\�
V769XHXFI3�M'x�365�5�=N\ F�pCysy
d8F t8F t `ZJK5�=Nn 7@HXJP36\ X c O MW=
xQ=NJKjZFIL 7�jkL�x<MNL�9 
V769XHXFI3&M 9T36FX?NJKHG7@n 7@JKFIL�9 pCysy
d8F t8F o 
 NNHXJK5�JP9G7@HXJP36\ Nh36=NF =N\�
Z769XHXFI3�M x�365�5�=N\ FLFKFLFKFLFLFKF
tsqWp
d8F t8F e 
 NNHXJK5�JP9G7@HXJP36\ Nh36=NF =N\�
Z769XHXFI3�M 36FX?NJKHG7@n 7@JKFIL FKFLFKFLFLFKF
tsqst

E � �& #�#4 �#4/7\���  .�!7 �#4/7 �Y���."=�&% ���.7 ���_�(�#�#4 
���� �m
�� 5�� �
y8FKp ]_MNl�L�9^NNFXJK\4xQJ_N>7@nPL�9 FLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
tsq$`
y8F t c�7@\V=49IxQFXJ_NNH"9X=NF nRQ 76xQFI36nPlQJK\4L [ 
 F O�24LQ5 F RT2VUW9 F g49G36=49^NNFIL�9I9IL&] FLFKF
tsqsy
y8F o ] \VHXFI3bMW=4xQHXJP36\ FKF@FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
tWpCq
y8F e 1-24L�76xQFI36nPLQJK\ 5�36nPL�xQ=NnPL�7@\4M�HX24L \ → π∗

HXFG7@\49IJKHXJP36\ FLFKFLFKFLFLFKF
tWp�`
y8Ff` O<365 NN=NHG7@HXJP36\>7@n MNLQHG7@JKnP9 FLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
tWpCr
y8F r ^SL�9I=NnKHI9 FKFLFLFKF@FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
tWpCy

y8F r8FKp O<36\ �3Us=NFG7@HXJP36\ ] \VHILQFG76xQHXJP36\ FLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
tWpCy
y8F r8F t w J uWL�Mbd f"3bMNL a JnmB=49XJP36\�c�36\VHIL
O-7@FXnP3 FLF@FKFLFKFLFKFLFLFKF
tstsq

y8Fkc `Z=N5�587@FXU 7@\4M�R LQFI9 NhL�xQHXJKjkL�9 FKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
tst�e

c
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: FKp a l�x�365 Nh3s9IJKHXJP36\�`/X a FLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
tsosy
: F t a L#n 78587@HXFXJPx�L

A
O�n 7�587@HXFXJPx�L

B
?NJPMWJ 7�Uk36\>7@nPL o DE785�lQHX243ZMNL MNL

I"36=49ILQ2436nPMNLQF FKF@FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
t�e4p
: F o a l�x�365 Nh3s9IHXJP36\ MNL

B
LQ\ `/X a N>7@F n 7
5�lQHX243bMNL�["^ FKFLFKFLFLFKF
t�eVo
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a FKp f"36HG7@HXJP36\49 FLFKF@FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
t�e/c
a F t w436FX5�L�9XJK5 NNnPL F@FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
t�e:d

a F t8FKp�l u8NNFIL�9I9XJP36\�MW=�HILQFX5�L
J
FLFKF@FLFKFLFKFLFLFKF@FKFLFKFLFLFKF
t�e:d

a F t8F t a lQFXJKjkl�L#9 N>7@HXJ 7@nPL#MNL
J
9X=NJKjs7@\VHS=N\4L x�3Z36FIMN36\N\4l�L FKFLFLFKF
t�e:d

a F t8F o a lQFXJKjkl�L#MN36=N?NnPL#9 N>7@HXJ 7@nPL�MNL
J
9I=NJKj67@\ZH =N\4L#x�3b36FIMN36\N\4l�L F
t�e:d

a F t8F e a lQFXJKjkl�L#MNL
J
9X=NJKjs7@\VH =N\ N>7@FG7@5 
QHXFIL

cp
FKFLFKFLFKFLFLFKF
t�e:d

a F t8Ff` a lQFXJKjkl�L#MNL
∂xl

i
J
9I=NJKj67@\ZH =N\ N>7@FG7@5 
QHXFIL

cp
FLFKFLFKFLFLFKF
t�eVy

a F t8F r a lQFXJKjkl�L#MNL
∂2
xl

i

J
9I=NJKj67@\ZH =N\ N>7@FG7@5 
QHXFIL

cp
FLFKFLFKFLFLFKF
t�eVy

a F t8Fkc a lQFXJKjkl�L#MN36=N?NnPL#MNL
J
9X=NJKjs7@\VHSMNLQ=Wu N>7@FG7@5 
QHXFIL�9

c1
LQH
c2
F
t�eVy

a F o w436FX5�LKVYUklQ\4lQFG7@nPLHZPNB36=NF
J
FKFLFKFLFKF@FLFKFLFKFLFLFKF@FKFLFKFLFLFKF
t$`sq

a F o8FKp�l u8NNFIL�9I9XJP36\�MNL
J
FLFKFLFKFLFKF@FLFKFLFKFLFLFKF@FKFLFKFLFLFKF
t$`sq

a F o8F t a lQFXJKjkl�L#9 N>7@HXJ 7@nPL#MNL
J
9X=NJKjs7@\VHS=N\4L x�3Z36FIMN36\N\4l�L FKFLFLFKF
t$`sq

a F o8F o a lQFXJKjkl�L#MN36=N?NnPL#9 N>7@HXJ 7@nPL�MNL
J
9I=NJKj67@\ZH =N\4L#x�3b36FIMN36\N\4l�L F
t$`Wp

a F e a lQFXJKjkl�L�9S9X=NJKjs7@\VHSnPL�9^N>7@FG7@5 
QHXFIL�9 FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
t$`Wp
a F e3FKp�a lQFXJKjkl�L#9XJK5 NNnPL#MNL

J
9X=NJKjs7@\VH =N\ N>7@FG7@5 
QHXFIL

cp
FKFLFLFKF
t$`Wp

a F e3F t a lQFXJKjkl�L#MNL
∂xl

i
J
9I=NJKj67@\ZH =N\ N>7@FG7@5 
QHXFIL

cp
FLFKFLFKFLFLFKF
t$`st

a F e3F o a lQFXJKjkl�L#MNL
∂2
xl

i

J
9I=NJKj67@\ZH =N\ N>7@FG7@5 
QHXFIL

cp
FLFKFLFKFLFLFKF
t$`so

a F e3F e a lQFXJKjkl�L#MN36=N?NnPL#MNL
J
9X=NJKjs7@\VHSMNLQ=Wu N>7@FG7@5 
QHXFIL�9

c1
LQH
c2
F
t$`�e

d
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l FKp f"36HG7@HXJP36\49 FLFKF@FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
t$`sr
l F t w436FX5�L�9XJK5 NNnPL F@FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
t$`=c

l F t8FKp l u8NNFIL�9I9XJP36\�MW=�HILQFX5�L
J
FLFKF@FLFKFLFKFLFLFKF@FKFLFKFLFLFKF
t$`=c

l F t8F t a lQFXJKjkl�L#9 N>7@HXJ 7@nPL#MNL
J
9X=NJKjs7@\VHS=N\4L x�3Z36FIMN36\N\4l�L FKFLFLFKF
t$`=c

l F t8F o a lQFXJKjkl�L#MN36=N?NnPL#9 N>7@HXJ 7@nPL�MNL
J
9I=NJKj67@\ZH =N\4L#x�3b36FIMN36\N\4l�L F
t$`$d

l F t8F e a lQFXJKjkl�L#MNL
J
9X=NJKjs7@\VH =N\ N>7@FG7@5 
QHXFIL

cp
FKFLFKFLFKFLFLFKF
t$`$d

l F t8Ff` a lQFXJKjkl�L#MNL
∂xl

i
J
9I=NJKj67@\ZH =N\ N>7@FG7@5 
QHXFIL

cp
FLFKFLFKFLFLFKF
t$`$d

l F t8F r a lQFXJKjkl�L 9XJK5 NNnPL;MW=8DE7�NNn 76xQJPLQ\�MW=LiX769XHXFI3&M 9X=NJKjs7@\VHenPL�9JN>70d
FG7@5 
QHXFIL�9 FKFLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
t$`sy

l F t8Fkc a lQFXJKjkl�L#MNL
J
9X=NJKjs7@\VH nPL�9^N>7@FG7@5 
QHXFIL�9

c1
LQH
c2

FLFKFLFLFKF
t$`sy
l F o w436FX5�LKVYUklQ\4lQFG7@nPLHZ FLFKFLFLFKFLFKF@FKFLFLFKFLFKFLF@FKFLFKFLFKFLFLFKF
tsrsq

l F o8FKp l u8NNFIL�9I9XJP36\�MNL
J
FLFKFLFKFLFKF@FLFKFLFKFLFLFKF@FKFLFKFLFLFKF
tsrsq

l F o8F t a lQFXJKjkl�L#9 N>7@HXJ 7@nPL#MNL
J
9X=NJKjs7@\VHS=N\4L x�3Z36FIMN36\N\4l�L FKFLFLFKF
tsrWp

l F o8F o a lQFXJKjkl�L#MN36=N?NnPL#9 N>7@HXJ 7@nPL�MNL
J
9I=NJKj67@\ZH =N\4L#x�3b36FIMN36\N\4l�L F
tsrWp

l F o8F e a lQFXJKjkl�L#MNL
J
9X=NJKjs7@\VH =N\ N>7@FG7@5 
QHXFIL

cp
FKFLFKFLFKFLFLFKF
tsrst

l F o8Ff` a lQFXJKjkl�L#MNL
∂xl

i
J
9I=NJKj67@\ZH =N\ N>7@FG7@5 
QHXFIL

cp
FLFKFLFKFLFLFKF
tsrso

l F o8F r a lQFXJKjkl�L#MNL
∂2
xl

i

J
9I=NJKj67@\ZH =N\ N>7@FG7@5 
QHXFIL

cp
FLFKFLFKFLFLFKF
tsr$`

l F o8Fkc a lQFXJKjkl�L#MN36=N?NnPL#MNL
J
9X=NJKjs7@\VHSMNLQ=Wu N>7@FG7@5 
QHXFIL�9

c1
LQH
c2
F
tsrsr

y
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kL#HXJPLQ\49WO
FILQ5�LQFIxQJPLQF;xG2>7@nPLQ=NFILQ=49ILQ5�LQ\VH c JPxI24LQn O-71m 7@FILQnmYZ=NJm7�lQHIl#=N\ MWJKFIL�xvd
HILQ=NF-MNL HX2 
�9GL 2436FI9 N>7@JKF F 
kL"9I36=N2>7@JKHILPO ?B36\8\4365�?NFIL"MNL;HX24l�9G7@FIMN9<MNL HI365�?hLQF 9X=NF
=N\4L@NhLQFI9G36\N\4L�MNL x�LQHXHIL�YZ=>7@nKJKHIl F 
kL�FILQ5�LQFIxQJPL�lbUV7@nPLQ5�LQ\ZH lQ\436FX5�lQ5�LQ\VH aS\ZHX2436\VU
`bx�LQ587@587;YZ=NJV5 Q 7"7�NANh36FXHIl<7�jkL�x UkLQ\VHXJKnKnPL�9I9IL<LQH!N>7@HXJPLQ\4x�LeHI36=NHIL�nRQ 7@JPMNLeMN36\ZH(i�Q 7�js7@JP9
?BL�9I36JK\ F O<LQHXHIL HX2 
�9GL \DQ 7@=NFG7@JKH N>769 NN=�jk36JKFSnPL i 36=NFS9 7@\49 LQ=Wu F
c�LQFIxQJ(O�
k=NnKJPLQ\81E36=NnP36=49IL;YV=NJ>5 Q 7 MN36\N\4l nPL�9�?B36\49�x�36\49ILQJKnP9 Nh36=NF�MNlQ?NnP3ZYZ=4LQF�5�36\
HXFG7Cj67@JKn!O
=N\�5�365�LQ\VH"xQFXJKHXJPYV=4L#LQHS5�LQFIxQJ#O nRQ LQ\49ILQ5�?NnPL�MNL�9 5�LQ5�?NFIL�9"MW= i =NFXU F 
kL
FILQ5�LQFIxQJPL�lbUV7@nPLQ5�LQ\ZH#nPL
DE7@?B36FG7@HI36JKFIL�MNL�O�2NJK5�JPL�LQH R�2VUW9XJPYV=4L�[;=>7@\ZHXJPYV=4L�9KNB36=NF
5 Q 7Cjk36JKF�76x�xQ=4LQJKnKnKJ"MW=NFG7@\ZH,x�L�9 e 7@\N\4l�L�9,LQH�MNL 5 Q 7Cjk36JKF,7�NANB36FXHIl HI36=NH,x�L MN36\ZH
i�Q 7�js7@JP9 ?BL�9I36JK\ oN=N\�?N=NFILC7@= [�HXF 
�9 ]<9 N>76xQJPLQ=Wu g4MW=�xI2>7@=8m 7�UkLsg>MNL n 7 nK=N5�J�
QFIL F_F_F

VL,HXJPLQ\49<O�FILQ5�LQFIxQJPLQF�nPL�DmO<R�[ g�nPL O l a�g nPL O<]XO<1 LQH�nRQ ] a ^;] `�NB36=NF�HI36=49�nPL�9
5�3�UkLQ\49 JK\8G 36FX587@HXJPYV=4L�9 5�JP9 O8587,MWJP9TNh3s9XJKHXJP36\ F R 7@FIMN36\�O�HI36=49 x�LQ=Wu�YZ=NJe7@HXHILQ\Wd
M47@JPLQ\ZH;M47@\49 n 7�YV=4LQ=4L n 7 �4\�MNL#5�L�9 xC7@nPxQ=NnP9��
c�LQFIxQJ�lbUV7@nPLQ5�LQ\VH O a 7CjZJPM LQH#9GL�9 x�36=NFI9#M�Q JK5 NNFI3CjbJP9G7@HXJP36\49�YZ=NJ�36\VH�lQHIl
=N\�LvuW=Wd
HI36JKFIL�LQH 5 Q 36\VH NBLQFX5�JP9 xG2>76YV=4L�9ILQ587@JK\4L#MNL MNl�x�365 NNFIL�9I9ILQF F
c�LQFIxQJ�LQ\ �4\ JK\ �4\NJK5�LQ\VH\O�HI36=49 x�LQ=Wu YZ=NJ�M47@\49�587�jbJPL\NNFI3�G L�9I9XJP36\N\4LQnKnPL�LQH@NBLQF d
9G36\N\4LQnKnPL85 Q 36\ZH�76x�x�365 N>7�Us\4lsg LQ\NFXJPxG2NJ g 7@JPMNlsg 9X=ANANB36FXHIl F_F_F LQHgN>7@F G 36JP9�xC7@=49Il�?NJPLQ\
MW= 9I36=4xQJP9�� 
kL \4L�9ILQFG7@JP9PN>769 n O,9G7@\49 LQ=Wu oh5�L�9PN>7@FILQ\ZHI9CgB587,9I3bLQ=NFCghw4FG7@\4A�36JP9ILsg
X"JKF UsJK\NJPLsg 
kLC7@\Wd c�7@HXHX2NJPLQ= g(X;JK\N2 gNc�7@HX2NJ 769 F_F_F LQH HG7@\ZHSM�Q 7@=NHXFIL�9 F
c�LQFIxQJ.O
jk36=49 F

pCq
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DJQ 36?8i LQH MNL n 7 xG2NJK5�JPL HX24l�36FXJPYV=4L�L�9XH M�Q lQHX=4MWJPLQF O nRQ 7@JPMNL MNL�9 36=NHXJKnP9 587@HX24lQ5870d
HXJPYZ=4L�9 LQH MNL�9 x�36\4x�LbNNHI9#MNL n 785�l�xC7@\NJPYZ=4L�YZ=>7@\VHXJPYZ=4L
nPL�9PNNFI3BNNFXJPlQHIl�9#MNL�9#769I9ILQ5
d
?NnPl�L�9;5�36nPl�xQ=Nn 7@JKFIL�9 o>MNL�n 7�5�36nPl�xQ=NnPL
9XJK5 NNnPL
7@=Wu�5�36nPl�xQ=NnPL�9"nPL�9WNNnK=49;x�365 NNnPLvuNL�9
MNL<n 7"?NJP3bxI2NJK5�JPLsgkLQ\ N>769I9 7@\VH N>7@FTnPL�9�7�UsFIlbUV7@HI9Cg6nPL�9T9I36nKJPMNL�9�g@LQHIx F O<LQHXHIL 76xQHXJKjbJKHIl L�9XH
7@= xC7@FXFILHG 36=NF MNL�\4365�?NFILQ=49IL�9
MWJP9IxQJ_NNnKJK\4L�9 oE587@HX24lQ587@HXJPYV=4L�9�g.NN2ZUb9XJPYZ=4LsgExG2NJK5�JPLsg
JK\8G 36FX587@HXJPYZ=4L F DJQ 36?8iXL�xQHXJnG NNFXJK\4xQJ_N>7@neL�9XH�M�Q 36?NHILQ\NJKF#=N\4L8x�36\N\>7@JP9I9G7@\4x�L�7�NANNFI3�G 36\Wd
MWJPL;MNL�9e9XUW9XH 
Q5�L�9e5�36nPl�xQ=Nn 7@JKFIL�9WoZlQHX=4MNLSMNLSn 7PG 7@JP9G7@?NJKnKJKHIlSLQH<MNL n 7 MWUb\>7@5�JPYV=4L"MNL�9
FIlC76xQHXJP36\49,xG2NJK5�JPYV=4L�9Cg NNFIl�MWJPxQHXJP36\ MNL�9<Ukl�365�lQHXFXJPL�9�5�36nPl�xQ=Nn 7@JKFIL�9 ['N>7@F�LvuNLQ5 NNnPLsg
FILbNNnKJPLQ5�LQ\ZHSMNL�9 NNFI36HIlQJK\4L�9 ]vg47�NAN>7@FXJPLQ5�LQ\VH;MNL�9<lQnPL�xQHXFI36\49�gNLQHIx F a n 7#?>769IL MNL x�LQHXHIL
x�36\N\>7@JP9G9G7@\4x�L�L�9IHEn 7 FIl�9G36nK=NHXJP36\
MNLenRQ l�YV=>7@HXJP36\ G 36\4M47@5�LQ\VHG7@nPL-FIlbUsJP9I9G7@\ZHmnPL�9#NN24lQ\43@d
5 
Q\4L�9eYV=>7@\ZHXJPYV=4L�9Cg=O 9 7�jk36JKF�nRQ l�YZ=>7@HXJP36\�MNLS`bxI2NFTSbMWJK\AUkLQF F O<LQHXHIL l�YZ=>7@HXJP36\8L�9XH =N\4L
l�YZ=>7@HXJP36\ 7@=Wu�MNlQFXJKjkl�L�9^N>7@FXHXJPLQnKnPL�9 JK5 NNnKJPYZ=>7@\VH

3N
js7@FXJ 7@?NnPL�9 JK\4MNlbNBLQ\4M47@\VHIL�9 [�nPL�9

NB3s9XJKHXJP36\49#MNL�9
N
lQnPL�xQHXFI36\49 ] MN36\VH#JKneL�9IH#LvubHXFG7636FIMWJK\>7@JKFILQ5�LQ\ZH
MWJ �8xQJKnPL8M�Q 36?NHILQ\NJKF

MNL�9<9I36nK=NHXJP36\49-7�NANNFI3ZxG24l�L�9-MNLSYZ=>7@nKJKHIl NB36=NFe=N\�9XUb9IH 
Q5�L;7@FX?NJKHXFG7@JKFIL F-l \ NNFG7@HXJPYZ=4Lsg
MNL�9�9XJK5�=Nn 7@HXJP36\49�JK\VHILQ\49IJKjkL�9�9X=NF�36FIMWJK\>7@HILQ=NF�=NHXJKnKJP9G7@\ZH MNL�9 7@n_Uk36FXJKHX2N5�L�9�JP9G9X=49#MNL
NNnK=49IJPLQ=NFI9SMWJ ��7@JK\4L�9SM�Q 7@\N\4l�L�9;MNL FIL�xI24LQFIxG24L�9I36\ZH \4l�x�L�9I9G7@JKFIL�9 F

a xQHX=4LQnKnPLQ5�LQ\VHCgbMNLQ=Wu UsFG7@\4MNL�9�xQn 769I9IL�9�MNL-5�lQHX243ZMNL�9<9I36\VHe=NHXJKnKJP9Il�L�9JNB36=NF�x�LQn 7\o
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• a 7@\49-nPL xI2>7�NNJKHXFIL t \436=49 Lvu-NB3s9ILQFI36\49-nPLPNNFXJK\4xQJ_NBL MNL�9 5�lQHX243ZMNL�9Sc 36\ZHILvd_O-7@FXnP3
YZ=>7@\VHXJPYZ=4L#LQ\�5�LQHXHG7@\ZH;LQ\�js7@nPLQ=NF nPL F��6nPL#MNL n 7 G 36\4xQHXJP36\ M�Q L�9I9 7@J F
• a 7@\49 nPL�xG2>7�NNJKHXFIL o g�\436=49�NNFIl�9ILQ\ZHILQFI36\49 nPL�9 5�lQHX243ZMNL�9TM�Q 3BNNHXJK5�JP9G7@HXJP36\�YZ=4L�\436=49
7Cjk36\49SLQ5 NNnP3�Ukl�L�9 F
• f;36=49 NNFIl�9ILQ\VHILQFI36\49 M47@\49�nPL"xI2>7�NNJKHXFIL e \436HXFIL;\436=NjkLQnKnPL G 36\4xQHXJP36\,M�Q 36\4MNLS5�=NnKHXJ d

Z769XHXFI3�M F
• f"36=49 MNl�xQFXJKFI36\49;nPL xC7@nPxQ=NnEMNL#9IL�9 MWJKjkLQFI9IL�9;MNlQFXJKjkl�L�9SM47@\49 nPL�xI2>7�NNJKHXFIL `8F
• D L�xG2>7�NNJKHXFIL r L�9XH�x�36\49XHXJKHX=4l�M�Q =N\�7@FXHXJPxQnPL NNFIl�9ILQ\ZHG7@\VH�x�LQHXHIL G 36\4xQHXJP36\)5�=NnKHXJ d

Z769XHXFI3�M*LQH nPL�9PNNFILQ5�JPLQFI9 FIl�9X=NnKHG7@HI9 36?NHILQ\Z=49KNh36=NF YZ=4LQnPYV=4L�9#7@HI365�L�9 LQH n 7�5�36nPlvd
xQ=NnPL@I;w F

p&c



• a 7@\49SnPL#xI2>7�NNJKHXFIL c gN\436=49"MWJP9IxQ=NHILQFI36\49 nPL�9 NhLQF G 36FX587@\4x�L�9SHX24l�36FXJPYZ=4L�9"MNL \436HXFIL
7@n_Uk36FXJKHX2N5�L�LQ\�HILQFX5�L�MNL HILQ5 N49 d xC7@nPxQ=Nn F
• O<LQHXHIL
MWJP9IxQ=49I9XJP36\�9ILQFG7�x�365 NNnPlQHIl�L�M47@\49"nPL
xI2>7�NNJKHXFIL d N>7@F"n 7 NNFIl�9ILQ\ZHG7@HXJP36\ MNL
xC7@nPxQ=NnP9;YV=NJ JKnKnK=49IHXFILQ\VHSnPL�9^G 36FX5�=NnPL�9 HX24l�36FXJPYZ=4L�9 F
• a 7@\49�nPL�xI2>7�NNJKHXFIL y gm\436=49�7@?h36FIMNLQFI36\49
n 7 YZ=4L�9XHXJP36\)M�Q =N\ HXFG7@JKHILQ5�LQ\ZH�FG7@HXJP36\Wd
\4LQn�MNL�9#MWJnmBlQFILQ\4x�L�9 M�Q lQ\4LQF UsJPL�9 O�nRQ 7@JPMNL�MNL G 36\4xQHXJP36\49�M�Q 36\4MNL �&� � �!�#"#�#$�MNL
H U/NBL
O<a `N`NO<w F/a L�9�FIl�9X=NnKHG7@HI9-MNlQHG7@JKnKnPl�9 9ILQFI36\VH-MN36\N\4l�9 Nh36=NF<n 7�HXFG7@\49XJKHXJP36\

n→ π∗
MNL

n 7 5�36nPl�xQ=NnPL 76xQFI36nPlQJK\4L F
• l \ �4\ g>nPL xI2>7�NNJKHXFIL pCq NNFIl�9ILQ\VHILQFG7�\43s9 x�36\4xQnK=49XJP36\49 UklQ\4lQFG7@nPL�9 F

p�d
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O<LQHXHIL N>7@FXHXJPL 7KNB36=NF<?N=NH�MNL NNFIl�9ILQ\VHILQF-nPL�9�5�lQHX243ZMNL�9-MNL"c 36\ZHILvd_O-7@FXnP3 YZ=>7@\Wd
HXJPYZ=4L [ 36=�YV=>7@\ZHX=N5'c�36\VHIL O-7@FXnP3Ng@["c O^]B=NHXJKnKJP9Il�L�9mLQ\�xG2NJK5�JPLeHX24l�36FXJPYZ=4L F D L�9m5�lvd
HX243bMNL�9�["c O FILbUsFI36=ANhLQ\ZHe9I36=49�x�LQHXHIL MNlQ\4365�JK\>7@HXJP36\�x�365�5�=N\4LS=N\�j6769XHIL-\4365�?NFIL
MNL�js7@FXJ 7@\VHIL�9#7@=Wu�76xQFI36\ZUZ5�L�9 MWJnm lQFILQ\VHI9\[ � w c O"g `b^Sc O"g R a c O"gBLQHIx F ] F f"36=49
NNFIl�9GLQ\VHILQFI36\49;JPxQJEnPL�9SMNLQ=Wu�5�lQHX243bMNL�9 NNFXJK\4xQJ_N>7@nPL�9CghYZ=NJE9I36\VH;MNL#nP36JK\�nPL�9 NNnK=49 =NHXJ d
nKJP9Gl�L�9#LQH#YV=4L
\436=49�7�jk36\49#=NHXJKnKJP9Gl
JPxQJ gDO,9G7�jk36JKF#nPL�9#5�lQHX243ZMNL�9#MWJKHIL�9KVYXe7@FXJ 7@HXJP36\>7@n
c�36\VHIL,O-7@FXnP3�Z ['X"c O^] LQHPV a JnmB=49XJP36\ c�36\VHIL,O-7@FXnP3�Z [ a c�O^] F `ZJ<x�L�9�MNLQ=Wu 5�lvd
HX243bMNL�9�FILbNB3s9ILQ\ZH8HI36=NHIL�98MNLQ=Wu�9I=NF�MNL�9\NNFI3bx�L�9I9X=4989IHI3ZxG2>769XHXJPYV=4L�9�g�LQnKnPL�9�FIL�9XHILQ\ZH
\4lC7@\N5�36JK\49 MWJnm lQFILQ\VHIL�9"M47@\49SnPLQ=NF"L�9 NNFXJKH F a HXFG7CjkLQFI9Sn 7\NNFIl�9ILQ\VHG7@HXJP36\ MNL�x�L�9 5�lvd
HX243bMNL�9Cg�\436=49m9ILQ\49XJK?NJKnKJP9ILQFI36\49mHI36=NHDN>7@FXHXJPxQ=NnKJ�
QFILQ5�LQ\ZHTnPLTnPL�xQHILQ=NF 7@=#F��6nPLeJK5 Nh36FXHG7@\ZH
iX36=4lKN>7@F;n 7 G 36\4xQHXJP36\ M�Q 36\4MNL M�Q L�9I9G7@J g

ΨT
F iS\4LLNNFIl�9ILQ\VHG7@HXJP36\ x�365 NNn�
QHIL MNL�9 5�lvd

HX243bMNL�9�c�36\VHILvd_O-7@FXnP3 YZ=>7@\VHXJPYZ=4L�9IL�HXFI36=NjkLsg�N>7@F�LvuWLQ5 NNnPLsgTM47@\49
nPL�9
FIlHG lQFILQ\4x�L�9
� dWp g dst g dso��YF


���
 �����	������������� ��!#"$�
f;36=49 NNFIl�9GLQ\VHI36\49�JPxQJ4YZ=4LQnPYZ=4L�9TFILbN 
QFIL�9�2NJP9XHI36FXJPYV=4L�9e9X=NFTnPL�9T5�lQHX243bMNL�9ec�36\VHILvd

O-7@FXnP3�YZ=>7@\VHXJPYZ=4L F a 7@\49
\436HXFIL NNFILQ5�J�
QFIL N>7@FXHXJPLsg \436=49 NNFI3BNB3s9I36\49
=N\4L�2NJP9XHI36JKFIL

pCy



\436\)LvuW2>7@=49XHXJKjkL,MW=$5�36=NjkLQ5�LQ\VH�?NFI3&M \NJPLQ\�LQH�9G7 MNL�9GxQFXJ_NNHXJP36\%YV=NJ 36\VH
5�LQ\4l O
n 7 xQFIlC7@HXJP36\ MW= xC7@nPxQ=Nn 9XHI3ZxG2>769XHXJPYZ=4Lsg�36=NHXJKn;587@HX24lQ587@HXJPYV=4L�JK\4MWJP9 NBLQ\49G7@?NnPL O n 7
?>769GL�MNL#HI36=NHIL�5�lQHX243bMNL�c�36\VHILvd_O-7@FXnP3 F f"36=49SFG76x�36\ZHILQFI36\49 LQ\49X=NJKHIL#nRQ 36FXJ_UsJK\4L
MNL�9
5�lQHX243bMNL�9TMNL<c 36\ZHILvd_O-7@FXnP3#LQH MNL<nRQ 7@n_Uk36FXJKHX2N5�L MNL<c LQHXFI3BNB36nKJP9Cg l \ �4\ g@\436=49 5�36\Wd
HXFILQFI36\49 x�365�5�LQ\ZH nPL�9<5�lQHX243ZMNL�9 MNL c�36\VHILvd_O-7@FXnP3�xQn 769I9IJPYV=4L�9-36\VH lQHIl 7�NANNnKJPYZ=4l�L�9
O nRQ l�YZ=>7@HXJP36\ MNL�`bxG2NFTSZMWJK\AUkLQF F
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OWQ L�9XH 7@=/."]0.21�3�4�9XJ�
�xQnPL8YZ=4L�nPL8?h36HG7@\NJP9XHIL�^S36?BLQFXH�:<FI3�M \ JK\VHXFI3bMW=NJKH n 7�\43@d
HXJP36\�MNL 5�36=NjkLQ5�LQ\ZHS?NFI3&M \NJPLQ\ NB36=NF MNl�xQFXJKFIL nPL 5�36=NjkLQ5�LQ\VH 7@nPlC7@HI36JKFIL#MNLPUsFG7@JK\49
MNL\Nh36nKnPLQ\ LQ\ 9X=49 NBLQ\49XJP36\ M47@\49#nRQ LC7@= � d�e �YF D 36=NJP9#nPL8:-76xG24LQnKnKJPLQF 9GLQFG7�nPL NNFILQ5�JPLQF
O�YZ=>7@\VHXJ �>LQF nPL x�36\4x�LbNNH MNL 5�36=NjkLQ5�LQ\ZH ?NFI3�M \NJPLQ\ M47@\49 9G7�HX2 
�9IL�� d$`�� LQ\ pCysqsq8F
O<LbNBLQ\4M47@\VHCghJKn =NHXJKnKJP9IL#nPL�5�36=NjkLQ5�LQ\VH ?NFI3&M \NJPLQ\ Nh36=NF;nPL�MN36587@JK\4L MNL�n 7��4\>7@\4x�L
LQHe\4L nPL x�36\N\4L�xQHIL N>769<7�jkL�xSnPL�9JNN24lQ\4365 
Q\4L�9 NN2VUW9XJPYV=4L�9�MNL^NNFI3BN>7�UV7@HXJP36\,MNL�9JN>7@F d
HXJPxQ=NnPL�9 F O<L@NNFI36?Nn�
Q5�L 9GLQFG7�FIL�MNl�x�36=NjkLQFXH YV=4LQnPYZ=4L�9 7@\N\4l�L�9 NNnK=49;HG7@FIM N>7@F a;nK?hLQFXH
l JK\49XHILQJK\ F ] n<FIl�9G36=4MWFG7�nPL NNFI36?Nn�
Q5�L�LQ\ pCysq$` � dsr�� LQ\%MNl�xQFXJKjs7@\VH�nPL,5�36=NjkLQ5�LQ\ZH
?NFI3&M \NJPLQ\�x�365�5�L�=N\ NNFI3bx�L�9I9X=49;YV=NJE9GLQFG787�NANBLQnPlKNNnK=49SHG7@FIM VYNNFI3Zx�L�9G9X=49SMNL65 JPLvd
\4LQF Z F�l \ pCysq$d g R 7@=Nn�DE7@\AUkLQjbJK\ NNFI3BNh3s9GLQFG7�=N\4L
7@=NHXFIL
5�3�UkLQ\ M�Q 7�NANNFIlQ24LQ\4MNLQF#nPL
5�36=NjkLQ5�LQ\ZH�?NFI3&M \NJPLQ\ � pCqsr�� LQ\8nPL x�36\49XJPMNlQFG7@\VH<MW=\Nh36JK\ZHeMNL jb=4L MNL�9�HXFG71iXL�xQHI36JKFIL�9
MNL�9 N>7@FXHXJPxQ=NnPL�9 F ] nE7�NANNnKJPYV=4L#nPL�9 l�YV=>7@HXJP36\49;MNL 5�36=NjkLQ5�LQ\VH MNL#f"LbM HI36\ LQ\�x�36\49XJ d
MNlQFG7@\ZH8YZ=4L�n 7 N>7@FXHXJPxQ=NnPL�MNL,58769G9IL

m
L�9XH�9I36=N5�JP9GL O�MNLQ=Wu�G 36FIx�L�9 o =N\4L G 36FIx�L

jbJP9IYZ=4LQ=49IL
f = −kv LQH =N\�HILQFX5�L�MNL#?NFX=NJKH ?Nn 7@\4x@UV7@=49I9XJPLQ\ η(t) F ] n lQHG7@?NnKJKH 7@JK\49XJ

nRQ l�YZ=>7@HXJP36\ MWJKHIL#MNL�DE7@\AUkLQjZJK\ g3Nh36JK\ZHSMNL#MNlbN>7@FXHSMNL n 7 HX24l�36FXJPL�MNL n 7
MWJnmh=49IJP36\�o

m
dv(t)

dt
= −kv(t) + η(t)

[ t8FKp ]
DEL�9#NB36JK\VHI9TMNL�jb=4L�M�Q l JK\49IHILQJK\
LQH MNL-DE7@\AUkLQjbJK\
9GLQFI36\VH FIlQ=N\NJP9!N>7@F a MWFXJ 7s7@\�w43 ���kLQF
� d$d�� YZ=NJ4M47@\49�9G7"HX2 
�9GL MNL pCyWpCo MNl�xQFXJKFG7 nRQ lQjk36nK=NHXJP36\8M�Q =N\4L MNLQ\49IJKHIl MNL NNFI36?>7@?NJKnKJKHIl
p
F ] n�lQHG7@?NnKJKFG7,nRQ l�YZ=>7@HXJP36\ MNL�w43 ���kLQF d RTn 7@\4x � YV=NJ UklQ\4lQFG7@nKJP9GL�nPL�9�MNLQ=Wu NNFI3Zx�L�9G9X=49
NNFIl�x�l�MNLQ\ZHI9 F R 7@F,LvuNLQ5 NNnPLsg Nh36=NF�=N\ MNLQ\49XJKHIl

p(x, t)
=N\NJPMWJK5�LQ\49XJP36\N\4LQnKnPLsg x�LQHXHIL

l�YZ=>7@HXJP36\ L�9XH MNL#n 7 G 36FX5�L\o
∂f

∂t
= − ∂

∂x
[D1(x)f(x, t)] +

∂2

∂x2
[D2(x)f(x, t)]

[ t8F t ]

tsq



D1
L�9XH<nPLSjkL�xQHILQ=NF MNL MNlQFXJKjkL [ MWFXJnG�H<jkL�xQHI36F ]�LQH

D2
nPL;HILQ\49ILQ=NF MNL;MWJnmB=49XJP36\ F O<LQHXHIL

l�YZ=>7@HXJP36\ 9ILQFG7 FIL�MNl�x�36=NjkLQFXHIL N>7@F�a;\4MWFIL����S36nK5�3BUk36FI3�j YV=NJ lQHG7@?NnKJKH�n 7 HX24l�36FXJPL
70uWJP36587@HXJPYZ=4L�MNL�9KNNFI36?>7@?NJKnKJKHIl�9#LQ\ pCysoso8F�l nKnPL�L�9IH 7@JK\49IJ lbUV7@nPLQ5�LQ\ZH�x�36\N\Z=4L�9I36=49
nPL�\4365 M�Q l�YZ=>7@HXJP36\9[ V ?>76x��-M<7@FIM-Zj]�MNL��;36nK5�3BUk36FI3Cj F Dm7,HX24l�36FXJPL8MNL�9@NNFI36?>7@?NJKnKJKH��
9GLQFG7;lQHILQ\4MW=4L N>7@F�� JKUk3s9I2NJ4] H�� FBl \ pCy�eVt gs] H�� NN=N?NnKJPL 9 7SHX24l�36FXJPL MNL<nRQ JK\ZHIlbUsFG7@nPLS9XHI3@d
xG2>769XHXJPYZ=4L"YZ=NJ,NBLQFX5�LQH M�Q lQHX=4MWJPLQF-nPL�9 NN24lQ\4365 
Q\4L�9S7@nPlC7@HI36JKFIL�9^O�HXFG7�jkLQFI9-nPL;HILQ5 N49 F
O<LQHXHIL"HX24l�36FXJPL NhLQFX5�LQH M�Q JK\ZHIlbUsFILQF nPLS5�36=NjkLQ5�LQ\ZH ?NFI3�M \NJPLQ\�LQH-MNL;xC7@nPxQ=NnPLQF MWJKFIL�xvd
HILQ5�LQ\ZH<MNL�9�HXFG71iXL�xQHI36JKFIL�9<9IHI3ZxG2>769XHXJPYV=4L�9 F c�7@F ���#76xsgbLQ\ pCy�eVy lQHG7@?NnKJKFG7#n 7KG 36FX5�=NnPL
MNL�w4LQUb\N587@\Wd��#76x � dsy�� YV=NJWNBLQFX5�LQH�MNL G 7@JKFIL nPL nKJPLQ\ LQ\ZHXFIL n 7 FIl�9I36nK=NHXJP36\ M�Q =N\4L
l�YZ=>7@HXJP36\�MNL;w43 ���kLQF d RTn 7@\4x���LQHen 7 FIl�9I36nK=NHXJP36\,M�Q =N\4L JK\ZHIlbUsFG7@nPL 9XHI3ZxG2>769XHXJPYZ=4L [�jk36JKF
MNlQFXJKjs7@HXJP36\ MNL#x�LQHXHILKG 36FX5�=NnPL#M47@\49 nRQ 7�NANBLQ\4MWJPx�L#aK] F
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f;36=49-MNLQjk36\49CgN7@=�x�365�HIL MNL":<=8mB36\�7@= . X ]I]I] 1�3�4 9XJ�
�xQnPLsgbn 7@NNFILQ5�J�
QFIL FIl�9I36nK=Wd
HXJP36\�M�Q =N\ NNFI36?Nn�
Q5�LgN>7@F;=N\4L
7�NANNFI3ZxG24LgNNFI36?>7@?NJKnKJP9XHIL F ] n 9�Q 7�UsJKH MW= NNFI36?Nn�
Q5�L
MNL
nRQ 7@J_Us=NJKnKnPL-MNL�:�=8m 36\�� ysq��YF1l \ i LQHXHG7@\ZHTMNL�9 7@J_Us=NJKnKnPL�9 9X=NFmnPL N>7@FIYZ=4LQH LQH LQ\ x�365 NNHG7@\ZH
nPL \4365�?NFIL�M�Q 7@J_Us=NJKnKnPL�9SJK\VHILQFI9IL�xQHG7@\ZH"7�jkL�x#nPL�9 FG7@JK\V=NFIL�9;MNL#x�LQnK=NJ d xQJ gNJKn L�9XH^NB3s9I9XJK?NnPL
M�Q 36?NHILQ\NJKF;=N\4L L�9XHXJK587@HXJP36\ MW=�\4365�?NFIL

π
F

c�7@JP9 x�L�\DQ L�9XH YV=DQfO8n 7��4\ MNL�n 7�9IL�x�36\4MNLgUs=4LQFXFIL�5�36\4MWJ 7@nPL�YZ=4L�\>7��PHXFI36\VH nPL�9
5�lQHX243bMNL�9 MNL"c 36\ZHILvd_O-7@FXnP3 F O<L�9�5�lQHX243bMNL�9 36\VH lQHIl MNlQjkLQnP3BNANBl�L�9 7@=�n 7@?B36FG7@HI36JKFIL
MNL<D 3s9 a;n 7@5�3s9 M47@\49 nPL�xC76MWFIL<MW=gNNFI3�iXLQH c�7@\N2>7@HXHG7@\
jZJP9G7@\ZH�OS5�LQHXHXFIL 7@= NB36JK\VH n 7
?B365�?BL�7@HI365�JPYZ=4L F ] n lQHG7@JKH LQ\ LHmBLQH \4l�x�L�9G9G7@JKFIL#MNL HXFI36=NjkLQFSMNL�9S5�lQHX243ZMNL�9 \Z=N5�lvd
FXJPYZ=4L�9 NBLQFX5�LQHXHG7@\VH"MNL#FIl�9I36=4MWFIL#nRQ l�YV=>7@HXJP36\�MNL�:-36nKH ��587@\N\ Uk36=NjkLQFX\>7@\ZH;n 7gG 36\4xvd
HXJP36\ MNL8MWJP9XHXFXJK?N=NHXJP36\ MNL�9 \4LQ=NHXFI36\49#M47@\49�MW= 587@HIlQFXJPLQn �>9I9XJK?NnPL F D Q JPMNl�L�36FXJ_UsJK\>7@nPL
jbJPLQ\VH MW=�587@HX24lQ587@HXJPxQJPLQ\$`ZHG7@\NJP9In 7�M*i;n 7@5�g(UsFG7@\4M 7@587@HILQ=NF#MNL iXLQ=Wu MNL 2>769G7@FIM
YZ=NJ JK\ZHXFI3ZMW=NJP9XJKH x�LQHXHIL#5�lQHX243bMNL LQ\ pCy�eVr NB36=NFSxC7@nPxQ=NnPLQF"n 7 NNFI36?>7@?NJKnKJKHIl M�Q 36?NHILQ\NJKF
=N\4L�587@JK\ UV7�Us\>7@\VHIL�7@= i LQ=�MNL xC7@FXHIL�MW= V 9I36nKJKHG7@JKFILHZ F ] nmx�36\Vjs7@JK\VH#LQ\ pCy�e/c g 
k362N\
jk36\
f"LQ=N587@\N\ MNL�nRQ JK\VHIlQF �QHTMNL<x�LQHXHILe5�lQHX243bMNL NB36=NF FIl�9I36=4MWFILe\Z=N5�lQFXJPYV=4LQ5�LQ\ZH�nPL�9
NNFI36?Nn�
Q5�L�9 MNLeMWJnmB=49XJP36\ MNL�9 \4LQ=NHXFI36\49 36=�M�Q 7@=NHXFIL�9#NNFI36?Nn�
Q5�L�9mMNL NN2VUW9XJPYV=4L�9XHG7@HXJP9 d
HXJPYZ=4L F ] nEHXFG7Cj67@JKnKnPL
7@JK\49XJ 7�jkL�x l \NFXJPx�3�w>LQFX5�J gh^;36?hLQFXH agF ^ JPxG2VHX5�UkLQF#LQH"fSJPxG2436n 769
c�LQHXFI3BNB36nKJP9�9X=NF�x�L�9�JPMNl�L�9 F l \ pCy�eVy g�i;n 7@5 LQH�c LQHXFI3BNB36nKJP9�9XJ_Us\4LQ\ZH�nPL NNFILQ5�JPLQF

tWp



7@FXHXJPxQnPL � yWp � MNl�xQFXJKj67@\ZHSnPLKNNFXJK\4xQJ_NBL#MNL�9 5�lQHX243bMNL�9SMNL�c 36\ZHILvd_O-7@FXnP3 F OWQ L�9XHSc�LQHXFI3@d
NB36nKJP9�YZ=NJ \4365�5�LQFG7 x�LQHXHIL xQn 769I9IL�MNL�5�lQHX243bMNL�98MNL�9G36\%\4365�g�LQ\%FIlHG lQFILQ\4x�L 7@=
xC769IJK\43�MNL n 7�jbJKnKnPL#MNL#c�36\VHILvd_O-7@FXnP3 F c�LQHXFI3BNh36nKJP9Sjk36=Nn 7@JKH"7@JK\49XJ FILQ\4MWFIL�24365�587�UkL
O n 7 N>769I9XJP36\ MNL�i;n 7@5 NB36=NF�nPL NB3 �kLQF�� yst��YF!l \ pCy$`so g c LQHXFI3BNB36nKJP9Cg ^S3s9ILQ\Z?NnK=NHX2 g
1mLQnKnPLQF LQH 1ELQnKnPLQFgNNFI3BNh3s9GLQ\VH nPLQ=NFLG 7@5�LQ=Wu 7@n_Uk36FXJKHX2N5�L � yso�� [ MWJKH�587@JK\ZHILQ\>7@\VH V MNL
c�LQHXFI3BNB36nKJP9 ZGg 36= c�^ 1 2 9XJ�36\ jkLQ=NH �QHXFIL NNnK=49#l�YZ=NJKHG7@?NnPL&] YV=NJ�L�9IH@O�n 7�?>769IL�MNL�9
9IJK5�=Nn 7@HXJP36\49�MNL8c�36\VHILvd_O-7@FXnP3 xQn 769G9XJPYV=4L F DJQ 7@n_Uk36FXJKHX2N5�L�MNL8c�LQHXFI3BNB36nKJP9 9GLQFG7 Uklvd
\4lQFG7@nKJP9Gl8LQ\ pCy=c6q N>7@F I 769XHXJK\AU � y�e � YZ=NJ NBLQFX5�LQHXHXFG7�nRQ =NHXJKnKJP9 7@HXJP36\ MNL<NNFI36?>7@?NJKnKJKHIl�9
MNL�HXFG7@\49XJKHXJP36\ \436\ 9XUZ5�lQHXFXJPYZ=4L�9 F OWQ L�9IH�x�LQH 7@n_Uk36FXJKHX2N5�Lsg x�365�5�=N\4lQ5�LQ\ZH�7�NANBLQnPl
7@n_Uk36FXJKHX2N5�L�MNL�c�LQHXFI3BNh36nKJP9 dYI 769XHXJK\AU YZ=4L�\436=49�MNl�xQFXJKFI36\49�M47@\49#n 7 N>7@FXHXJPL�MNL�x�LQH
Lvu8NB3s9Il x�36\49G76xQFIl@O n 7
5�lQHX243bMNLKXe7@FXJ 7@HXJP36\>7@n c 36\ZHIL�O-7@FXnP3 ['X c�O^]vgN9IL�xQHXJP36\ t8F t8F
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OWQ L�9XH M47@\49 =N\�MNLQ=WuWJ�
Q5�L HILQ5 N49SYZ=4L 9�Q L�9XH MNlQjkLQnP3BNANBl�L nRQ =NHXJKnKJP9G7@HXJP36\�MNL�9 5�lvd
HX243bMNL�9 c�36\VHIL�O-7@FXnP3 NB36=NF FIl�9I36=4MWFIL nRQ l�YZ=>7@HXJP36\ MNL�`bxG2NFTSZMWJK\AUkLQFCg>36\ N>7@FXnPL#7@nP36FI9
MNL 5�lQHX243bMNL�9�c 36\ZHIL�O-7@FXnP3���� � � "#����� � F^a 
�9 pCysoWp g `bxI2NFTSbMWJK\AUkLQF�9I36=NnKJ_Us\>7@JKH,n 7
NB3s9I9XJK?NJKnKJKHIl�M�Q 769G9I3ZxQJPLQF�9G36\%l�YV=>7@HXJP36\�LQ\)HILQ5 N49�JK587�UsJK\>7@JKFIL O�=N\ NNFI3bx�L�9I9X=49�MNL
MWJnmB=49XJP36\ F O<L�9 5�lQHX243ZMNL�9�9G36\VH ?>769Il�L�9�9X=NF nRQ JPMNl�L�36FXJ_UsJK\>7@nPL�MNL�`bxI2NFTSbMWJK\AUkLQFCgTLQH
N>7@F n 7 9X=NJKHIL�M�Q 7@=NHXFIL�9
xG24LQFIxI24LQ=NFI9CgT9I36=NnKJ_Us\>7@\ZH
nPL8nKJPLQ\�G 36FX5�LQn-LQ\VHXFIL�5�l�xC7@\NJPYZ=4L
YZ=>7@\VHXJPYZ=4L�LQ\)HILQ5 N49�JK587�UsJK\>7@JKFIL LQH NNFI3Zx�L�9I9I=49�MNL�MWJnmh=49XJP36\ F DE7 NNFILQ5�J�
QFIL 7�NWd
NNnKJPxC7@HXJP36\$MNL�9�5�lQHX243ZMNL�9
MNL8c�36\VHILvd_O-7@FXnP3�YZ=>7@\VHXJPYZ=4L<NB36=NF�=N\4L�5�36nPl�xQ=NnPL,7�LQ=
nKJPLQ=,LQ\ pCy=cB` 7CjkL�x;nRQ lQHX=4MNL MNL

He+3
N>7@F-aS\4MNLQFI9G36\ � y$`��YF-l \ pCy$dst gNO<LbNhLQFXnPLQUkgW^;LQUVd

\436nPMN9�g@a;nPMNLQF LQH DEL�9XHILQF � ysr�� NNFIl�9GLQ\VHILQ\VHTn 7S5�lQHX243bMNL a JnmB=49XJP36\
c 36\ZHILvd_O-7@FXnP3 M47@\49
nRQ 7�NANNFI3CubJK587@HXJP36\ MNL�9;\ � =4MN9 �NuWl�9g[ wmJ uNL�Mbd f"3ZMNL a c O^] YZ=4L#\436=49 NNFIl�9ILQ\ZHILQFI36\49
NNnK=49 nP36JK\�LQH-YZ=NJ L�9XH-nRQ 7@n_Uk36FXJKHX2N5�L�9IHG7@\4M47@FIM,=NHXJKnKJP9Il MNL \43s9�iX36=NFI9 F a N>7@FXHXJKFSMNL x�L
5�365�LQ\ZHCghnPL�9S5�lQHX243bMNL�9 c 36\ZHILvd_O-7@FXnP3�YZ=>7@\VHXJPYZ=4LgNh36=NF;nPL�xC7@nPxQ=Nn MNL�9"9XHXFX=4xQHX=NFIL�9
lQnPl�xQHXFI36\NJPYZ=4L�9WNNFILQ\4MWFI36\VH"nPLQ=NF;L�9I9G36FCg3NBLQFX5�LQHXHG7@\VH MNL�9;7�NANNnKJPxC7@HXJP36\49"j67@FXJPl�L�9 ['N>7@F
LvuNLQ5 NNnPLsg � y=c d pCqso�� ] F
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DE7#5�lQHX243bMNL"j67@FXJ 7@HXJP36\N\4LQnKnPL MNL"c�36\VHILvd_O-7@FXnP3 ['X"c O^]�FILbNh3s9IL"9X=NF<nPL NNFXJK\4xQJ_NBL
MW= xC7@nPxQ=NnbM�Q =N\4LeJK\VHIlbUsFG7@nPL<5�=NnKHXJPMWJK5�LQ\49IJP36\4LQnKnPL N>7@Fml�xI2>7@\ZHXJKnKnP36\N\>7�UkL MNL�n 7SMNLQ\49XJKHIl
MNLPNNFI36?>7@?NJKnKJKHIl F O<36\49XJPMNlQFI36\49;LQ\�LHmBLQH nRQ JK\ZHIlbUsFG7@nPL

∫
dxf(x)Π(x)

[ t8F o ]
3��

Π(x)dx
L�9XH�=N\4L MNLQ\49IJKHIl MNL NNFI36?>7@?NJKnKJKHIlsg"x$Q L�9XH O)MWJKFIL YZ=4L

Π(x) ≥ q LQH
∫

Π(x)dx = 1
F 
 \ NBLQ=NH;7�NANNFI3bxI24LQF ∫

dxf(x)Π(x)
N>7@FLo

∫
dxf(x)Π(x) ≈ 1

N

∑

i=1,N

f(xi)
[ t8F e ]

3��
xi
L�9IH =N\�LQ\49GLQ5�?NnPL �4\NJ>MNL

N
Nh36JK\ZHI9TFIlbN>7@FXHXJP9e9ILQnP36\�n 7"MNLQ\49XJKHIlSMNL NNFI36?>7@?NJKnKJKHIl

Π(x)
F3l \ X"c O"gW=N\4LKG 36\4xQHXJP36\�FIl�LQnKnPL

ΨT
g>7�NANBLQnPl�LKG 36\4xQHXJP36\ M�Q 36\4MNL�M�Q L�9G9G7@J g4L�9XH

NNFI3BNB3s9Il�L LQH�MNl �4\NJKH�n 7 MNLQ\49IJKHIl MNL^NNFI36?>7@?NJKnKJKHIl 9X=NJKjs7@\VHIL@['NNFI36?>7@?NJKnKJKHIl;MNL NNFIl�9ILQ\4x�L
MNL n 7�5�l�xC7@\NJPYV=4L#YZ=>7@\VHXJPYZ=4L�769G9I3ZxQJPl�LLO =N\4LKG 36\4xQHXJP36\ M�Q 36\4MNL&]

Π(R) =
Ψ2
T (R)∫
Ψ2
TdR

[ t8Ff` ]
O\N>7@FXHXJKF"MNL�n 76YV=4LQnKnPL MWJnm lQFILQ\VHIL�9 YZ=>7@\VHXJKHIl�9 9ILQFI36\VH"5�3CUkLQ\N\4l�L�9 F

R
FILbNNFIl�9GLQ\VHIL JPxQJ

nRQ LQ\49GLQ5�?NnPL�MNL�9Sx�3Z36FIMN36\N\4l�9;lQnPL�xQHXFI36\NJPYV=4L�9Cg x$Q L�9XH O
MWJKFIL

R = (~r1, . . . , ~rNe)

3��
Ne

L�9XH�nPL,\4365�?NFIL�M�Q lQnPL�xQHXFI36\49 F ^;LQ587@FIYV=436\498YV=4LsgTx�36\ZHXFG7@JKFILQ5�LQ\VH�7@=Wu$7�NWd
NNFI3bxI24L�9<HXFG76MWJKHXJP36\N\4LQnKnPL�9 MNL;n 7�xI2NJK5�JPL YV=>7@\ZHXJPYV=4Lsgbn 7LG 36\4xQHXJP36\,M�Q 36\4MNL"\4L;MNlbNBLQ\4M
N>769 JPxQJWMNL�9 x�3Z36FIMN36\N\N\4l�L�9�MNL<9 NNJK\ F O<L<\DQ L�9XHmHI36=NHILHG 36JP9!N>769 =N\gNNFI36?Nn�
Q5�L NN=NJP9IYZ=DQ JKn
L�9IH�?NJPLQ\�x�36\N\Z=�YZ=4L NB36=NFeMNL�9<9XUW9XH 
Q5�L�9�\436\�FILQn 7@HXJKjZJP9XHIL�9�JKn L�9IHeHI36=BiX36=NFI9 NB3s9I9XJK?NnPL
M�Q Lvu8NNFXJK5�LQF,nPL�9,x�36\VHXFG7@JK\VHIL�9�FIl�9X=NnKHG7@\VH�MW=9NNFXJK\4xQJ_NhL�MNL�R 7@=NnKJ M47@\49�=N\*G 36FX5870d
nKJP9I5�L�9G7@\49 9 NNJK\ [�jk36JKFCg�N>7@F"LvuNLQ5 NNnPLsghnRQ 7@FXHXJPxQnPL
MNL�c�7@HI9ILQ\%$C`/NNJK\Wd wNFIL�L�YV=>7@\ZHX=N5
xG24LQ5�JP9XHXFXU � pCq�e � ] F.l \ NNFG7@HXJPYV=4LsgEnPL�9XUb5�lQHXFXJPL�MNL�9 NNJK\ L�9XH#FIlC7@nKJP9Il�L�LQ\ JK5 Nh3s9 7@\VH
YZ=4L n 7WG 36\4xQHXJP36\8M�Q 36\4MNL;9I36JKH�7@\VHXJP9IUZ5�lQHXFXJPYZ=4L N>7@F�FG7�NANB36FXH O nRQ l�xI2>7@\AUkLSMNL�9 N>7@JKFIL�9
M�Q lQnPL�xQHXFI36\49eMNL�5��Q5�L 9TNNJK\ [ 7@\ZHXJP9XUZ5�lQHXFXJPL N>7@F FG7�NANB36FXH�7@=�9I36=49 d LQ\49ILQ5�?NnPL MNL�9

Nα

tso



lQnPL�xQHXFI36\49
LQHgN>7@F�FG7�NANB36FXH�7@= 9I36=49Xd LQ\49ILQ5�?NnPL,MNL�9
Nβ

lQnPL�xQHXFI36\49 ] F
ΨT

L�9XH�xG2436J d
9IJPL Nh36=NF �QHXFIL8=N\4L8?h36\N\4L�7�NANNFI3�uWJK587@HXJP36\)MNL�n 7 G 36\4xQHXJP36\ M�Q 36\4MNL

Ψ0
JK\4x�36\N\Z=4L

MNL nRQ lQHG7@HPG 36\4M47@5�LQ\VHG7@n F D Q =N\ MNL�9PNh36JK\ZHI9 JK5 Nh36FXHG7@\ZHI9#MNL n 785�lQHX243bMNL X c�O L�9XH
MNLKG 36=NFX\NJKF;=N\4L�7�NANNFI3�uWJK587@HXJP36\�j67@FXJ 7@HXJP36\N\4LQnKnPL

EVMC
MNL�nRQ lQ\4LQF UsJPL

E0
MNL#nRQ lQHG7@H

G 36\4M47@5�LQ\VHG7@n F
E0 ≡ ĤΨ0

Ψ0

[ t8F r ]
3��

Ĥ
L�9XH nRQ I 7@5�JKnKHI36\NJPLQ\ MW=�9XUW9XH 
Q5�L x�36\49XJPMNlQFIl F

f"36=49�jkLQFXFI36\49 N>7@Fen 7�9X=NJKHIL YZ=4L n 7 5�lQHX243bMNL X c O)9ILQFG7 =NHXJKnKJP9Gl�LS9X=NJKjs7@\VH�nPL 5��Q5�L
NNFXJK\4xQJ_NBLKNB36=NF 36?NHILQ\NJKF;M�Q 7@=NHXFIL�9;YV=>7@\ZHXJKHIl�9 F
l u-NNFXJK5�36\49,587@JK\ZHILQ\>7@\VH

EVMC
x�365�5�L�js7@nPLQ=NF�5�3�UkLQ\N\4L 9XHI3ZxG2>769XHXJPYZ=4L F R 36=NF

x�LQn 7 N>7@FXHI36\49SMNL nRQ Lvu8NNFIL�9I9XJP36\ MNL nRQ lQ\4LQF UsJPL�j67@FXJ 7@HXJP36\N\4LQnKnPL

EVMC =

∫
dRΨ∗

T ĤΨT∫
dRΨTΨ∗

T

.
[ t8Fkc ]

] \VHXFI3bMW=NJP9I36\49Sn 7
YV=>7@\ZHXJKHIl

EL =
ĤΨT

ΨT
.

[ t8Ffd ]

EL
L�9IH87�NANhLQnPl�L V lQ\4LQF UsJPL�nP3bxC7@nPLHZ,LQHKiX36=4L�=N\%F��6nPL x�LQ\VHXFG7@n M47@\49�nPL�9�5�lQHX243bMNL�9

c�36\VHILvd_O-7@FXnP3�YZ=>7@\VHXJPYZ=4L F OWQ L�9XH#=N\4L8YV=>7@\ZHXJKHIl�24365�3BU 
Q\4L O�=N\4L8lQ\4LQF UsJPL8LQH�YV=NJ
MNlbNBLQ\4M$MNL ~R F f"36HI36\49
YV=4L NNnK=49
n 7 G 36\4xQHXJP36\%M�Q 36\4MNL�M�Q L�9I9 7@J<L�9XH NNFI3bxI24L,MNL�n 7G 36\4xQHXJP36\$LvuN76xQHIL�LQH�5�36JK\49 nRQ lQ\4LQF UsJPL�nP3ZxC7@nPL�js7@FXJPL�LQ\�G 36\4xQHXJP36\$MNL ~R F EVMC

9IL
FIl�l�xQFXJKH"7@nP36FI9@o

EVMC =

∫
EL

ΨTΨ∗
T∫

ΨTΨ∗
T

= 〈EL〉|ΨT |2
[ t8F y ]

EVMC
L�9XH#MN36\4x�n 7�js7@nPLQ=NF#5�3�UkLQ\N\4L8MNL
n 7�YZ=>7@\VHXJKHIl

EL
9X=NJKjs7@\VH�n 7�MNLQ\49XJKHIl�MNL

NNFI36?>7@?NJKnKJKHIl Ψ2
TR

Ψ2
T
dR

[
ΨT

lQHG7@\ZHSFIl�LQnKnPLsg
ΨT = Ψ∗

T

]
a;JK\49XJ x�365�5�LKNNFIl�x�l�MNLQ5�5�LQ\ZH

EVMC
NBLQ=NHS9�Q 7�NANNFI3bxI24LQF N>7@F@o

EVMC ≈ 1

N

N∑

i=1

EL(xi)
[ t8FKpCq ]

t�e



3��
xi
L�9IH =N\�LQ\49GLQ5�?NnPL �4\NJ>MNL

N
Nh36JK\ZHI9TFIlbN>7@FXHXJP9e9ILQnP36\�n 7"MNLQ\49XJKHIlSMNL NNFI36?>7@?NJKnKJKHIl

\436FX587@nKJP9Gl�L�769I9I3bxQJPl�LLO
Ψ2
T

F
EL

L�9XH MN36\N\4l�L@N>7@F nRQ Lvu-NNFIL�9I9IJP36\�o

EL = V (R) − 1

2

∇2ΨT

ΨT

[ t8FKpsp ]
7CjkL�x

V (R)
L�9IH nRQ lQ\4LQF UsJPLLNB36HILQ\VHXJPLQnKnPL

f;36=49 7@nKnP36\49JO^NNFIl�9ILQ\ZH jk36JKF x�365�5�LQ\ZHTFIlC7@nKJP9ILQFm=N\
l�xI2>7@\ZHXJKnKnP36\N\>7�UkLSMNL�9#Nh36JK\ZHI9
xi
UsF � x�L O
nRQ 7@n_Uk36FXJKHX2N5�L�MNL c�LQHXFI3BNh36nKJP9 F

��� �*��� � � "�$ � � � ���)+���
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$��0&

DJQ 7@n_Uk36FXJKHX2N5�L MNLSc�LQHXFI3BNh36nKJP9 NBLQFX5�LQH<MNL"9XJK5�=NnPLQF<=N\4L"MNLQ\49XJKHIlSMNL NNFI36?>7@?NJKnKJKHIl
Π(R) =

Ψ2
TR

dRΨ2
T

F O<36\4xQF 
QHILQ5�LQ\ZHCg�36\$7�NANNnKJPYZ=4L�JKHIlQFG7@HXJKjkLQ5�LQ\VH�=N\$LQ\49ILQ5�?NnPL,MNL
F 
bUsnPL�9�MNL�MNlbNNn 76x�LQ5�LQ\ZHI98LQH�M�Q 76x�x�LbNNHG7@HXJP36\(h0FIljiXL�xQHXJP36\ MNL,x�L�9�MNlbNNn 76x�LQ5�LQ\VHI9�9X=NF
=N\4L NB3BNN=Nn 7@HXJP36\ MNL�x�3BNNJPL�9�MW= 9XUb9IH 
Q5�L�[ 7�NANBLQnPl�9\V 587@FIxG24LQ=NFI9 Z 36= VYM-7@n �kLQFI9 Zj] F
a 7@\49Sn 7
nKJK5�JKHIL#M�Q =N\ UsFG7@\4M \4365�?NFIL�M�Q JKHIlQFG7@HXJP36\49SnPL�9S587@FIxI24LQ=NFI9 9IL FIlbN>7@FXHXJP9I9ILQ\ZH
LQ\�5�3�UkLQ\N\4L�9ILQnP36\�n 7
MNLQ\49IJKHIl jk36=NnK=4L F3a JKH MNL 587@\NJ�
QFIL�MWJnm lQFILQ\VHILsg49XJ nRQ 36\�9GL �NuWL
=N\ MN36587@JK\4L�MNL nRQ L�9 N>76x�L

δV
LQH =N\�\4365�?NFIL�HI36HG7@nmMNLKNh36JK\ZHI9

N
g8Nh36=NF

M
NB36JK\VHI9

M47@\49
δV

36\ 7 o
M

N
≈
∫

δV

Π(R)dR
[ t8FKpCt ]

l \�HILQFX5�L�9 587@HX24lQ587@HXJPYZ=4L�9CgBnRQ 7@n_Uk36FXJKHX2N5�L�MNL c LQHXFI3BNB36nKJP9 x�36\49XJP9XHIL O�LQ\AUkLQ\4MWFILQF
=N\4L;xI2>7��P\4L"MNLSc�7@F �k3Cj8MWJP9GxQF 
QHILSLQF Uk3bMWJPYV=4L;MN36\VH<n 7 nP36J 9IHG7@HXJP36\N\>7@JKFIL;L�9XH

Π
F ^;7�NWd

NBLQnP36\49�YZ=DQ =N\4L xI2>7��P\4L MNL c�7@F �k3�j MWJP9IxQF 
QHIL L�9XH�=N\4L 9I=4x�x�L�9I9XJP36\ MNL�js7@FXJ 7@?NnPL�9
7@nPlC7@HI36JKFIL�9

X0, X1, . . . , Xn
MN36\VH�nRQ lQHG7@H

Xn
\4L�MNlbNBLQ\4M YZ=4L�MNL�nRQ lQHG7@H

Xn−1
F `ZJ

nRQ 36\ \436HIL#R [�� ]<n 7gNNFI36?>7@?NJKnKJKHIl�x�36\4MWJKHXJP36\N\4LQnKnPLsg 36\ 7�MN36\4x

P (Xn = x|Xn−1, . . . , X1, X0) = P (Xn = x|Xn−1).
[ t8FKpCo ]

Dm7 NNFI36?>7@?NJKnKJKHIlSx�36\4MWJKHXJP36\N\4LQnKnPL L�9XH lbUV7@nPLQ5�LQ\VH�7�NANBLQnPl�L NNFI36?>7@?NJKnKJKHIl MNL<HXFG7@\49XJKHXJP36\ F
OWQ L�9IH;LQnKnPL�YZ=NJEjs7�xC7@FG76xQHIlQFXJP9ILQF"\436HXFIL xI2>7��P\4L MNL�c�7@F �k3Cj F f"36=49;x�36\49ILQFXjkLQFI36\49"x�L
HILQFX5�L�MNL NNFI36?>7@?NJKnKJKHIleMNL�HXFG7@\49XJKHXJP36\�M47@\49En 7 9X=NJKHIL�MNLTnRQ Lvu8NB3s9Il�LQH \436=49En 7-\436HILQFI36\49
9G36=49 =N\4LPG 36FX5�LPNNnK=49^NN2VUW9XJPYZ=4L

p(X → Y )
7�jkL�x#nPL 9ILQ\49 9X=NJKjs7@\VH@o

p(X → Y ) = p(Y |X)
[ t8FKpbe ]

t$`



a 7@\49e\436HXFILSxC769Cgsn 7 j67@FXJ 7@?NnPL
Xi
7@=49I9XJ 7�NANBLQnPl V 587@FIxI24LQ=NF Z"L�9XH�=N\8jkL�xQHILQ=NF<x�36\49XHXJ d

HX=4l<MNL�nRQ LQ\49ILQ5�?NnPL-MNL�9!Nh3s9IJKHXJP36\49mMNL�9 lQnPL�xQHXFI36\49TMW=
9XUb9IH 
Q5�Lex�36\49XJPMNlQFIl F `�Q JKnbU�7
Ne

lQnPL�xQHXFI36\49�g
Xi
9ILQFG7�MN36\4x;=N\�jkL�xQHILQ=NF MNL MWJK5�LQ\49XJP36\ o

Ne
[ xG2>76YV=4L lQnPL�xQHXFI36\ 7�UV7@\ZH

HXFI36JP98x�3Z36FIMN36\N\4l�L�9�9TN>7@HXJ 7@nPL�9 ] F R 7@FXHG7@\ZH�M�Q =N\4L�MWJP9XHXFXJK?N=NHXJP36\�JK\NJKHXJ 7@nPL�[ 7@nPlC7@HI36JKFIL&]
MNL�9
lQnPL�xQHXFI36\49�LQ\

X0
gEnRQ 7�NANNnKJPxC7@HXJP36\%MNL�nRQ 7@n_Uk36FXJKHX2N5�L�MNL,c LQHXFI3BNB36nKJP9 j67 LQ\AUkLQ\Wd

MWFILQF<nP36FI9IYZ=4L
n
HILQ\4M8jkLQFI9�� ∞ MNL�9<587@FIxI24LQ=NFI9

Xn, Xn+1
F_F_F MN36\VH-n 7@Nh3s9XJKHXJP36\,MNL�9

lQnPL�xQHXFI36\49;L�9XH FIlbN>7@FXHXJPL�9I=NJKj67@\ZH n 7
MNLQ\49XJKHIl
Π
F

R 36=NF,LQ\AUkLQ\4MWFILQF,x�LQHXHIL�xI2>7��P\4Lsg�nRQ 7@n_Uk36FXJKHX2N5�L�MNL c�LQHXFI3BNB36nKJP98js7 9�Q 7�NANN=NUkLQF,9X=NF
MNLQ=Wu�lQnPlQ5�LQ\VHI9go

• MNL�9�F 
bUsnPL�9 MNL8MNlbNNn 76x�LQ5�LQ\ZH
MNL�9�587@FIxI24LQ=NFI9�7@=WuNYV=4LQnKnPL�9 L�9XH
769I9I3bxQJPl�L�=N\4LNNFI36?>7@?NJKnKHXJPl�MNL HXFG7@\49IJKHXJP36\
• =N\4LKNNFI3Zx�l�MW=NFIL�M�Q 76x�x�LbNNHG7@HXJP36\(h0FILji LQH

DEL�9 587@FIxI24LQ=NFI9�jk36\ZHeLvu8NNnP36FILQFTnRQ L�9 N>76x�L LQ\�9X=NJKj67@\ZHTn 7WNNFI36?>7@?NJKnKHIl MNL-HXFG7@\49XJKHXJP36\�LQH
n 7@NNFI3bx�l�MW=NFIL"MNL;FILjiXLQH h676x�x�LbNNHG7@HXJP36\�j67#j67@nKJPMNLQF 36=�\436\�x�L;xG2436J uBgWxQFIlC7@\VH 7@JK\49XJh=N\
\436=NjkLQnWlQnPlQ5�LQ\VHTMNLen 7SxG2>7��P\4L F ] nZL�9XHmJK5 Nh36FXHG7@\ZHTMNLe9I36=NnKJ_Us\4LQF YV=4L Nh36=NF YZ=4L�nRQ 7@n_Uk3@d
FXJKHX2N5�L G 36\4xQHXJP36\N\4LsgW=N\4L;x�36\4MWJKHXJP36\�\4l�x�L�9G9G7@JKFIL L�9XH<YZ=4L;n 7�x�36\4MWJKHXJP36\�M�Q LQF Uk3bMWJPxQJKHIl
9G36JKHmjklQFXJ �>l�L F DJQ LQF Uk3bMWJPxQJKHIl 9XJ_Us\NJ �>L-YZ=4L�nPL�9 587@FIxG24LQ=NFI9 N>7@FXHG7@\VH�MNL<\DQ JK5 NB36FXHIL<YZ=4LQn
LQ\4MWFI36JKHTjk36\ZH Nh36=Njk36JKF N>7@FIx�36=NFXJKFe\DQ JK5 Nh36FXHIL YZ=4LQnKnPL �C36\4L MNL-nRQ L�9 N>76x�L 7�jkL�x =N\ NNFI3@d
?>7@?NJKnKJKHIl#\436\�\V=NnKnPL�9G7@\49 �QHXFIL ?NnP3bYV=4l#YZ=4LQnPYZ=4LPN>7@FXH F
l \ NNFG7@HXJPYV=4Lsg 36\ FIlC7@nKJP9GLQFG7 NNnK=49XJPLQ=NFI9�xG2>7��P\4L�9#MNL�c�7@F �k3�j�JK\4MNlbNhLQ\4M47@\ZHIL�9�LQH#36\
xC7@nPxQ=NnPLQFG7�nPL�9 5�3�UkLQ\N\4L�9"9I=NF nRQ LQ\49ILQ5�?NnPL MNL#x�L�9SHXFG71i L�xQHI36JKFIL�9 F DE7�x�36\4MWJKHXJP36\�M�Q LQF d
Uk3bMWJPxQJKHIl<j67SJK5 NB3s9ILQF nRQ lbUV7@nKJKHIl LQ\VHXFIL-nPL�9 5�3CUkLQ\N\4L�9�9TN>7@HXJ 7@nPL�9TLQHmHILQ5 NB36FILQnKnPL�9 F O<LQn 7
9IJ_Us\NJ �>L#YV=4L 9IJ nRQ 36\ 9XJK5�=NnPL

k
xG2>7��P\4L�9;MNL c�7@F �k3Cj,JK\4MNlbNBLQ\4M47@\VHIL�9go

X1
0

g
X1

1

g F_F_F
X1
n

g F_F_F
FFF FFF
Xk

0

g
Xk

1

g F_F_F
Xk
n

g F_F_F�� oW5�3CUkLQ\N\4L�HILQ5 Nh36FILQnKnPL�nPL nP36\AU8M�Q =N\4L HXFG71iXL�xQHI36JKFIL

︸︷︷︸5�3CUkLQ\N\4L�9TN>7@HXJ 7@nPL@O =N\�JK\49XHG7@\ZHSMN36\N\4l
[ t8FKp�` ]
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lim

n→+∞
1

n

n∑

i=1

F (Xk
n) = lim

k→+∞
1

k

k∑

i=1

F (Xk
n)

[ t8FKpCr ]
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NB36=NF
n
769G9IL � UsFG7@\4M�LQH 3��

F
L�9XH-=N\4L G 36\4xQHXJP36\�YV=4LQnPx�36\4YZ=4L MNL"n 7�x�36\ �3Us=NFG7@HXJP36\ F

Dm7 NNFILQ5�J�
QFIL�9I365�5�L�9�Q LHmBL�xQHX=4L�nPL nP36\AU�M�Q =N\4L HXFG71iXL�xQHI36JKFIL F D Q JK\4MWJPx�L�9X=ANBlQFXJPLQ=NF
k

MNl�xQFXJKjs7@\VH nPL�\V=N5�lQFI3,MNL#n 7�HXFG71i L�xQHI36JKFIL
l�9XH �NuWl F DE7�nKJK5�JKHIL 9�Q LHm L�xQHX=4L�LQ\ G 7@JP9 7@\VH
HILQ\4MWFIL

n
jkLQFI9

+∞ F Dm7�9GL�x�36\4MNL"9G365�5�L"9&Q LHmBL�xQHX=4L M47@\49<nRQ L�9 N>76x�L F DJQ JK\4MWJPx�L JK\8G lvd
FXJPLQ=NF

n
MNl�xQFXJKj67@\ZH nPL"FG7@\AU
M47@\49-n 7 xG2>7��P\4L MNL"c�7@F �k3Cj�L�9XH �NuWl F DE7 9I365�5�LWNB36FXHIL

9I=NF<nRQ JK\4MWJPx�L 9I=ANhlQFXJPLQ=NF YZ=NJBMNl�xQFXJKH nPL"\4365�?NFIL#MNL"HXFG71i L�xQHI36JKFIL�9 JK\4MNlbNBLQ\4M47@\VHIL�9 F DE7
nKJK5�JKHIL�9�Q LHmBL�xQHX=4L�LQ\ G 7@JP9G7@\ZH HILQ\4MWFIL#x�L \4365�?NFIL

k
jkLQFI9

+∞ F
DE7 5�3CUkLQ\N\4L�nPL nP36\AU8M�Q =N\4L HXFG71i L�xQHI36JKFIL�L�9XH JPMNLQ\VHXJPYZ=4L O n 7 5�3�UkLQ\N\4L#MNL HI36=49

nPL�9;587@FIxI24LQ=NFI9�MNL�9
k
HXFG71i L�xQHI36JKFIL�9 JK\4MNlbNBLQ\4M47@\VHIL�9@O�=N\ 5�365�LQ\ZH#MN36\N\4l�9I= �89G70d

5�LQ\ZH UsFG7@\4M F
aSJK\49XJ g4nP36FI9IYV=4L�\436=49S5�3�UkLQ\N\436\49"=N\4L�YZ=>7@\VHXJKHIl

Ô
gNn 7�5�3�UkLQ\N\4L@NB36FXHIL�9I=NF n 7

5�3�UkLQ\N\4L#HILQ5 NB36FILQnKnPL#LQHS9 N>7@HXJ 7@nPL<o

〈Ô〉 ≈ 1

Kspace

1

Ntime

Kspace∑

k=1

Ntime∑

n=1

Ô(Xk
n)

[ t8FKp&c ]

X�3�Uk36\49!O^NNFIl�9ILQ\VH nPL�9EMNLQ=Wu#lQnPlQ5�LQ\VHI9 x�36\49XHXJKHX=NHXJnG 9EMNLenRQ 7@n_Uk36FXJKHX2N5�L�MNLec LQHXFI3BNB36nKJP9 F
f"36=49�x�365�5�LQ\4A�36\49 N>7@F�MNl�xQFXJKFIL nPL�9�MWJKjkLQFI9GL�9�5�lQHX243ZMNL�9 MNL MNlbNNn 76x�LQ5�LQ\VH�MNL�9
587@FIxG24LQ=NFI9 NN=NJP9 n 7 NNFI3Zx�l�MW=NFIL�M�Q 76x�x�LbNNHG7@HXJP36\(h0FILji LQH F
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D L�MNlbNNn 76x�LQ5�LQ\ZH#MNL�9 NB36JK\VHI9WNhLQ=NH"9ILPG 7@JKFIL�9X=NJKjs7@\VHWNNnK=49XJPLQ=NFI9;5�lQHX243ZMNL�9 F O�J d
HI36\49 nPL�9 MNLQ=Wu�5�lQHX243ZMNL�9;MNL MNlbNNn 76x�LQ5�LQ\VH LQ5 NNnP3CUkl�L�9"MW=NFG7@\VH;x�L HXFG7Cj67@JKn o

• n 7 5�lQHX243ZMNL�?>769Il�L 9X=NF nPL 5�36=NjkLQ5�LQ\ZH;:<FI3�M \NJPLQ\�7�jkL�x�MNlQFXJKjkL � pCq$`��
• n 7
5�lQHX243ZMNL�?>769Il�L#9X=NFSnRQ l�YV=>7@HXJP36\�MNL�DE7@\AUkLQjbJK\ M47@\49SnRQ L�9 N>76x�L�MNL�9 NN2>769IL�9

(R,P )
� pCqsr��

a 7@\49enRQ 7@FXHXJPxQnPLS36FXJ_UsJK\>7@n MNL;c LQHXFI3BNB36nKJP9�� yso�� LQHeM47@\49�?BLC7@=4x�36=AN�M�Q 7�NANNnKJPxC7@HXJP36\49 NN=Wd
?NnKJPl�L�9�g nPL
MNlbNNn 76x�LQ5�LQ\ZH�MNL�9PNB36JK\VHI9 9IL G 7@JKH 9I=NJKj67@\ZH"=N\4L
587@FIxG24L�7@nPlC7@HI36JKFIL�nKJK?NFILsg
x$Q L�9IH O�MWJKFIL�7�jkL�x#n 7 F 
bUsnPL#MNL#MNlbNNn 76x�LQ5�LQ\VH 9X=NJKjs7@\VHIL\o

Rn+1 = Rn + τη
[ t8FKp�d ]

t=c



3��
η
L�9XH�=N\4L�js7@FXJ 7@?NnPL 7@nPlC7@HI36JKFIL�MNL�nP36J =N\NJnG 36FX5�L 9X=NF�nRQ JK\VHILQFXjs7@nKnPL

[−1
2 ,

1
2 ]
F DE7

NNFI36?>7@?NJKnKJKHIl�MNL HXFG7@\49XJKHXJP36\�769G9I3ZxQJPl�L L�9IH MN36\N\4l�LKN>7@F@o

p(Rn → Rn+1) =
1

(2τ)3Ne
χ(
Rn −Rn+1

τ
)

[ t8FKpCy ]
3��

χ
L�9XHSn 7 G 36\4xQHXJP36\ xC7@FG76xQHIlQFXJP9XHXJPYZ=4L�MNL#nRQ 2VU-NhLQFIxQ=N?BL�x�LQ\ZHXFIl�LQ\ q LQH;MNL�x �6HIl

τ
g

Ne
lQHG7@\ZHSnPL \4365�?NFIL�M�Q lQnPL�xQHXFI36\49SM47@\49SnRQ L�9 N>76x�L#36FIMWJK\>7@JKFIL�HXFXJPMWJK5�LQ\49XJP36\N\4LQn F
] nVL�9IHExQn 7@JKFmYZ=4L�x�L�xG2436J u�MNLJNNFI36?>7@?NJKnKJKHIl<MNLTHXFG7@\49XJKHXJP36\gNh36=NF jbJP9XJKHILQF nRQ L�9TN>76x�LeMNL

x�36\ �3Us=NFG7@HXJP36\�\DQ L�9XH N>769�3BNNHXJK587@n3NN=NJP9GYV=4L nPL�9 587@FIxG24LQ=NFI9 N>7@FIx�36=NFILQ\ZHeJK\4MWJnm lQFILQ5
d
5�LQ\ZH;\DQ JK5 NB36FXHIL YV=4LQnKnPL�FIlbUsJP36\�MNL�nRQ L�9 N>76x�L�9G7@\49;HILQ\NJKF;x�365 NNHIL MNL�9 NNFI36?>7@?NJKnKJKHIl�9
769G9I3ZxQJPl�L�9 F
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a �4\�MNL \4L N>769\N>7@FIx�36=NFXJKF O�nRQ 7CjkLQ=AUsnPL nRQ L�9 N>76x�L MNL�x�36\ �3Us=NFG7@HXJP36\ LQH8MN36\4x
M�Q l�xG2>7@\VHXJKnKnP36\N\4LQF
nPL�9 FIlbUsJP36\49KNBLQFXHXJK\4LQ\VHIL�9 O G 36FXHIL NNFI36?>7@?NJKnKJKHIlsg JKn�7,lQHIl NNFI3BNB3s9Il
� pCq$`�� =N\4L�7@=NHXFILe5�lQHX243ZMNL�YV=DQ 36\
7�NANhLQnKnPL�9I36=NjkLQ\VHm587@FIxI24L-7@nPlC7@HI36JKFILe?NJ 7@JP9Il�L F OWQ L�9XH
n 7;5�lQHX243bMNL-=NHXJKnKJP9Il�L-2>7@?NJKHX=4LQnKnPLQ5�LQ\VH<M47@\49 nPL�9T9XJK5�=Nn 7@HXJP36\49JX"c O F DE7 MWUZ\>7@5�JPYZ=4L
MNL�9 Nh36JK\ZHI9SL�9XH MN36\N\4l�LKN>7@F o

dR(t) =
∇Ψ

Ψ
[R(t)]dt+ dW (t)

[ t8F tsq ]
3�� 5 [�H ] L�9XH =N\ NNFI3Zx�L�9G9X=49mMNL 5 JPLQ\4LQF F Dm7;MWJP9GxQFIlQHXJP9G7@HXJP36\
HILQ5 Nh36FILQnKnPL-MN36\N\4L 7@nP36FI9
nPL�9 F 
bUsnPL�9SMNL MNlbNNn 76x�LQ5�LQ\VH 9X=NJKjs7@\VHIL�9 F

Rn+1 = Rn +
∇Ψ

Ψ
[Rn]τ +

√
τη

[ t8F tWp ]
3��

η
L�9XH;=N\�jkL�xQHILQ=NF 7@nPlC7@HI36JKFILgUV7@=49I9IJPLQ\�MN36\ZH HI36=NHIL�9 nPL�9;x�365 NB3s9G7@\VHIL�9�9I36\VH"JK\Wd

MNlbNBLQ\4M47@\VHIL�9 F RTnK=49^NNFIl�xQJP9GlQ5�LQ\VH

〈ηi〉 = 0

LQH

〈ηiηj〉 = δij

Dm7 NNFI36?>7@?NJKnKJKHIl�MNL HXFG7@\49XJKHXJP36\�MW= NNFI3Zx�L�9G9X=49 L�9XHS7@nP36FI9 o

t$d



p(Rn → Rn+1) = [
1√
πτ

]3Ne exp[−(Rn+1 −Rn −Rnτ)2

2τ
]

[ t8F tst ]

3��
b ≡ ∇ΨT (Rn)

ΨT (Rn)

L�9XH�7�NANhLQnPl�jkL�xQHILQ=NF�MNL,MNlQFXJKjkL [ 36=$MWFXJnG H ]�LQH
τ
L�9XH�nPL N>769
MNL

HILQ5 N49 F DE7�j67@nPLQ=NF MNL x�LPN>769 MNL HILQ5 N49 M47@\49 nRQ L�9 N>76x�L MNL x�36\ �3Us=NFG7@HXJP36\ L�9IH �NuNl�L
7Cj67@\ZH n 7�9XJK5�=Nn 7@HXJP36\ F

`ZJ
τ
L�9XH�HXFI3BN NBLQHXJKHCgTnPL�98MNlbNNn 76x�LQ5�LQ\ZHI9,9ILQFI36\VH�HXF 
�9<NhLQHXJKHI9 F ] n G 7@=4MWFG7 G 7@JKFIL

?BLC7@=4x�36=AN MNL@N>769;c�36\VHILvd_O-7@FXnP3 NB36=NF �QHXFIL�9 �NF;M�Q 7�jk36JKF Lvu8NNnP36FIl#HI36=NHSnRQ L�9TN>76x�L�LQH
7@JK\49IJ 36?NHILQ\NJKF;MNL�9 5�3�UkLQ\N\4L�9;x�36\ZjkLQF Ukl�L�9 F

`ZJ
τ
L�9XH HXFI3BN UsFG7@\4M g nPL�9 MNlbNNn 76x�LQ5�LQ\ZHI9�MNL�9WNB36JK\VHI9 9ILQFI36\ZHKNNnK=49;JK5 NB36FXHG7@\VHI9

LQH n 7gNNFI36?>7@?NJKnKJKHIl�MNL HI365�?BLQFSM47@\49 =N\4L#FIlbUsJP36\ NN2VUW9XJPYZ=4LQ5�LQ\VH JK\>76MW5�JP9I9IJK?NnPL#9ILQFG7
?BLC7@=4x�36=AN NNnK=49;JK5 NB36FXHG7@\VHIL F DJQ lQjklQ\4LQ5�LQ\ZH#9ILQFG7�9XUb9IHIlQ587@HXJPYV=4LQ5�LQ\ZH"FILHG =49Il�LQHSnPL
HG7@=Wu�M�Q 76x�x�LbNNHG7@HXJP36\ M47@\49;n 7<NNFI3bx�l�MW=NFIL M�Q 76x�x�LbNNHG7@HXJP36\(h0FILjiXLQH O�9X=NJKjbFIL�9ILQFG7\NNnK=49
G 7@JK?NnPL F

iS\�xQFXJKH 
QFILLNNFG7@HXJPYZ=4L�L�9XH;MNL �NuNLQF
τ
NB36=NF;36?NHILQ\NJKF"=N\ HG7@=Wu�M�Q 76x�x�LbNNHG7@HXJP36\�\NJ

HXFI3BN UsFG7@\4M#\NJZHXFI3BNLNhLQHXJKHCg0x$Q L�9XH!O MWJKFIL�H U-NNJPYZ=4LQ5�LQ\VH M47@\49EnRQ JK\ZHILQFXj67@nKnPLP[ eVq�� g c6q�� ] F
DJQ JK\VHXFI3bMW=4xQHXJP36\ MW= HILQFX5�L�MNL MNlQFXJKjkL�js7 76x�x�lQnPlQFILQF�n 7 x�36\ZjkLQF UkLQ\4x�L F^l \ LHG d

G LQHCg nPL@UsFG76MWJPLQ\ZH j67\G 7Cjk36FXJP9ILQF nPL�9 MNlbNNn 76x�LQ5�LQ\VHI9�MNL�9"FIlbUsJP36\49LO\G 7@JK?NnPL
MNLQ\49XJKHIl MNL
NNFI36?>7@?NJKnKJKHIl�jkLQFI9 nPL�9 FIlbUsJP36\49WO NNnK=49 2>7@=NHIL#MNLQ\49XJKHIl�MNLPNNFI36?>7@?NJKnKJKHIl F
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O<LbNhLQ\4M47@\ZHCgWnPL"MNlbNNn 76x�LQ5�LQ\ZHSMNL�9 NB36JK\VHI9 N>7@F-n 7�5�lQHX243ZMNL MNL"n 7�587@FIxI24L ?NJ 7@J d
9Gl�L�9I36=8mhFIL
M�Q =N\4L�nKJK5�JKHIL F ] n \DQ 7@FXFXJKjkL N>769@O,MNl�xQFXJKFIL�7�jkL�x NNFIl�xQJP9XJP36\ nPL�9 MNLQ\49XJKHIl�9
NNF 
�9,MNL�9�9X=NF G 76x�L�98\43bM47@nPL�9 [�J F L nPL�9 �C36\4L�9,3�� n 7 MNLQ\49XJKHIl�HILQ\4M�jkLQFI9 �ClQFI3:] F l \
LHm LQHCg nP36FI9IYZ=4L

ΨT
HILQ\4M jkLQFI9 q g nPL,MWFXJnG�H ∇ΨT

ΨT

js7�HILQ\4MWFIL,jkLQFI9
+∞ LQH�xQFIl�L�=N\

MNlbNNn 76x�LQ5�LQ\ZH HXFI3BN ?NFX=NHG7@n F DE785�lQHX243ZMNL MNL�DE7@\AUkLQjbJK\�j67�x�36FXFXJ_UkLQF x�LQH 769 NBL�xQHSn O
LQ\�G 7@JP9G7@\VH JK\VHILQFXjkLQ\NJKF�nPL,MWFXJnG H�\436\ N>769
MWJKFIL�xQHILQ5�LQ\VH�M47@\49 nPL�MNlbNNn 76x�LQ5�LQ\ZH8MNL�9
NB36JK\VHI9�gE587@JP9
JK\4MWJKFIL�xQHILQ5�LQ\ZH�jZJ 7 nPL85�365�LQ\ZH F DE7�MWUZ\>7@5�JPYZ=4L�MNL�Dm7@\AUkLQjZJK\)L�9XH
MNl �4\NJPL�M47@\49 nRQ L�9 N>76x�L#MNL�9Sx�36\ �3Us=NFG7@HXJP36\49;MNL n 7
587@\NJ�
QFIL�9X=NJKj67@\ZHIL\o

dR(t) =
1

m
P (t)dt

[ t8F tso ]

tsy



dP (t) = −∇V (R(t)) − γP (t)dt+ σdW (t)
[ t8F t�e ]

YZ=NJ 9IL MWJP9IxQFIlQHXJP9GL#LQ\




Rn+1 = Rn + τ
m
P ne

−γτ
2 − ( τ

2

2m )∇V (Rn)e
−γτ

4 + ηnR

P n+1 = P ne−γτ − ( τ2 )[∇V (Rn) + ∇V (Rn+1)]e
−γτ

2 + ηnP

[ t8F t$` ]

]_xQJ g
ηR
LQH
ηP
9G36\VH�MNL�9 jkL�xQHILQ=NFI9�UV7@=49I9XJPLQ\49Tx�36FXFIlQnPl�9 F DE7WNNFI36?>7@?NJKnKJKHIl MNL<HXFG7@\49XJKHXJP36\

7�NANNFI3bxI24l�L�L�9XHS7@nP36FI9Lo

P [(Rn, P n) → (Rn+1, P n+1)] =

Z−1exp[− 1

2(1 − c212)
((
|d1|
σ1

)2 + (
|d2|
σ2

)2 − 2c12
d1

σ1
.
d2

σ2
)]

[ t8F tsr ]
7CjkL�x

d1 = Rn+1 −Rn − τ
P n

m
e

−γτ
2 +

τ2

2m
∇V (Rn)e

−γτ
4

LQH

d2 = P n+1 − P ne−γτ +
1

2
τ [∇V (Rn + ∇V (Rn+1)]e−

γτ
2 ]
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nRQ JK\ZjkLQFI9XJP36\
MW=�5�365�LQ\VH F D Le\436=NjkLC7@= NB36JK\VH^[

Rn+1
∗ , P n+1

∗
] L�9IHm36?NHILQ\V=
LQ\@NNFILQ\>7@\ZH

nRQ 3BNANB3s9Il MW=�5�365�LQ\ZH
P
o

(Rn+1
∗ , P n+1

∗ ) = (Rn+1,−P n+1)
[ t8F t=c ]

τ
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a NNF 
�9 7�jk36JKFWNNFI3BNh3s9Gl =N\ \436=NjkLC7@= NB36JK\VHCg4n 7\NNFI3Zx�l�MW=NFIL M�Q 76x�x�LbNNHG7@HXJP36\(h0FILjiXLQH
js7 9G7@\4xQHXJP36\N\4LQFSx�L xG2436J u F Dm7 F 
bUsnPL#L�9XH-n 7
9X=NJKjs7@\VHIL F R 36=NF =N\4L \436=NjkLQnKnPLKNB3s9XJKHXJP36\
Rn+1 OgN>7@FXHXJKFSM�Q =N\4L�7@\4xQJPLQ\N\4L@Nh3s9XJKHXJP36\ Rn 36\ NB3s9IL o

A(Rn → Rn+1) = Min[1,
p(Rn+1 → Rn)Π(Rn+1)

p(Rn → Rn+1)Π(Rn)
]

[ t8F t$d ]

osq




 \ HXJKFIL#7@nP36FI9 =N\�\4365�?NFIL 7@nPlC7@HI36JKFIL#=N\NJnG 36FX5�L
η
LQ\VHXFIL q LQH p$F

`ZJ

A(Rn → Rn+1) ≥ η
[ t8F tsy ]

nPL�5�36=NjkLQ5�LQ\ZH L�9XH�76x�x�LbNNHIl LQH�nPL�\436=NjkLQn#lQnPlQ5�LQ\ZH�M47@\49,n 7 xG2>7��P\4L L�9XH
Rn+1 F

`ZJK\436\ g4nPL 5�36=NjkLQ5�LQ\VH L�9XH FILjiXLQHIl#LQH nPL \436=NjkLQnmlQnPlQ5�LQ\ZH;MNL n 7
xG2>7��P\4L�MNL#c�7@F �k3Cj
L�9IH

Rn
F ] \49IJP9XHI36\49;9I=NFSnPLKG 7@JKH;YZ=4LsgB7�NNF 
�9S=N\�FILji LQHCg>nRQ 7@\4xQJPLQ\ Nh36JK\ZH"L�9XH"x�36\49XJPM 
QFIL

x�365�5�L nPL�\436=NjkLC7@= Nh36JK\ZH LQH"L�9XH x�365 NNHIl
=N\4L@G 36JP9 MNL NNnK=49 M47@\49;nPL�9"5�3�UkLQ\N\4L�9 F
a;JK\49XJ g47�NNF 
�9

k
FILjiXLQHI9L[ 36\ G 7@JKH-MW= V 9X=NF^NNn 76x�LHZWNBLQ\4M47@\VH

k
HXJKFG7�UkL�9 ]�nPL�9 5�3CUkLQ\N\4L�9

x�36\ZHXJPLQ\4MWFI36\VH
k
� p G 36JP9 n 7 j67@nPLQ=NFSMNL�9S36?49ILQFXj67@?NnPL�9;LQ\�x�LKNB36JK\VH F

R 36=NF ?NJPLQ\�x�365 NNFILQ\4MWFIL#x�365�5�LQ\ZH G 36\4xQHXJP36\N\4L n 7gNNFI3Zx�l�MW=NFILsg3NNn 76A�36\49 \436=49 M47@\49
nPL xC769;9XJK5 NNnPL 3���n 7gNNFI36?>7@?NJKnKHIl�MNL HXFG7@\49XJKHXJP36\ L�9XH 9IUZ5�lQHXFXJPYZ=4L F

p(Rn → Rn+1) = p(Rn+1 → Rn)
[ t8F osq ]

a 7@\49 x�L�xC769 n OWg
A(Rn → Rn+1) = Min[1,

Π(Rn+1)

Π(Rn)
]

[ t8F oWp ]
DE36FI9IYV=4L

Π(Rn+1)
L�9XH NNnK=49 UsFG7@\4M�YZ=4L

Π(Rn)
g
A(Rn → Rn+1)

j67@=NH p$F D L;\436=Wd
jkLC7@= Nh36JK\ZH;L�9XH;MN36\4x�76x�x�LbNNHIl�7CjkL�x�x�LQFXHXJKHX=4MNL F OWQ L�9XHSnPL�xC769S3�� nPL�9S587@FIxI24LQ=NFI9 9IL
MNlbNNn 76x�LQ\ZHSMNL�9 �C36\4L�9 MNL ?>769I9GL NNFI36?>7@?NJKnKJKHIl#jkLQFI9-nPL�9 �C36\4L�9 MNL 2>7@=NHILPNNFI36?>7@?NJKnKJKHIl F
a 7@\49enPLSxC769e3��

Π(Rn+1)
L�9XH NNnK=49 NhLQHXJKH<YV=4L

Π(Rn)
gknPL \436=NjkLC7@= Nh36JK\ZHe\DQ L�9XH N>769

9IUb9XHIlQ587@HXJPYZ=4LQ5�LQ\VH�FILHG�=49Glsgs587@JP9�nRQ L�9XH�M�Q 7@=NHG7@\VH NNnK=49e9I36=NjkLQ\ZH�YZ=4L nPL FG7�NANB36FXH�MNL�9
MNLQ=Wu NNFI36?>7@?NJKnKJKHIl�9"L�9XH^NBLQHXJKH F c�7@JK\ZHILQ\>7@\VHCg nP36FI9IYZ=4L \436=49 =NHXJKnKJP9I36\49S=N\4LKNNFI36?>7@?NJ d
nKJKHIl MNL�HXFG7@\49XJKHXJP36\ \436\�9XUb5�lQHXFXJPYV=4L x�365�5�L M47@\49;nPL�xC769 MNL#n 78587@FIxI24L�7@nPlC7@HI36JKFIL
?NJ 7@JP9Gl�L�36=�n 7�5�lQHX243ZMNL�MNL#DE7@\AUkLQjbJK\ g x�LQHXHIL�JPMNl�LLUklQ\4lQFG7@nPL�9I=N?49XJP9XHILsg4x$Q L�9XHPO�MWJKFIL
YZ=4L"n 7LNNFI3bx�l�MW=NFIL M�Q 76x�x�LbNNHG7@HXJP36\(h0FILjiXLQH j67@G 7�jk36FXJP9ILQF-nPL�9 MNlbNNn 76x�LQ5�LQ\ZHI9SMNL�9 �C36\4L�9
MNLWG 7@JK?NnPL#MNLQ\49XJKHIl#jkLQFI9 nPL�9��C36\4L�9SMNLWG 36FXHIL#MNLQ\49XJKHIl F
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f;36=49 FIl�9I=N5�36\49 JPxQJ nPL�9 lQHG7�NBL�9SMNL nRQ 7@n_Uk36FXJKHX2N5�L�MNL#c LQHXFI3BNB36nKJP9
• � ��0 �J4 �
iS\4L�F 
bUsnPL<MNL�MNlbNNn 76x�LQ5�LQ\ZHeMNL�9.NB36JK\VHI9TL�9IH �NuNl�L F c�7@HX24lQ587@HXJPYV=4LQ5�LQ\ZHCgkx�LQn 7
FILQjZJPLQ\ZH O�xG2436JP9XJKF =N\4LKNNFI36?>7@?NJKnKJKHIl�MNL HXFG7@\49XJKHXJP36\

p(Rn → Rn+1)
F

oWp



• � ��0 �J4 5

 \�9ILeMN36\N\4L�=N\4L�FIlbN>7@FXHXJKHXJP36\
MNLJNB36JK\VHI9mJK\NJKHXJ 7@nPL

R0 FIlbN>7@FXHXJP9 7@nPlC7@HI36JKFILQ5�LQ\ZH
M47@\49 nRQ L�9 N>76x�L F a n 7,x�36\VjkLQF UkLQ\4x�Lsg nPL�9 FIl�9I=NnKHG7@HI9 \4L�MNlbNhLQ\4MNLQ\ZHLN>769#MNL
x�L
xI2436J u�JK\NJKHXJ 7@n F

• � ��0 �J4 �
Rm36=NFTxG2>76YV=4L<587@FIxI24LQ=NF

R
g@36\ xG24LQFIxI24L-=N\ \436=NjkLC7@= Nh36JK\ZH!NB36=NF n 7 587@FIxG24L F


 \<NNFI3BNB3s9IL^NB36=NF�x�LQn 7#=N\8\436=NjkLC7@=<NB36JK\VH
Rn+1 9X=NJKj67@\ZHen 7PNNFI36?>7@?NJKnKJKHIl"MNL

HXFG7@\49XJKHXJP36\
p(Rn → Rn+1)

F
• � ��0 �J4 	
DE7
\436=NjkLQnKnPLKNB3s9XJKHXJP36\

Rn+1 L�9XHS76x�x�LbNNHIl�L�7CjkL�x =N\4LKNNFI36?>7@?NJKnKJKHIl

A(Rn → Rn+1) = Min[1,
p(Rn+1 → Rn)Π(Rn+1)

p(Rn → Rn+1)Π(Rn)
]

[ t8F ost ]

`ZJ nPLWNB36JK\VH
Rn+1 L�9XH 76x�x�LbNNHIlsg Rn+1 MNLQjZJPLQ\ZH nPLS\436=NjkLC7@= NB36JK\VHCgN9XJK\436\ Rn

MNLQjZJPLQ\ZH nPLKNB36JK\VHS9I=NJKj67@\ZHSM47@\49 n 7
587@FIxG24L F
• � ��0 �J4 �


 \�FIL�x�365�5�LQ\4x�L nPL�9elQHG7�NhL�9 o LQH e 7@=NHG7@\VHeMNL^G 36JP9�YZ=DQ 36\�nPL MNl�9XJKFIL F RTnK=49�36\
JKH 
QFILsgBNNnK=49 nPL�9TLQFXFILQ=NFI9�9XHG7@HXJP9XHXJPYZ=4L�9T9ILQFI36\ZH�MWJK5�JK\V=4l�L�9 F 1m36=NHILHG 36JP9�n 7;x�36\ZHXFILvd
N>7@FXHXJPL;MNL"x�LQHXHIL NNFIl�xQJP9XJP36\,76x�xQFX=4L"L�9XH�=N\�HILQ5 N49-MNLSxC7@nPxQ=Nn�NNnK=49<JK5 Nh36FXHG7@\ZH F

f"36HI36\49e7@= N>769I9 7�UkL YV=4L NB36=NF�9XJK5�=NnPLQF�\436HXFIL MNLQ\49XJKHIl MNL NNFI36?>7@?NJKnKJKHIl
Π =

Ψ2
TR

Ψ2
T
dRJKnE\DQ L�9XH \V=Nnm?hL�9G36JK\�MNL�xC7@nPxQ=NnPLQFSnRQ JK\ZHIlbUsFG7@nPL ∫

Ψ2
TdR

NN=NJP9IYZ=4Lsg4x�365�5�L�36\ nPL jk36JKH
M47@\49SnPL�9 Lvu8NNFIL�9I9XJP36\49Cg49GLQ=Nn nPL#xC7@nPxQ=NnmMW=�FG7�NANB36FXH Ψ2

T
(Rn)

Ψ2
T

(Rn+1)

L�9XH \4l�x�L�9I9G7@JKFIL F I"LQ=Wd
FILQ=49GLQ5�LQ\VHCgbxC7@F�nPL xC7@nPxQ=Nn MNLSx�LQHXHIL JK\VHIlbUsFG7@nPL"MNL \436FX587@nKJP9G7@HXJP36\ [ l�YV=NJKjs7@nPLQ\VH O =N\4L
G 36\4xQHXJP36\ MNLgN>7@FXHXJKHXJP36\(]"L�9XH =N\ NNFI36?Nn�
Q5�L
\436\Wd HXFXJKjbJ 7@n F ^SLQ587@FIYZ=436\49 YV=4L \4LgN>769
7Cjk36JKF O LHm L�xQHX=4LQF x�L�xC7@nPxQ=Nn-7 lQHIl8=N\4L�MNL�9�xQnPLHG 9�MW=$9X=4x�x 
�9 MNL�nRQ 7@n_Uk36FXJKHX2N5�L,MNL
c�LQHXFI3BNB36nKJP9 nP36FI9SMNL 9G7
9G36FXHXJPL F
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xC7@nPxQ=Nn.X"c O
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l \ NNFG7@HXJPYZ=4Lsg4nPL \4365�?NFIL
N
MNL HXJKFG7�UkL�9 7@nPlC7@HI36JKFIL�9;M�Q =N\4L�9XJK5�=Nn 7@HXJP36\�c 36\ZHILvd

O-7@FXnP3 L�9XH HI36=BiX36=NFI9TLQ\
\4365�?NFIL �4\NJ g6x�L-YV=NJWJK5 NNnKJPYZ=4L�=N\4L LQFXFILQ=NFT9XHG7@HXJP9IHXJPYV=4L
ε(N)

9I=NF nPL#xC7@nPxQ=NnEMNL�9^NNFI3BNNFXJPlQHIl�9 F aSJK\49XJ g3Nh36=NF =N\4L#36?49GLQFXj67@?NnPL 
 YZ=4LQnPx�36\4YZ=4L\o

〈O〉exact = 〈O〉fini + ε(N)
[ t8F oso ]

7CjkL�x

ε(N) =
σ(O)√
Neff

[ t8F o�e ]
3��

σ
L�9XH�nRQ l�xC7@FXH d H U/NBL MNl �4\NJKH�x�365�5�L;n 7 FG76xQJK\4L"xC7@FXFIl�LSMNLSn 7 js7@FXJ 7@\4x�L;MNLSnRQ 36?49ILQF d

js7@?NnPL
O
o

σ2(O) = 〈(O − 〈O〉)2〉Π
[ t8F o$` ]

Neff = kN
[ t8F osr ]

7CjkL�x q�� � �#p$F
Neff

NBLQ=NH �QHXFILeJK\VHILQF NNFIlQHIl-x�365�5�L�nPL�\4365�?NFIL-MNL Nh36JK\ZHI9EFIl�LQnKnPLQ5�LQ\ZH
JK\4MNlbNBLQ\4M47@\VHI9"MNL n 7�xG2>7��P\4L�MNL c�7@F �k3Cj F

DJQ LQFXFILQ=NF�9XHG7@HXJP9IHXJPYV=4L�L�9XH�LQ\ ≈ 1√
Neff
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\4365�?NFIL
MNLWNNFI3bx�L�9I9ILQ=NFI9^N>7@F e3F O<LQHXHIL MNLQFX\NJ�
QFIL FILQ587@FIYZ=4L FILbNB3s9IL 9X=NF-=N\4L MNL�9 NNFI3BNNFXJPlQHIl�9
FILQ587@FIYZ=>7@?NnPL�9SMNL�9;9XJK5�=Nn 7@HXJP36\49;c 36\ZHILvd_O-7@FXnP3Ng�O
9 7�jk36JKFSM�Q �QHXFIL@N>7@F G 7@JKHILQ5�LQ\ZH N>70d
FG7@nKnPlQnKJP9 7@?NnPL�9 F8l \�LHmBLQHCgZn 7�5�lQHX243ZMNLWX c�O x�36\49XJP9IHILWO 9XJK5�=NnPLQF MNL�9�587@FIxG24L�9S7@nPlC70d
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MNL�nRQ lQ\4LQF UsJPL,js7@FXJ 7@HXJP36\N\4LQnKnPL F f;36=49 jkLQFXFI36\49gNNnK=49
nP36JK\ nPL�F��6nPL@i 36=4l N>7@F
n 7 G 36\4xvd
HXJP36\ M�Q L�9I9G7@JeM47@\49�n 7�5�lQHX243bMNL a JnmB=49XJP36\ c�36\VHILvd_O-7@FXnP3 [ a c�O^]vg LQ\�N>7@FXHXJPxQ=NnKJPLQF
LQ\�FG7�NANB36FXH;7CjkL�x nRQ LQFXFILQ=NFS9XUW9XH��587@HXJPYZ=4L MWJKHIL LQFXFILQ=NFSMNL�9 V \ � =4MN9 �NuNl�9 Z F ] \49XJP9XHI36\49
9I=NF nPLgG 7@JKH#YZ=4L
nPL�xI2436J u M�Q =N\4LgG 36\4xQHXJP36\ M�Q L�9I9G7@J�L�9XH =N\ NNFI36?Nn�
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nPL�9�5�lQHX243bMNL�9<c�36\VHILvd_O-7@FXnP3
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DJQ lQ\4LQF UsJPL#js7@FXJ 7@HXJP36\N\4LQnKnPL
EVMC

36?hlQJKH"7@= NNFXJK\4xQJ_NhL js7@FXJ 7@HXJP36\N\4LQn o

EVMC ≥ E0
[ t8F o=c ]

DEL�xC769 nKJK5�JKHIL
EVMC

� E0
L�9XH�7@HXHILQJK\ZH#nP36FI9IYZ=4L

ΨT = Ψ0
F�a 7@\49�x�L�xC769 n OWgBn 7

js7@FXJ 7@\4x�L#MNL nRQ lQ\4LQF UsJPL#nP3ZxC7@nPL#L�9IH \V=NnKnPL F

EL ≡ ĤΨT

ΨT
≡ ĤΨ0

Ψ0
≡ E0

[ t8F o$d ]
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DE7 5�lQHX243ZMNL MNL MWJnmh=49XJP36\ MNL c�36\VHILvd_O-7@FXnP3�[ a c�O^] NBLQFX5�LQH�M�Q 36?NHILQ\NJKF�n 7
9G36nK=NHXJP36\ MNL nRQ l�YV=>7@HXJP36\ MNL�`bxG2NFTSZMWJK\AUkLQF�9XHG7@HXJP36\N\>7@JKFIL F R 36=NF�x�LQn 7Wg�36\ 769I9XJK5�JKnPL
nRQ l�YZ=>7@HXJP36\ MNL `bxG2NFTSZMWJK\AUkLQF,LQ\%HILQ5 N498JK587�UsJK\>7@JKFIL�[�H → −it ]\O�=N\4L�l�YZ=>7@HXJP36\
M�Q lQjk36nK=NHXJP36\ MNL n 7 MNLQ\49XJKHIl�M�Q =N\9NNFI3Zx�L�9I9I=49�MNL MWJnmh=49XJP36\ YZ=DQ JKn;9ILQFG7 7@nP36FI9 NB3s9 d
9IJK?NnPL�MNL,9XJK5�=NnPLQF�9X=NF 5876xI2NJK\4L�LQ\$=NHXJKnKJP9G7@\ZH�nPL NB36JK\VH�MNL�jb=4L�MNL,DE7@\AUkLQjbJK\%MNL�9
NNFI3bx�L�9I9X=49\[ l�YZ=>7@HXJP36\ MWJnm lQFILQ\VHXJPLQnKnPL�9XHI3bxI2>769IHXJPYV=4L�769I9I3bxQJPl O�=N\ NNFI3Zx�L�9I9I=49 ] F c�70d
HX24lQ587@HXJPYZ=4LQ5�LQ\VHCgZJKn>9�Q 7�UsJKH�MNL FIl�9I36=4MWFIL =N\4LSl�YV=>7@HXJP36\�MNL w43Zx �kLQF d RTn 7@\4x�� O nRQ 7@JPMNL
MNL�n 7 G 36FX5�=NnPL MNL#w4LQUb\N587@5
d��#76x F O<36\4xQF 
QHILQ5�LQ\VHCgBn 7�9IJK5�=Nn 7@HXJP36\�5�LQHXHXFG78LQ\<i LQ=
HXFI36JP9 NNFI3Zx�L�9I9I=49 lQnPlQ5�LQ\VHG7@JKFIL�9go

o�e



• =N\ NNFI3Zx�L�9G9X=49 MNL#MWJnmB=49XJP36\�nKJK?NFIL<[�5�36=NjkLQ5�LQ\VH :<FI3�M \NJPLQ\ nKJK?NFIL&]
• =N\ HILQFX5�L,MNL�MNlQFXJKjkL�MNlQHILQFX5�JK\NJP9IHIL�x�36\49IHXFX=NJKH O N>7@FXHXJKF�MW= jkL�xQHILQ=NF d MNlQFXJKjkL[ MWFXJnG�H ]
• =N\KNNFI3Zx�L�9I9I=49 MNLT?NFG7@\4xI24LQ5�LQ\ZH [�?NFG7@\4xG2NJK\AU/] 36=KNNFI3bx�L�9I9X=49EMNL 5�36FXH h0\>7@JP9I9G7@\4x�L[�?NJKFXHX2(h@MNLC7@HX2 NNFI3bx�L�9I9 ]

Dm7 N>7@FXHXJPL�YZ=NJk9X=NJKHm7 NB36=NF ?N=NHEMNL NNFIl�9ILQ\ZHILQFEnPL�9E769 NBL�xQHI9 HX24l�36FXJPYZ=4L�9EMNL n 7-5�lQHX243bMNL
a c O � ysr��

�����*��� � � �0��!%� � 
�& � ��� � ��"�	��

O<36\49XJPMNlQFI36\49 nRQ l�YZ=>7@HXJP36\ MNL�`bxG2NFTSZMWJK\AUkLQF"LQ\�HILQ5 N49 JK587�UsJK\>7@JKFIL o
∂Φ(R, t)

∂t
= [D∇2 − (V (R) −ET )]Φ(R, t)

[ t8F osy ]
a 7@\49 x�LQHXHIL<l�YV=>7@HXJP36\

D = ~

2me

g
V (R)

L�9XH nPL Nh36HILQ\ZHXJPLQnWx�36=NnP365�?NJPLQ\�M�Q JK\VHILQFG76xQHXJP36\
LQ\ZHXFIL nPL�9SMWJnm lQFILQ\VHIL�9;xI2>7@F UkL�9g[ LQ\�=N\NJKHIl�9;7@HI365�JPYZ=4L�9 ]Po

V (R) =
∑

i>j

1

rij
−
∑

i,α

Zα
ri,α

+
∑

α>β

ZαZβ
rαβ

[ t8F eVq ]

3�� nPL�9,JK\4MWJPx�L�9�n 7@HXJK\49�x�36FXFIL�9TNh36\4MNLQ\ZH 7@=Wu lQnPL�xQHXFI36\49�LQH�nPL�9,JK\4MWJPx�L�9 UsFIL�x�9 7@=Wu
\43�UV7@=WuBg>LQH

ET
L�9XH =N\4L�lQ\4LQF UsJPL#MNL FIlHG lQFILQ\4x�L�7@FX?NJKHXFG7@JKFIL F

l \ FIl�9I36nKjs7@\VH;nRQ l�YV=>7@HXJP36\ t8F osy g>36\ 36?NHXJPLQ\VH LQ\ MNl�x�365 NB3s9G7@\VH 9X=NF n 7
?>769GL�MNL�9
G 36\4xQHXJP36\49 NNFI3BNNFIL�9;MNL nRQ I"7@5�JKnKHI36\NJPLQ\ o

Φ(R, t) =
∑

i

Nie
−(Ei−ET )tΦi(R)

[ t8F e4p ]

3��

Ni = 〈Φ(R, 0)|Φi〉
[ t8F eVt ]

DEL�9
Ei
9I36\VHSnPL�9 j67@nPLQ=NFI9 NNFI3BNNFIL�9 MNL nRQ I 7@5�JKnKHI36\NJPLQ\ LQH nPL�9 G 36\4xQHXJP36\49

Φi
nPL�9 lQHG7@HI9

NNFI3BNNFIL�9<769I9I3bxQJPl�9 F R 36=NF�=N\�HILQ5 N49�9X= �89G7@5�LQ\ZHenP36\AU4gV9GLQ=NnNnPL HILQFX5�LSMNL^NNnK=49e?>769I9IL
lQ\4LQF UsJPL�9X=N?49XJP9XHIL o

Φ(R, t) = N0e
−(E0−ET )tΦ0(R)

[ t8F eVo ]
l \ NNFILQ\>7@\VH

ET = E0
g>36\ 36?NHXJPLQ\ZH 7@nP36FI9;=N\ lQHG7@H NNFI3BNB36FXHXJP36\N\4LQnJO
nRQ lQHG7@H G 36\4M470d

5�LQ\ZHG7@n
Φ0

o$`
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^SLbNNFILQ\436\49 nRQ l�YZ=>7@HXJP36\�MNL�`bxG2NFTSZMWJK\AUkLQF LQ\ HILQ5 N49 JK587�UsJK\>7@JKFILW[ l Y F t8F osy ] F f;36=49
NB36=Njk36\49 MNl�x�365 NB3s9ILQFSnPL 5�LQ5�?NFIL�MNL#MWFI36JKHIL�LQ\�MNLQ=Wu,HILQFX5�L�9@o

• D∇2 YZ=NJ g�9�Q JKnklQHG7@JKHE9GLQ=Nn g�NhLQFX5�LQHXHXFG7@JKHmM�Q JK\VHILQF NNFIlQHILQF nRQ l�YV=>7@HXJP36\ t8F osy x�365�5�L
=N\\NNFI3bx�L�9I9X=49eMNLSMWJnmh=49XJP36\8nKJK?NFIL YV=NJ,Nh36=NFXFG7@JKH �QHXFIL 9XJK5�=NnPl N>7@Fe=N\4L 587@FIxG24L
7@nPlC7@HI36JKFIL#nKJK?NFIL#MNLPN>7@FXHXJPxQ=NnPL�9SJK\4MNlbNhLQ\4M47@\ZHIL�9KO HXFG7�jkLQFI9 nRQ L�9TN>76x�L F

• −[V (R)−ET ]Φ(R)
YV=NJ gs9&Q JKn4lQHG7@JKHe9ILQ=Nn gBNBLQFX5�LQHXHXFG7@JKHeM�Q JK\VHILQF NNFIlQHILQF<nRQ l�YV=>70d

HXJP36\ x�365�5�L nRQ l�YZ=>7@HXJP36\ M�Q lQjk36nK=NHXJP36\�M�Q =N\ NNFI3Zx�L�9I9I=49 MNL 5�36FXH h0\>7@JP9I9G7@\4x�L
D Q l�YV=>7@HXJP36\ t8F osy NBLQ=NHeMN36\4x �QHXFILS9XJK5�=NnPl�L \V=N5�lQFXJPYZ=4LQ5�LQ\VH^N>7@F�=N\4LSx�365�?NJK\>7@JP9I36\
M�Q =N\*NNFI3Zx�L�9I9I=49�MNL�MWJnmB=49XJP36\�LQH8MNL�5�36FXH h0\>7@JP9G9G7@\4x�L F ^;LQ587@FIYV=436\49�M 
�9<O NNFIlvd
9GLQ\VH�YZ=4L NB36=NF\NBLQFX5�LQHXHXFIL =N\4L HILQnKnPL 7@\>7@nP3BUsJPL�LQ\VHXFIL n 7 G 36\4xQHXJP36\ M�Q 36\4MNL�LQH�n 7
MNLQ\49IJKHIl�M�Q =N\)HILQn^NNFI3Zx�L�9I9I=49Cg JKn-L�9IH \4l�x�L�9G9G7@JKFIL�YV=4L,n 7 G 36\4xQHXJP36\�M�Q 36\4MNL�9I36JKH�MNL
9IJ_Us\4L#x�36\49XHG7@\VH ['Nh3s9IJKHXJKjkL#36=�\4lbUV7@HXJKjkL O
=N\ xI2>7@\AUkLQ5�LQ\VH MNLKNN2>769ILLNNF 
�9 ] F O<LQHXHIL
x�36\ZHXFG7@JK\VHIL�L�9IH"jklQFXJ �>l�L NB36=NF nPL�9 9XUb9IH 
Q5�L�9;?B3s9I36\NJPYZ=4L�9 587@JP9 \4L nRQ L�9XHPNNnK=49 NB36=NF
nPL�9�9XUW9XH 
Q5�L�9PG LQFX5�JP36\NJPYV=4L�9 F f;36=49�FILQjZJPLQ\4MWFI36\49 9X=NF�x�LQHXHIL8YV=4L�9XHXJP36\ JK5 Nh36FXHG7@\ZHIL
N>7@FSn 7
9X=NJKHIL F

D L NNFI3bx�L�9I9X=49,MNL 5�36FXH h0\>7@JP9I9G7@\4x�L�js7 MWJK5�JK\Z=4LQF�n 7 MNLQ\49XJKHIl�MNL NNFI36?>7@?NJKnKJKHIl
M47@\49
nPL�9
FIlbUsJP36\4983��

V (R)
L�9XH NNnK=49\UsFG7@\4M)YV=4L�nRQ lQ\4LQF UsJPL�MNL�FIlHG lQFILQ\4x�L

ET
LQ\

HX=>7@\ZH 7CjkL�x\UsFG7@\4MNL\NNFI36?>7@?NJKnKJKHIl�MNL�9#587@FIxG24LQ=NFI9�9GL�HXFI36=Nj67@\ZH�M47@\49�x�LQHXHIL�FIlbUsJP36\
LQH8nRQ 7@=AUs5�LQ\VHILQF,M47@\49�nPL�9�FIlbUsJP36\49�3��

V (R)
L�9XH<NNnK=49 NhLQHXJKH�YV=4L

ET
LQ\�xQFIlC7@\ZH

MNL�9�x�3BNNJPL�9�MNL�9 587@FIxG24LQ=NFI9gO,x�L�9#LQ\4MWFI36JKHI9�n O F O<LbNBLQ\4M47@\VHCg JKn�L�9IH JK5 Nh36FXHG7@\ZH�MNL
FILQ587@FIYZ=4LQFSYZ=4L nPLKNB36HILQ\VHXJPLQnEx�36=NnP365�?NJPLQ\

V (R)
\DQ lQHG7@\VH N>769 ?B36FX\4lsgNnRQ =NHXJKnKJP9G7@HXJP36\

M�Q =N\ HILQnDNNFI3Zx�L�9G9X=49 MNL 5�36FXH h0\>7@JP9I9G7@\4x�L@NhLQ=NH;MNLQjkLQ\NJKFSHXF 
�9 JK\4L
�8xC76x�LgO�xC7@=49IL MNL
HXFI3BN UsFG7@\4MNL�9	�4=4xQHX=>7@HXJP36\49 MNLLNB3BNN=Nn 7@HXJP36\ F R 36=NF;5�JPLQ=Wu Us=NJPMNLQF;nPL@NNFI3Zx�L�9I9I=49SMNL
MWJnmB=49XJP36\8LQH�nKJK5�JKHILQFenRQ Lvu8NNnP3s9XJP36\�MNLSn 7PNB3BNN=Nn 7@HXJP36\ gV36\8=NHXJKnKJP9GL n 7 HIL�xG2N\NJPYV=4L"MWJKHeMNL
nRQ V l�xG2>7@\VHXJKnKnP36\N\>7�UkL
9ILQnP36\�nRQ JK5 NB36FXHG7@\4x�LHZ<[�JK5 Nh36FXHG7@\4x�L�9G7@5 NNnKJK\AU/] F
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DJQ l�xI2>7@\ZHXJKnKnP36\N\>7�UkL�9ILQnP36\�nRQ JK5 NB36FXHG7@\4x�L#L�9XH-=N\4L 5�lQHX243bMNLPNhLQFX5�LQHXHG7@\ZHSM�Q lQHX=Wd
MWJPLQFSnPL�9^NNFI3BNNFXJPlQHIl�9;M�Q =N\4L�MWJP9XHXFXJK?N=NHXJP36\ LQ\�=NHXJKnKJP9 7@\VHS=N\ l�xI2>7@\VHXJKnKnP36\N\>7�UkL�769I9G3ZxQJPl
O�=N\4L�MWJP9XHXFXJK?N=NHXJP36\ 7@nKHILQFX\>7@HXJKjkL F l nKnPLLNBLQFX5�LQH;MNL�MWJK5�JK\V=4LQF"nPL�9 �4=4xQHX=>7@HXJP36\49 9XHG70d

osr



HXJP9IHXJPYV=4L�9#MNL�9�YV=>7@\ZHXJKHIl�9 O,xC7@nPxQ=NnPLQF�LQ\ MNl�xQFI36JP9I9 7@\VH�nPL�9#j67@FXJ 7@HXJP36\49#9TN>7@HXJ 7@nPL�9�MNL�9
L�9IHXJK587@HILQ=NFI9 O 5�3CUkLQ\N\4LQF F O<36\4xQF 
QHILQ5�LQ\VHCg-nRQ l�YZ=>7@HXJP36\ t8F osy L�9IH85�=NnKHXJ_NNnKJPl�L N>7@F
=N\4L@G 36\4xQHXJP36\�M�Q L�9I9 7@J

ΨT (R)
LQH 36\�xI24LQFIxI24L nRQ l�YZ=>7@HXJP36\�jklQFXJ �>l�L N>7@F"n 7�\436=NjkLQnKnPL

MWJP9IHXFXJK?N=NHXJP36\�MN36\N\4l�L N>7@F
f(R, t) = Φ(R, t)ΨT (R)

F a N>7@FXHXJKF-MNL"nRQ l�YZ=>7@HXJP36\ t8F osy
JKn L�9IH G 76xQJKnPL#MNL#jklQFXJnG LQF YZ=4L nRQ 36\ 7 o

∂f(R, t)

∂t
= [D∇2f −D∇(FQ(R)f) − (EL(R) −ET )f

[ t8F e$e ]
7CjkL�x

EL = HΨT

ΨT

[ lQ\4LQF UsJPL�nP3bxC7@nPL&]�LQH
FQ = ∇ln|ΨT (R)|2 = 2∇ΨT

ΨT

F DJQ l�YZ=>70d
HXJP36\,MNl�xQFXJKH OLNNFIl�9GLQ\VH-=N\ NNFI3Zx�L�9I9I=49�MNL"MWJnmh=49IJP36\ NB36=NF<n 7�MNLQ\49XJKHIl MNL NNFI36?>7@?NJKnKJKHIl
f(R, t)

LQH =N\ NNFI3Zx�L�9I9I=49 MNL�?NFG7@\4xI24LQ5�LQ\ZH<769I9G3ZxQJPl O
(EL(R)−ET )

F aS=�x�36\ZHXFG7@JKFIL
MNLSx�L YV=DQ 36\�7�js7@JKH NNFIl�x�L�MNLQ5�5�LQ\VHCg-NB36=NFT=N\�xG2436J u�MNL

ΨT
nKJK5�JKHG7@\VH�nPL�9�js7@FXJ 7@HXJP36\49

MNL
EL

LQH NB36=NFS=N\�xI2436J u MNL
ET

76MNl�YV=>7@HCg nPL#HILQFX5�L MNL#?NFG7@\4xG24LQ5�LQ\VHKNBLQ=NH �QHXFIL
x�36\ZHXF��6nPl F iS\�7@=NHXFILeHILQFX5�L G 7@JKHm9I36\�7�NAN>7@FXJKHXJP36\�M47@\49mnRQ l�YZ=>7@HXJP36\ gBOS9G7Cjk36JKFmnPL�HILQFX5�L
MNLSMNlQFXJKjkL;769I9I3bxQJPl O

FQ
F=a 7@\49�nPL�9TFIlbUsJP36\49<3�� |ΨT |2

L�9IH G 7@JK?NnPLsgknPL jkL�xQHILQ=NF
FQ

L�9XH
MNL UsFG7@\4M 5�3ZMW=NnPL-LQH�iX36=4LenPL<F��6nPL<M�Q =N\4L G 36FIx�L-MNLeFG7�NANBLQn F O<L<HILQFX5�L�js7;MN36\4x NB36=49 d
9GLQF nPL�9E587@FIxG24LQ=NFI9 MNL�9EFIlbUsJP36\49 MNL G 7@JK?NnPLeMNLQ\49XJKHIlejkLQFI9EnPL�9EFIlbUsJP36\49mMNLJG 36FXHIL�MNLQ\49XJKHIl F

�����*��� � ��
�� 
���� � 
�� � � 
%� � � �

[;=436JPYV=4L�FILbNh3s9G7@\ZHSHI36=NHIL�9"MNLQ=Wu 9X=NFSMNL�9 NNFI3Zx�L�9I9I=49S9XHI3bxI2>769XHXJPYZ=4L�9Cg MW= NB36JK\VH
MNL
jb=4L HX24l�36FXJPYV=4Lsg nPL�9 5�lQHX243ZMNL�9LX"c O LQH a c O'9I36\ZH#MWJP9XHXJK\4xQHIL�9 F DE7�5�lQHX243bMNL
X c O)FILbNB3s9IL"9X=NF-=N\�l�xG2>7@\VHXJKnKnP36\N\>7�UkL�M�Q =N\4L MNLQ\49IJKHIl"MNL NNFI36?>7@?NJKnKJKHIl

Ψ2
T

MN36\N\4l�L
����� �#$ � �<HG7@\4MWJP9�YV=4L,n 7�5�lQHX243bMNL a c O FILbNh3s9IL�9I=NF�n 7 NNFI3�i L�xQHXJP36\�MNL,n 7 G 36\4xvd
HXJP36\�M�Q 36\4MNL Lvu476xQHIL

Φ0
9X=NF-n 7 G 36\4xQHXJP36\�M�Q 36\4MNL#M�Q L�9I9G7@J

ΨT
36= gN7@nKHILQFX\>7@HXJKjkLQ5�LQ\VH

x�365�5�L#nRQ l�xI2>7@\VHXJKnKnP36\N\>7�UkL
MNL n 7
MNLQ\49IJKHIl#MNLKNNFI36?>7@?NJKnKJKHIl
ΨTΦ0

F
`Z=NF =N\ NNn 7@\�7@n_Uk36FXJKHX2N5�JPYZ=4LsgsnP36FI9IYZ=4L<\436=49T9X=ANANNFXJK5�36\49TnRQ lQHG7�NBL<MNL<?NFG7@\4xG2NJK\AU

MNL<n 7;5�lQHX243bMNL a c O"g@\436=49 FILQHI365�?B36\49�9X=NF =N\4L�5�lQHX243bMNL X c�O F OWQ L�9XH�Nh36=NFIYZ=436J
n 7 NNFILQ5�J�
QFIL#lQHG7�NBL M�Q =N\�xC7@nPxQ=Nn a c�O*NB36=NF<=N\4L G 36\4xQHXJP36\

ΨT
MN36\N\4l�L x�36\49XJP9XHILKO

l�xG2>7@\VHXJKnKnP36\N\4LQF n 7�MNLQ\49XJKHIl"MNL NNFI36?>7@?NJKnKJKHIl |ΨT |2
F O<365�5�LQ\4x�LQF-=N\�xC7@nPxQ=Nn a c O O

N>7@FXHXJKF-MNL n 7�MNLQ\49XJKHIlSMNL NNFI36?>7@?NJKnKJKHIl X"c O"gZ7@=�nKJPLQ=�M�Q =N\4L"MNLQ\49XJKHIl;MNL NNFI36?>7@?NJKnKJKHIl
=N\NJnG 36FX5�Lsg#NhLQFX5�LQH MNL�FIl�MW=NJKFIL�nPL�9��4=4xQHX=>7@HXJP36\49
LQH�MNL G 7@JKFIL8x�36\ZjkLQF UkLQF
nPL8xC7@nPxQ=Nn
NNnK=49 FG7�NNJPMNLQ5�LQ\VH F

o=c



f;36=49�7@nKnP36\49 jk36JKF\O NNFIl�9ILQ\ZH
nPL�9�H U/NBL�9
M�Q LQFXFILQ=NFI9 NNFIl�9ILQ\VHIL�9�M47@\49 =N\)xC7@nPxQ=Nn
a c O F
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1E36=NH8x�365�5�L�M47@\49�n 7�5�lQHX243bMNL X c�O"g nRQ LQFXFILQ=NF89XHG7@HXJP9IHXJPYV=4L
ε(N)

769I9I3bxQJPl�L
7@= xC7@nPxQ=Nn�MNL
n 7�5�3CUkLQ\N\4L8M�Q =N\4L�36?49ILQFXj67@?NnPL
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n 7�5�lQHX243bMNL
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c�36nPL�xQ=NnPL w f d a c O O O ` a [ 1 ] h@x�xvdRNAX 1�� O O ` a [ 1 ] h@x�xvdRNAX a �

I
2

d p$FKp&c6osy [ p ] d p$FKp&c6tso d p$FKpCrso�e
O I

2
d osy8FKpspCr$` [ o ] d osy8F qsrWpbe d osy8F qststsq

O I
4

d eVq8Ff`sqsq$` [ o ] d eVq8F eVo$dWp d eVq8F o$dsr$d
fWI

3
d `sr8Ff`�e:d$` [ e ] d `sr8F e/c6ost d `sr8F eVqstsq

I
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 d c6r8F eVtsq=c [ t ] d c6r8F osostst d c6r8F t�e4pCq

O
2
I

2
d c$c-F oWpspCq [ e ] d c$c-FKp�d=c6r d c$c-FKpCqsyst

O
2
I

4
d cBd8Ff`sr�e$e [ o ] d cBd8F eVo$d$d d cBd8F o$`�e$e

I;f O d yso8F osy$d=c [ e ] d yso8F t=cB`Wp d yso8FKp�d$d�e
I"w d pCqsq8F e$eVrsr [ o ] d pCqsq8F oso=c6y d pCqsq8F tst=cB`
f

2
d pCqsy8Ff`sq�eVr [ o ] d pCqsy8F o=c6osy d pCqsy8F t=cB`so

f
2
I

2
d pspCq8F rsq$`�e [ ` ] d pspCq8F e/cBdsq d pspCq8F osr=c6q

O 
 d pspCo8F t$d=c$c d pspCo8FKp�`$`$` d pspCo8F q$`�e$e
I

2
O 
 d pspbe3F e/c6osy [ e ] d pspbe3F ososo$d d pspbe3F tWp�dso

I"f 
 d pCosq8F eVo=cbp [ e ] d pCosq8F tsy$d�e d pCosq8FKp&cbpCq
I

2
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d p�`Wp$Ff`stWpCo [ o ] d p�`Wp$F o$`$dsr d p�`Wp$FKpCyso=c

I 
 w d p&cB`8Ff`WpCtsq [ e ] d p&cB`8F oso�eVo d p&cB`8FKp�`WpCy
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2
d p�d$d8Ff`�eVtsy [ e ] d p�d$d8F ost=cbp d p�d$d8FKpbe/cB`

w
2

d pCysy8F e:d�e4p [ e ] d pCysy8F tsysrWp d pCysy8F qsy=cB`
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d tst$`8F o�e4pCq [ e ] d tst$`8FKpCostsr d tst�e3F ysqsyWp
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∆
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∆
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� I

2 → O
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d e$eVr [ t ] d e$eVt [ t ] e d e:`Wp d ` d e:`=c d psp
f

2
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�WI

2 −174b
d pCyst [ t ] d p�d d p&c6y d ` d p�d$d d pbe
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 �WI
2 → I

2
O 
 d tWp [ p ] d ost [ t ] d psp d pCr ` d p tsq
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� o I

2 → t fWI
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d pCr�e [ p ] d p�dsr [ t ] d tst d pbeVr p�d d pCqWp rso
w
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�WI

2 → t I"w d `srso [ p ] d rWp�d [ t ] d `$` d `�e:` p�d d `WpCq `so
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^SLbNNFILQ\436\49 nRQ l�YZ=>7@HXJP36\ MNL�`bxG2NFTSZMWJK\AUkLQF [�HILQ5 N49 FIl�LQn gN=N\NJKHIl�9;7@HI365�JPYV=4L�9 ]Ko

i
∂φ(R, t)

∂t
= (Ĥ −ET )φ(R, t)

[ t8F eVr ]

7CjkL�x
Ĥ
nRQ 2>7@5�JKnKHI36\NJPLQ\ MW= 9XUW9XH 
Q5�L�LQH

ET
=N\4L lQ\4LQF UsJPL
MNL�FIlHG lQFILQ\4x�L�7@FX?NJKHXFG7@JKFIL F

l \ N>769I9G7@\ZHSLQ\�HILQ5 N49 JK587�UsJK\>7@JKFILsg x$Q L�9XH O�MWJKFIL
t→ it

JKn jbJPLQ\VHgo

∂φ(R, t)

∂t
= −(Ĥ −ET )φ(R, t)

[ t8F e/c ]

YZ=NJ�NBLQ=NHS9IL"FIl�l�xQFXJKFIL�9I36=49 n 7 G 36FX5�L\o

φ(R, t+ τ) =

∫
G(R → R′, τ)φ(R′, t) dR′ [ t8F e:d ]

3��
G(R → R′, τ)

L�9IH =N\4LWG 36\4xQHXJP36\ MNL � FIL�LQ\ YZ=NJ 36?hlQJKH O�n 7 5��Q5�L#l�YV=>7@HXJP36\�o

∂G(R → R′, t)
∂t

= −(Ĥ(R) −ET )G(R → R′, t)
[ t8F eVy ]

7CjkL�x#x�365�5�L�x�36\4MWJKHXJP36\ JK\NJKHXJ 7@nPL<o

G(R → R′, 0) = δ(R −R′)
[ t8Ff`sq ]

O<LQHXHILKG 36\4xQHXJP36\ L�9IH MNL n 7 G 36FX5�L<o

G(R → R′, τ) = 〈R| exp[−τ(Ĥ(R) −ET )]|R′ >
[ t8Ff`Wp ]

l \�=NHXJKnKJP9G7@\VHSn 7�MNl�x�365 Nh3s9IJKHXJP36\ 9 NBL�xQHXFG7@nPL#MNL nRQ 3BNBlQFG7@HILQ=NF
exp[−τĤ]

g

exp(−τĤ) = Σi|ψi〉 exp(−τEi)〈ψi|
[ t8Ff`st ]

n 7 G 36\4xQHXJP36\ MNL � FIL�LQ\ 9IL FIl�l�xQFXJKH@o

G(R → R′, t) = Σi exp[−τ(Ei −ET )]ψi(R)ψ∗
i (R

′)
[ t8Ff`so ]
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D 36FIYV=4L�nRQ l�YZ=>7@HXJP36\)MNL�`bxG2NFTSZMWJK\AUkLQF�9GL8FIl�MW=NJKH\O nRQ l�YV=>7@HXJP36\)M�Q lQjk36nK=NHXJP36\%MW=
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∂φ(R, τ)

∂τ
=

1

2

N∑

i

∇2
iφ(R, τ)

[ t8Ff`�e ]

n 7 G 36\4xQHXJP36\ MNL � FIL�LQ\ 9�Q l�xQFXJKHLo

G(R → R′, τ) = [
1

(
√

2πτ
]3Ne exp[

−|R′ −R|2
2τ

]
[ t8Ff`$` ]

l nKnPLPNhLQ=NH �QHXFIL JK\ZHILQF NNFIlQHIl�L�x�365�5�L =N\4L MNLQ\49XJKHIl MNLPNNFI36?>7@?NJKnKJKHIl�MNL HXFG7@\49XJKHXJP36\�LQH
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D 36FI9IYZ=4L�nRQ 36\�FG71i 36=NHIL�=N\ Nh36HILQ\ZHXJPLQn
V
7@=�HILQFX5�L xQJK\4lQHXJPYV=4L

T
MNL#nRQ I 7@5�JKnKHI3@d

\NJPLQ\ g
Ĥ = T̂+V̂

\436=49 =NHXJKnKJP9G36\49m7@nP36FI9 n 7 G 36FX5�=NnPLeMNL�1 FI36HXHILQF d_`Z= ��= �bJ�� psp�` g pspCr g psp&c � o

e−τ(
bA+ bB) = e−

τ bB
2 e−τ

bAe−
τ bB
2 +O(τ3)

[ t8Ff`sr ]

l nKnPLKNhLQFX5�LQH;MNL FIl�l�xQFXJKFIL#n 7 G 36\4xQHXJP36\ MNL � FIL�LQ\

G(R → R′, τ) = 〈R| exp[−τ(T̂ + V̂ −ET )]|R′ >≈

e−
τ( bV (R)−ET )

2 〈R| exp[−τ T̂ ]|R′ > e
−τ(bV (R′)−ET )

2 +O(τ3)
[ t8Ff`=c ]

Dm7gG 36FX5�L#7�NANNFI3bxI24l�L�MNL n 7 G 36\4xQHXJP36\ MNL � FIL�LQ\ L�9IHS7@nP36FI9Lo

G(R → R′, τ) ≈ [
1√
2πτ

]
3Ne
2 exp[

−|R′ −R|2
2τ

] exp[−τ
2
(V (R) +V (R′)− 2ET )][ t8Ff`$d ]

f"36=49
FILQHXFI36=Njk36\49�n 7 NNFI36?>7@?NJKnKJKHIl MNL,HXFG7@\49XJKHXJP36\�YZ=NJ<\436=4989ILQFXjZJKFG7 O�9IJK5�=NnPLQF�n 7
MWJnmB=49XJP36\ M47@\49#nRQ 7@n_Uk36FXJKHX2N5�L8MNL�c�LQHXFI3BNh36nKJP9 F D L G 76xQHILQ=NF
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a L�9 NNFI36?Nn�
Q5�L�9<MNL;9XHG7@?NJKnKJKHIl;\4L FILQ\4M47@JPLQ\VH N>769�nRQ 3BNNHXJK5�JP9G7@HXJP36\,7@=49G9XJ3G 76xQJKnPLSYZ=4L x�L
YZ=4L�nRQ 7@FXHXJPxQnPL-36FXJ_UsJK\>7@nbnPL�n 7@JP9I9 7@JKH LQ\ZHILQ\4MWFIL<LQH MNLe\4365�?NFILQ=Wu L�9I9 7@JP9 h@LQFXFILQ=NFI9mlQHG7@JPLQ\ZH
\4l�x�L�9G9G7@JKFIL�9 F O<L�9#MWJ �8xQ=NnKHIl�9�36\VH�MWJP9 N>7@FX= 7�jkL�x�nRQ 7�NANNFI3bxI24L8nKJK\4lC7@JKFIL�YV=NJ NBLQFX5�LQHCg
5��Q5�L
7�jkL�x \43s9 G 36\4xQHXJP36\49"M�Q 36\4MNL 36FXJ_UsJK\>7@nPL�9 =N\4L 3BNNHXJK5�JP9G7@HXJP36\ G 76xQJKnPL LQH"YZ=>769XJ d
7@=NHI36587@HXJPYZ=4L F 
 =NHXFIL nRQ 769 NBL�xQH NNFG7@HXJPYV=4L�Nh36=NF LHmBL�xQHX=4LQF nPL�9�HXFG7�js7@=Wu MNL x�LQHXHIL
HX2 
�9GLsgVx�LQHXHIL;7@=NHI36587@HXJPxQJKHIl L�9XHe=N\<NNFIlvd FIL�YZ=NJP9eJK5 NB36FXHG7@\VH NB36=NFeL�9 NBlQFILQFe=N\4LSMWJnmB=Wd
9IJP36\,MNL�9-5�lQHX243bMNL�9 c�36\VHIL�O-7@FXnP3�YZ=>7@\VHXJPYZ=4L#7@=ANNF 
�9 M�Q =N\ NN=N?NnKJPx \436\Wd 9 NBl�xQJ 7@nKJP9Il
M47@\49 nRQ 3BNNHXJK5�JP9 7@HXJP36\ MNL�9WG 36\4xQHXJP36\49#M�Q 36\4MNL F iS\4L�7@=NHXFIL�x�36\ZHXFG7@JK\VHIL�YV=NJ�7�FILQ\4MW=
\4l�x�L�9G9G7@JKFIL�nRQ 7@?>7@\4MN36\$MNL�n 7,5�lQHX243bMNL8MNL�f"LbM HI36\ 7@=�NNFI3 �4H�MNL�n 7,5�lQHX243bMNL�nKJ d
\4lC7@JKFILSL�9XHT=N\4L x�36\VHXFG7@JK\ZHIL;MNL HILQ5 N49�MNL xC7@nPxQ=Nn F=l \�LHmBLQHCgsn 7"5�lQHX243bMNL MNL f"LbM HI36\
\4l�x�L�9G9XJKHILsg>LQ\ NNnK=49SMNL�9"YV=>7@\ZHXJKHIl�9S\4l�x�L�9I9 7@JKFIL�9WO�n 7�5�lQHX243bMNL#nKJK\4lC7@JKFILsg n 7�MNlQFXJKjkl�L
MN36=N?NnPL"MNL n 7KG 36\4xQHXJP36\,M�Q 36\4MNLS9I=NJKj67@\ZH�HI36=49�nPL�9 N>7@FG7@5 
QHXFIL�9 F D 36FI9GYV=4LSnPL�
V769XHXFI3&M
L�9IH�LQ\�NNFIlHG 76xQHILQ=NF�x�365�5�L�M47@\49�nPL�9@G 36\4xQHXJP36\49
M�Q 36\4MNL�9XHG7@\4M47@FIMN9�MW=%["c O"gEx�L
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NNFI36?Nn�
Q5�L,\4L,9IL NNFIl�9ILQ\ZHIL N>769 xC7@F
n 7�MNlQFXJKjkl�L�MN36=N?NnPL�FILbNNFIl�9ILQ\VHIL�9GLQ=NnPLQ5�LQ\VH�nPL
xC7@nPxQ=NnBMNLSYZ=4LQnPYZ=4L�9ex�3bL
�8xQJPLQ\VHI9-9X=ANANNnPlQ5�LQ\VHG7@JKFIL�9 F c�7@JP9enP36FI9IYV=DQ JKnh9IL HXFI36=NjkL;M47@\49
nPL�9;MNlQHILQFX5�JK\>7@\VHI9 x�365�5�L�x$Q L�9XHSn 78xC769SM47@\49;\436HXFIL#\436=NjkLQnKnPL@G 36\4xQHXJP36\�M�Q 36\4MNLsg4n 7
MNlQFXJKjkl�L-MN36=N?NnPL 9IL�HXFG76MW=NJKH�N>7@F nPL<xC7@nPxQ=NnNMNL<\4365�?NFILQ=Wu�MNlQHILQFX5�JK\>7@\VHI9e9X=ANANNnPlQ5�LQ\Wd
HG7@JKFIL�9 F f;36=49 MNlQjkLQnP3BNANBLQFI36\49 x�LQHS769 NBL�xQH d n O NNnK=49^NNFIl�xQJP9ILQ5�LQ\VH;M47@\49-nPL"xG2>7�NNJKHXFIL `
YZ=NJ MNl�xQFXJKH nPL�9 MNlQHG7@JKnP9SHIL�xI2N\NJPYZ=4L�9;MNL nRQ JK5 NNnPlQ5�LQ\ZHG7@HXJP36\ MNL \436HXFIL�7@n_Uk36FXJKHX2N5�L F
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aEjs7@\VH#MNLgNNFIl�9ILQ\ZHILQF#n 7�5�lQHX243ZMNL�M�Q 3BNNHXJK5�JP9G7@HXJP36\�N>7@F"n 7�js7@FXJ 7@\4x�LsgB\436=49 MNLvd
jk36\49"7@= NNFIlC7@n 7@?NnPLLNNFIl�9GLQ\VHILQFSnPLLNNFXJK\4xQJ_NhL�MNL n 7 NB36\4MNlQFG7@HXJP36\ YZ=NJEL�9XH n 7gG 76A�36\�n 7
NNnK=49 \>7@HX=NFILQnKnPL�M�Q LHm L�xQHX=4LQF =N\ l�xI2>7@\ZHXJKnP36\N\>7�UkL
x�36FXFIlQnPl F

f;36=49 7�jk36\49 jZ=,YV=DQ =N\4L"5�3�UkLQ\N\4L 〈O1〉
36?NHILQ\V=4LPN>7@F-=N\�xC7@nPxQ=Nn c 36\ZHIL�O-7@FXnP3

L�9IH MN36\N\4l�L,7�jkL�x�=N\4L,LQFXFILQ=NF 9IHG7@HXJP9XHXJPYV=4L
ε
F O<LQHXHIL,LQFXFILQ=NF NNFI3�jZJPLQ\ZH�MW= \4365�?NFIL

�4\NJ MNL-HXJKFG7�UkL�9ec�36\VHIL;O-7@FXnP3<['NB36JK\VHI9�36=�587@FIxI24LQ=NFI9H]JOWN>7@FXHXJKFeMNL�9IYZ=4LQnP9�9�Q LHm L�xQHX=4L
n 7 5�3�UkLQ\N\4L F

〈O1〉 = 〈O1〉exact + ε1

a;JK\49XJ g!NB36=NF�x�365 N>7@FILQF8MNLQ=Wu 5�3�UkLQ\N\4L�9 〈O1〉
LQH 〈O2〉

xC7@nPxQ=NnPl�L�989X=NJKjs7@\VH�MNLQ=Wu
MNLQ\49IJKHIl�9#MNL NNFI36?>7@?NJKnKJKHIl�MWJnm lQFILQ\VHIL�9Cg \436=49�MNLQjk36\49 \436=49#769I9X=NFILQF#YZ=4L
nPL�9 ?>7@FXFIL�9
M�Q LQFXFILQ=NFI9

ε1
LQH
ε2
9I36JPLQ\ZH [�HXF 
�9 ] JK\8G lQFXJPLQ=NFIL�9\O�n 7 MWJnmBlQFILQ\4x�L 〈O1〉 − 〈O2〉

F i;\4L
7@=NHXFIL�587@\NJ�
QFIL8M�Q L�9XHXJK5�LQF x�L�9�MWJnm lQFILQ\4x�L�9�LQH�MNL�FIl�l�xQFXJKFIL�x�L�9�YZ=>7@\VHXJKHIl�9 O,nRQ 7@JPMNL
M�Q =N\4L�MNLQ\49XJKHIl�x�365�5�=N\4L F RTn 76A�36\49Xd \436=49�M47@\49�nPL�xC76MWFIL,M�Q =N\4L�7�NANNFI3bxI24L X c�O
7CjkL�x =NHXJKnKJP9G7@HXJP36\�MNL MNLQ=Wu G 36\4xQHXJP36\49 M�Q 36\4MNL�M�Q L�9I9G7@J g

Ψ1
LQH

Ψ2
F f"36=49S7�jk36\49

∆O ≡ 〈O1〉 − 〈O2〉
=

R
O1|Ψ1|2dRR
|Ψ1|2dR −

R
O2|Ψ2|2dRR
|Ψ2|2dR

=

R
O1|Ψ0|2(

Ψ1
Ψ0

)2dR
R
|Ψ0|2(Ψ1

Ψ0
)2dR

−
R
O2|Ψ0|2(Ψ2

Ψ0
)2dR

R
|Ψ0|2(Ψ2

Ψ0
)2dR

l \ MNl �4\NJP9I9G7@\ZH =N\ NB36JPMN9 MNL n 7
587@\NJ�
QFIL#9X=NJKjs7@\VHIL<o

wi = (
Ψi

Ψ0
)2

`st



\436=49"L�9XHXJK5�36\49Sn 7�MWJnm lQFILQ\4x�L�MNL#5�3�UkLQ\N\4L@NB36=NFS=N\4L�HXFG71i L�xQHI36JKFIL �4\NJPL�MNL#n 7�5870d
\NJ�
QFIL�9X=NJKj67@\ZHIL\o

∆O ≈
∑

i

[w1(Ri)O1(Ri)∑
j w1(Rj)

− w2(Ri)O2(Ri)∑
j w2(Rj)

] [ o8FKp ]
3��8nPL�9

Ri
9I36\ZHeMNL�9ex�36\ �3Us=NFG7@HXJP36\49 NNFXJP9IL�9TnPL nP36\AU�MNL HXFG71iXL�xQHI36JKFIL�9JX c�O 36?NHILQ\Z=4L�9

OgN>7@FXHXJKF MNL n 7
MNLQ\49IJKHIl MNL FIlHG lQFILQ\4x�L o |Ψ0|2
F a;JK\49XJ gWnPL�9 YV=>7@\ZHXJKHIl�9

O1
LQH
O2

9G36\VH
lQjs7@nK=4l�L�9�LQ\ NNFILQ\>7@\VH,nPL�9 ��� � ����� $ �(� " �
M�Q =N\4L HXFG71i L�xQHI36JKFIL�x�365�5�=N\4L [ x�LQnKnPLvd xQJ
NBLQ=NHSM�Q 7@JKnKnPLQ=NFI9 �QHXFIL JP9I9X=4L#M�Q =N\4L�9XJK5�=Nn 7@HXJP36\ X"c O OgN>7@FXHXJKF;MNL#n 7
MNLQ\49XJKHIl |Ψ1|2
36= |Ψ2|2

] F Dm7LNB36\4MNlQFG7@HXJP36\�L�9IHeHXF 
�9-L
�8xC76x�L;YZ=>7@\4M�nPL�9�YZ=>7@\VHXJKHIl�9
Ψ1

LQH
Ψ2

9G36\VH
VYNNFI3bxI24L�9 Z�MNL

Ψ0
F#l \$LHm LQHCgmM47@\49
x�L,xC769 d n OWgmnPL�9 NB36JPMN9

wi (i = 1, 2)
9I36\VH
HXF 
�9

NNFI3bxI24L�9"MNL p LQH;xI2>76YZ=4L x�36\VHXFXJK?N=NHXJP36\�MNL#n 7�9G365�5�L�M47@\49 nRQ l Y F o8FKp L�9XH HI36=BiX36=NFI9
NBLQHXJKHIL F

Rm36=NF YZ=>7@\VHXJ �>LQF x�LQHXHIL"\436HXJP36\�MNL VYNBLQHXJKHIL�9I9ILHZGgZ\436=49 7�jk36\49-JK\VHXFI3bMW=NJKH-n 7�YZ=>7@\Wd
HXJKHIl�9X=NJKj67@\ZHILsg

η =
[
∑

iw(Ri)]
2

∑
iw

2(Ri)YZ=NJ L�9XH
=N\4L,5�L�9X=NFIL,MNL,n 7��4=4xQHX=>7@HXJP36\�MW= Nh36JPMN9
w
nPL,nP36\AU MNL,n 7 HXFG71iXL�xQHI36JKFIL F

l 5 NNJKFXJPYV=4LQ5�LQ\ZHCg 36\ x�36\49IJPM 
QFIL nRQ l�xI2>7@\ZHXJKnKnP36\N\>7�UkL
76x�x�LbNNHG7@?NnPL@Nh36=NF

η & 0.9

� � 
 � �$��� � ����� ������� � ��� ��� ����� ����� 	 �
f;36=49 5�JK\NJK5�JP9G36\49 n 7
js7@FXJ 7@\4x�L

σ2 MNL nRQ lQ\4LQF UsJPL#nP3bxC7@nPL EL = HΨT

ΨT

F

σ2 ≡ 〈(EL − Ē)2〉|ΨT |2

3��
Ē
L�9XH n 7-js7@nPLQ=NFE5�3�UkLQ\N\4LeMNLTnRQ lQ\4LQF UsJPL F DE7 js7@FXJ 7@\4x�L�L�9XHE?h36FX\4l�LTJK\8G lQFXJPLQ=NFILQ5�LQ\VH

N>7@F �ClQFI3 F O<LQHXHIL�nKJK5�JKHIL�L�9XH"7@HXHILQJK\VHIL M47@\49SnPL�xC769S3��
ΨT = Ψ0

[ G 36\4xQHXJP36\�M�Q 36\4MNL
Lvu476xQHIL&] F 
 \ 7�7@nP36FI9@o

EL =
HΨT

ΨT
≡ E0

3��
E0
L�9IH nRQ lQ\4LQF UsJPL�Lvu476xQHIL F Dm7 5�lQHX243bMNLeM�Q 3BNNHXJK5�JP9G7@HXJP36\gN>7@FEn 7 j67@FXJ 7@\4x�L�x�36\49XJP9XHIL

O 5�JK\NJK5�JP9GLQFSn 7
YZ=>7@\VHXJKHIl<o

σ2(p) =

∑NMC

i=1 wi,p(
HΨT (i,p)
ΨT (i,p) − Ē)2

∑NMC

i=1 wi,p

[ o8F t ]
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7CjkL�x

wi,p =
Ψ2
T (i, p)

Ψ2
0(i)

.

]_xQJ g
p
MNl�9XJ_Us\4L�nPL i LQ=�MNL N>7@FG7@5 
QHXFIL�9@O83BNNHXJK5�JP9GLQF LQH

NMC
nPL \4365�?NFIL
MNL
x�36\ �Nd

Us=NFG7@HXJP36\49�c 36\ZHIL8O-7@FXnP3 F D Q JK\VHXFI3bMW=4xQHXJP36\ M�Q =N\ Nh36JPMN9 \436=49PNBLQFX5�LQH#M�Q =NHXJKnKJP9ILQF nPL
NNFXJK\4xQJ_NBL"MNL NB36\4MNlQFG7@HXJP36\ NNFIl�9GLQ\VHIlWNNnK=49e2>7@=NHPo=NB36=NF<FIL�xI24LQFIxI24LQF nPLS5�JK\NJK5�=N5 MNL

σ2(p)
\436=49<7�jk36\49�?BL�9I36JK\�MNL MWJnm lQFILQ\VHIL�9�j67@nPLQ=NFI9

σ2(p1)
g
σ2(p2)

g F_F_F LQH�HI36=NHIL�9�x�L�9
YZ=>7@\VHXJKHIl�9 9G36\VH xC7@nPxQ=NnPl�L�9 nPL�nP36\AU�M�Q =N\4L 9ILQ=NnPL HXFG71i L�xQHI36JKFIL
x�36FXFIL�9 NB36\4M47@\VH@O8=N\4L
MNLQ\49IJKHIl#x�365�5�=N\4L |Ψ0|2

LQH JK\4MNlbNhLQ\4M47@\ZHIL�MNL
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F
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DE7 5�lQHX243ZMNL,MNL�f;LbM HI36\$=NHXJKnKJP9Il�L,L�9XH =N\4L�5�lQHX243ZMNL,MNL,f;LbM HI36\)xQn 769I9IJPYV=4L F
l nKnPL#9IL ?>769IL 9X=NF =N\ MNlQjkLQnP3BNANhLQ5�LQ\ZH"MNL 1 7�UbnP36F;MNL nRQ lQ\4LQF UsJPL O nRQ 36FIMWFIL t 9X=NJKjs7@\VH
nPL�9 N>7@FG7@5 
QHXFIL�9 F

E(2)(p) = E(p0) +
∑

i

∂E(p0)

∂pi
∆pi +

1

2

∑

i,j

∂2E(p0)

∂pi∂pj
∆pi∆pj

3��,36\�7@NB3s9Il
∆p = p− p0 F Dm7#5�lQHX243bMNL MNLSf"LbM HI36\,L�9IHe=N\4L;5�lQHX243ZMNL;JKHIlQFG7@HXJKjkL

YZ=NJ,NBLQFX5�LQH-9I36=49�x�LQFXHG7@JK\4L�9-x�36\4MWJKHXJP36\49 MNL;x�36\VjkLQF UkLQF jkLQFI9�=N\�5�JK\NJK5�=N5 nP3bxC7@n F a
nRQ lQHG7�NBL

n
MNL
nRQ JKHIlQFG7@HXJP36\ g nPL�9 \436=NjkLC7@=Wu N>7@FG7@5 
QHXFIL�9

p(n+1) 9I36\ZH�MN36\N\4l�9KN>7@F n 7
G 36FX5�=NnPL<o

p(n+1) = p(n) −H(n)−1G(n) [ o8F o ]
3��

H(n) L�9XH-n 7�587@HXFXJPx�LLI"L�9I9XJPLQ\N\4LKO�nRQ JKHIlQFG7@HXJP36\ n F DE7 587@HXFXJPx�LKI"L�9I9XJPLQ\N\4L lQHG7@\ZH
MNl �4\NJPL�MNL n 7 587@\NJ�
QFIL�9X=NJKjs7@\VHIL<o

H
(n)
ij ≡ ∂2E

∂pi∂pj
[p(n)]

[ o8F e ]

LQH
G(n) nPLPUsFG76MWJPLQ\ZHWO
nRQ JKHIlQFG7@HXJP36\ n

G
(n)
i =

∂E

∂pi
[p(n)].
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D L�9�lQnPlQ5�LQ\VHI9�MNL�9�587@HXFXJPx�L�9
H
LQH
G
9I36\ZH�36?NHILQ\V=49 N>7@F,=N\ xC7@nPxQ=NnKX"c O F

O<LbNBLQ\4M47@\VHCgBHI36=NHIL n 7�MWJ �8xQ=NnKHIl
LQ\ ["c�Op[ YV=NJ \DQ LvuWJP9XHIL N>769"M47@\49 nPL�9"5�lQHX243bMNL�9
MNlQHILQFX5�JK\NJP9IHIL�9 ]�L�9XH�MNL�HXFI36=NjkLQF,=N\ ?h36\ L�9XHXJK587@HILQ=NF�MNL�x�L�9�YZ=>7@\VHXJKHIl�9�7 �4\ MNL
x�36\ZHXF��6nPLQF nPL�?NFX=NJKH 9XHG7@HXJP9IHXJPYV=4L F�l \�LHmBLQHCg�NB36=NF;=N\�HILQ5 N49 MNL xC7@nPxQ=Nn JK\ �4\NJ g \436=49
9G365�5�L�9�769I9X=NFIl�9#M�Q 36?NHILQ\NJKF�nPL�9#YV=>7@\ZHXJKHIl�9#jk36=NnK=4L�9Cg 587@JP9KNh36=NF�=N\ HILQ5 N49#MNL�9XJ d
5�=Nn 7@HXJP36\ �4\NJ gEx�L�9�YZ=>7@\VHXJKHIl�9 9I36\VH 36?NHILQ\V=4L�9
7�jkL�x�=N\4L�?>7@FXFIL8M�Q LQFXFILQ=NF F D L NNFI3@d
?Nn�
Q5�L�FILQjZJPLQ\ZH�MN36\4x<O�JK5 NNnPlQ5�LQ\ZHILQF�nPL�9GxI24lQ587 o8F o 7CjkL�x�nPL�9#587@HXFXJPx�L�9�?NFX=NJKHIl�L�9
9I=NJKj67@\ZHIL�9@o

H =




h11 + ε11 h12 + ε12 . . .

h21 + ε21 h22 + ε22 . . .FFF FFF FFF




[ o8F r ]

G =




g1 + ε1

g2 + ε2

. . .




[ o8Fkc ]

OWQ L�9IH"n 7 NNFIl�9GLQ\4x�L�MNL�9 �4=4xQHX=>7@HXJP36\49
ε
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D L�9EL�9XHXJK587@HILQ=NFI9 MNL�9 lQnPlQ5�LQ\VHI9 MNL�587@HXFXJPx�LeMNL
H
LQH
G
=NHXJKnKJP9Il�9 M47@\49 nPL�9mxC7@nPxQ=NnP9

X c O 9I36\VHSMN36\N\4l�9 N>7@F nPL�9 G 36FX5�=NnPL�9@o

Gi = 2〈Ψi

Ψ
(EL − Ē)〉 [ o8Ffd ]

LQH

Hij = 2

[
〈(Ψij

Ψ
+

ΨiΨj

Ψ2
)(EL − Ē)〉 − 〈Ψi

Ψ
〉Ēj − 〈Ψj

Ψ
〉Ēi
] [ o8F y ]

+〈Ψi

Ψ
EL,j〉 − 〈Ψi

Ψ
〉〈EL,j〉 + 〈Ψj

Ψ
EL,i〉 − 〈Ψj

Ψ
〉〈EL,i〉

a 7@\49 x�L�9SMNLQ=Wu G 36FX5�=NnPL�9S\436=49S7�jk36\49SJK\VHXFI3bMW=NJKHSnPL�9 \436HG7@HXJP36\49;9X=NJKjs7@\VHIL�9@o

Ψi ≡
∂Ψ

∂ci

`$`



Ψij ≡
∂2Ψ

∂ci∂cj

EL,i ≡
∂EL
∂ci

[ o8FKpCq ]
DJQ Lvu-NNFIL�9G9XJP36\ MW= UsFG76MWJPLQ\ZH

Gi
L�9IH^G 76xQJKnPLQ5�LQ\ZH;36?NHILQ\Z=4L�LQ\ MNlQFXJKjs7@\VH;nRQ lQ\4LQF UsJPL

js7@FXJ 7@HXJP36\N\4LQnKnPL 〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

9X=NJKjs7@\VH nPLPN>7@FG7@5 
QHXFIL
ci
F

l \ MNlQFXJKj67@\ZH�nPL UsFG76MWJPLQ\VH
Gi

9X=NJKjs7@\VH�nPL N>7@FG7@5 
QHXFIL
cj
ge\436=49,36?NHILQ\436\49,n 7

MNlQFXJKjkl�L�9IL�x�36\4MNL#MNL nRQ lQ\4LQF UsJPL\o

∂2 〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

∂ci∂cj
= 2

[
〈(Ψij

Ψ
+

ΨiΨj

Ψ2
)(EL − Ē)〉 − 〈Ψi

Ψ
〉Ēj − 〈Ψj

Ψ
〉Ēi
]

+〈Ψi

Ψ
EL,j〉 + 〈Ψj

Ψ
EL,i〉

[ o8FKpsp ]
DEL Nh36JK\ZH�JK5 NB36FXHG7@\VH O)x�36\49IHG7@HILQF L�9XH�YZ=4L�nPL�9�MNLQ=Wu L�9IHXJK587@HILQ=NFI9 MW= I"L�9I9XJPLQ\
MN36\N\4l�L�9 N>7@F<nPL�9 G 36FX5�=NnPL�9 o8F y LQH o8FKpsp 9G36\VH-MWJnmBlQFILQ\ZHI9 F8l \�LHm LQHCgbM47@\49�n 7KG 36FX5�=NnPL
NNFI3BNB3s9Il�L#LQ\�[ o8F y ] MNLQ=Wu,HILQFX5�L�9S9X=ANANNnPlQ5�LQ\VHG7@JKFIL�9 36\VH;lQHIl�71i 36=NHIl�9�g3O
9G7�jk36JKFgo

• −〈Ψi

Ψ 〉〈EL,j〉
• −〈Ψj

Ψ 〉〈EL,i〉
O<LbNBLQ\4M47@\VHCg>x�365�5�L \436=49 7@nKnP36\49 nPL jk36JKFCgNx�L�9 YZ=>7@\VHXJKHIl�9 9I36\ZH MNL 5�3CUkLQ\N\4L \Z=NnKnPL F
DEL�9�MNLQ=Wu
L�9IHXJK587@HILQ=NFI9�36\VH�?NJPLQ\�n 7"5��Q5�L-5�3�UkLQ\N\4LSlbUV7@nPL O"nRQ lQnPlQ5�LQ\ZHeMNL-587@HXFXJPx�L
MW= I;L�9I9IJPLQ\)FIL�xI24LQFIxI24l F l \%FILQjs7@\4xI24LsgeJK\VHXFI3bMW=NJKFIL x�L�9�HILQFX5�L�9�9X=ANANNnPlQ5�LQ\VHG7@JKFIL�9
L�9IH�HXF 
�9T=NHXJKnPLSxC7@FenRQ L�9XHXJK587@HILQ=NFP[ o8F y ]�NNFIl�9ILQ\VHIL;MNL�9 �4=4xQHX=>7@HXJP36\49<9XHG7@HXJP9XHXJPYZ=4L�9�?NJPLQ\
NNnK=49 NBLQHXJKHIL�9�YZ=4L�nRQ L�9XHXJK587@HILQ=NF [ o8FKpsp ] F iS\ HILQnKnPL�7�NANNFI3bxI24L�x�36\49XJP9XHIL O�JK\Zjk3ZYZ=4LQF
=N\ NNFXJK\4xQJ_NBL�MWJKH�MNL V �ClQFI3@d js7@FXJ 7@\4x�LHZ�YV=NJ�NBLQFX5�LQH�MNL�MWJK5�JK\V=4LQF#nPL�9��4=4xQHX=NHG7@HXJP36\49
9IHG7@HXJP9XHXJPYV=4L�9�9G7@\49�xG2>7@\AUkLQF�nPL�9e5�3CUkLQ\N\4L�9 F iSHXJKnKJP9G7@\ZHe=N\�HILQn3NNFXJK\4xQJ_NhLSnRQ 7@n_Uk36FXJKHX2N5�L
MNL f"LbM HI36\ NBLQ=NH;7@nP36FI9 �QHXFIL�7�NANNnKJPYZ=4l�7CjkL�x#=N\4L L
�8xC76xQJKHIl#?NJPLQ\ NNnK=49^UsFG7@\4MNL F
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D L\NNFXJK\4xQJ_NBL�MNL �ClQFI3@d j67@FXJ 7@\4x�L,x�36\49XJP9IHIL O�FILQ5 NNn 76x�LQF =N\ L�9IHXJK587@HILQ=NF
O
N>7@F

=N\�L�9XHXJK587@HILQ=NF
Õ
7CUV7@\VH"n 7�5��Q5�L�5�3CUkLQ\N\4L 587@JP9S=N\4L�j67@FXJ 7@\4x�L NNnK=49 NhLQHXJKHIL F D L

NNFXJK\4xQJ_NBL�MNL �ClQFI3@d js7@FXJ 7@\4x�L NB36=NF�nPL�9�5�lQHX243bMNL�9 c�36\VHIL�O-7@FXnP3 LQ\ UklQ\4lQFG7@n 7�lQHIl
MWJP9GxQ=NHIl M47@\49 � pCtso�� NN=NJP9PUklQ\4lQFG7@nKJP9Il�7@=Wu�7�NANNFI3ZxG24L�9#c 36\ZHIL�O-7@FXnP3�YV=>7@\ZHXJPYV=4L
LQH
7@=�xC7@nPxQ=Nn MNL�9 36?49ILQFXjs7@?NnPL�9 M47@\49 � pCt�e g pCt$`��YF
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] xQJ-9ILQFG7 =NHXJKnKJP9Il�nPL<NNFXJK\4xQJ_NBL NNFIl�9ILQ\VHIl�M47@\49�� pCtsr�� YV=NJ-x�36\49XJP9XHIL O FILQ5 NNn 76x�LQF
9IUb9XHIlQ587@HXJPYZ=4LQ5�LQ\VH;n 7 5�3CUkLQ\N\4L 〈AB〉 N>7@FLo

〈AB〉 − 〈A〉〈B〉

YZ=>7@\4M 〈A〉 = 0
x�L YV=NJ x�36\4MW=NJKH O"FIl�MW=NJKFIL^G 36FXHILQ5�LQ\VH�nPL�9 �4=4xQHX=>7@HXJP36\49<MW=\NNFI3ZMW=NJKH

AB
YV=>7@\4M,nPL�9 �4=4xQHX=>7@HXJP36\49SMNL

B
9I36\VH JK5 NB36FXHG7@\VHIL�9go

σ2(〈AB〉 − 〈A〉〈B〉) << σ2(〈AB〉)

a 7@\49 \436HXFIL�xC769 L�9XH;7�NANNnKJPYZ=4l#x�LPNNFXJK\4xQJ_NBL#LQ\�\436HG7@\VH;YV=4L\o

〈EL,i〉 = 0

l \ LHmBLQHLo

〈EL,j〉 = 〈 ∂
∂cj

(
HΨ

Ψ
)〉 [ o8FKpCt ]

= 〈HΨj

Ψ
〉 − 〈ΨjHΨ

Ψ2
〉 [ o8FKpCo ]

= 〈HΨj

Ψ
〉 − 〈HΨj

Ψ
〉 [ o8FKpbe ]

= 0.
[ o8FKp�` ]

DELLN>769I9G7�UkL�MNL#n 7�MNLQ=WuWJ�
Q5�L O�n 7�HXFI36JP9XJ�
Q5�L�lbUV7@nKJKHIl�=NHXJKnKJP9IL�nPLPG 7@JKHSYV=4L
H
L�9IH =N\

3BNBlQFG7@HILQ=NF 24LQFX5�JKHXJPYZ=4L�LQH MN36\4x\o 〈ΨjHΨ〉 � 〈ΨHΨj〉
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c�7@n_UsFIlTnPLJNNFXJK\4xQJ_NhL�MNL �ClQFI3@d j67@FXJ 7@\4x�L�YV=NJV7@5�lQnKJP36FILe?hLC7@=4x�36=AN#nPLJNNFI36?Nn�
Q5�LeMNL�9
�4=4xQHX=>7@HXJP36\49�g JKn�L�9XH#LQ\4x�36FIL�\4l�x�L�9I9 7@JKFIL�MNL�x�36\4MWJKHXJP36\N\4LQF 7@= 5�JPLQ=Wu nRQ 7@n_Uk36FXJKHX2N5�L
jbJP9 O jbJP9 MNL�9 �4=4xQHX=>7@HXJP36\49;9XHG7@HXJP9XHXJPYZ=4L�9 F

��� ��4:��7&%'�(� �!4 2'0 ; 08���B%'"=4 �!0A� �#+/"=�(; �J�,7&% �&%'�(� 4/� �8032'4- .��7\7&% �#)( !2'% �/�14/7
Rm36=NFmFIl�MW=NJKFIL�nRQ JK5 N>76xQHmMNL�9 �4=4xQHX=>7@HXJP36\49m9X=NFEnRQ lQHG7�NhL�M�Q JK\ZjkLQFI9XJP36\
MNLTn 7<587@HXFXJPx�L

I"L�9I9XJPLQ\N\4Lsg<\436=49 7Cjk36\49 NNFI3BNB3s9Il�M�Q JK\VjkLQFI9ILQF x�LQHXHIL�587@HXFXJPx�L N>7@F�=N\4L�5�lQHX243bMNL
MNL�MNl�x�365 NB3s9XJKHXJP36\ LQ\ js7@nPLQ=NFI9 9IJK\AUs=NnKJ�
QFIL�9 [ `ZJK\AUs=Nn 7@F Xe7@nK=4L a L�x�365 Nh3s9XJKHXJP36\$36=
`/X a ] YV=NJW\436=49 NBLQFX5�LQHeM�Q lQnKJK5�JK\4LQF�nPL�9ex�365 Nh3s9G7@\ZHIL�9JN>7@FG769XJKHG7@JKFIL�9�MW=4L�9e7@=�?NFX=NJKH F
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X�3�Uk36\49LNNnK=49�LQ\ MNlQHG7@JKnex�LQHXHIL�5�lQHX243bMNL o DE7 `/X a NBLQFX5�LQH�MNL�MNl�x�365 NB3s9ILQF#=N\4L
587@HXFXJPx�L

A
MNL HG7@JKnKnPL

m× n
LQ\�HXFI36JP9S587@HXFXJPx�L�9@o

A = QDT t
[ o8FKpCr ]

• Q
L�9XH =N\4L<587@HXFXJPx�L 7@=Wu x�36nP36\N\4L�9�36FXHX243BUk36\>7@nPL�9�MNL�HG7@JKnKnPL

m×n [�J F L QtQ =

Id
]

• T
L�9XH =N\4L 587@HXFXJPx�L#36FXHX243BUk36\>7@nPL�MNL HG7@JKnKnPL

n× n
[�J F L

T tT = TT t = Id
]

• D
L�9IH8=N\4L�587@HXFXJPx�L MWJ 7�Uk36\>7@nPL MNL HG7@JKnKnPL

n × n
MN36\ZH�nPL�9�lQnPlQ5�LQ\VHI9,9I36\VH

Nh3s9IJKHXJnG 9 36=�\Z=NnP9@o

D =




d1

d2 F F F
dn




]_xQJTn 7,587@HXFXJPx�L
H

NB36=NF#n 76YZ=4LQnKnPL�\436=49�7�NANNnKJPYZ=436\49#n 7 `/X a L�9XH#xC7@FXFIl�L�MNL�HG7@JKnKnPL

n× n
o

I � [




d1

d2 F F F
dn




T t
[ o8FKp&c ]

D Q JK\VjkLQFI9XJP36\�9�Q LHmBL�xQHX=4L�MN36\4x#LQ\ Nh3s9 7@\VH@o

H−1 � Qt




1
d1

1
d2 F F F

1
dn




T
[ o8FKp�d ]

O<LbNBLQ\4M47@\VH�nRQ =N\ 36= NNnK=49IJPLQ=NFI9�MNL�9�lQnPlQ5�LQ\ZHI9
di
NhLQ=NHCg#O�xC7@=49IL�MW= ?NFX=NJKH 9XHG7@HXJP9 d

HXJPYZ=4Lsg��QHXFIL-\V=Nn436=
HXF 
�9�NBLQHXJKH [ MNL�nRQ 36FIMWFIL MNL
10−12 36=�5�36JK\49 ] FBa 7@\49Tx�L xC769 d n OWg636\

NBLQ=NH 5�36\ZHXFILQF;YZ=DQ LQ\�FILQ5 NNn 76AC7@\VH 1
di

N>7@F q n 7 N>7@FXHXJPLKNN2VUW9XJPYZ=4LQ5�LQ\VH"JK5 Nh36FXHG7@\ZHIL
MNL n 7 587@HXFXJPx�L;L�9IH�x�36\49ILQFXjkl�L F f"36=49�MNlQ5�36\ZHXFI36\49�nRQ LvuWJP9XHILQ\4x�L;MNL n 7 MNl�x�365 NB3s9XJKHI36\
LQ\�j67@nPLQ=NFI9�9XJK\AUs=NnKJ�
QFIL�98M�Q =N\4L�587@HXFXJPx�L M47@\49�nRQe7@\N\4LvuNL�: F f"36=4987�jk36\49�JK5 NNnPlvd
5�LQ\ZHIlSM47@\49enPL x�3ZMNL"["c�O � O�24LQ5 n 7 9X=N?NFI36=NHXJK\4L"`/X a O<c R F `/X a O<c R L�9XHT=N\4L
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FI36=NHXJK\4LSl�xQFXJKHIL LQ\�w436FXHXFG7@\8MN36\VHenPL x�3ZMNL 9I36=NFIx�L L�9IH MNl�xQFXJKH�M47@\49 nRQ 36=NjZFG7�UkL f;=N5�Lvd
FXJPxC7@nB^SL�xQJ_NNJPL�9 � pCt=c �YF DE7#9X=N?NFI36=NHXJK\4L `/X a O<c�R$MNl�x�365 Nh3s9GL;LQ\�j67@nPLQ=NF-9XJK\AUs=NnKJ�
QFIL
=N\4L�587@HXFXJPx�L

A
MNL�HG7@JKnKnPL�YZ=4LQnPx�36\4YV=4L

n × m
9X=NJKjs7@\VH�nRQ 7@n_Uk36FXJKHX2N5�L MNL � 36nK=N?Wd

^;LQJK\49IxI2 � pCt$d��YF O<LQH<7@n_Uk36FXJKHX2N5�L"MNl�x�365 Nh3s9GL n 7 587@HXFXJPx�L
A
LQ\�js7@nPLQ=NFe9XJK\AUs=NnKJ�
QFIL;LQ\

t lQHG7�NBL�9Lo
• =N\4L�MNl�x�365 NB3s9XJKHXJP36\�MNL�n 7�587@HXFXJPx�L A LQ\�=N\4L�587@HXFXJPx�L�?NJPMWJ 7�Uk36\>7@nPL

B
N>7@F

n 7 5�lQHX243ZMNL�MNLKI;36=49GLQ2436nPMNLQF�� pCtsy��
• n 7�MNl�x�365 NB3s9XJKHXJP36\�MNL�n 7�587@HXFXJPx�L B LQ\ js7@nPLQ=NF;9IJK\AUs=NnKJ�
QFIL@N>7@F"n 7�5�lQHX243bMNL
["^ � pCosq�� g�� pCoWp � g�� pCost��

i;\4L 587@HXFXJPx�L#?NJPMWJ 7�Uk36\>7@nPL�L�9XH =N\4L 587@HXFXJPx�L#MNL#n 7 G 36FX5�L\o

B =




b11 b12
q q

. . .
q

q
b22 b23

q
. . .

q
FFF q F F F FFF FFF FFF
0 0




R 36=NF
=N\4L,MNL�9IxQFXJ_NNHXJP36\)x�365 NNn�
QHIL�MNL�n 7 5�lQHX243ZMNL�MNL � 36nK=N?)7@\4M ^;LQJK\49IxI2 gmjk36JKF
nRQ 7@\N\4LvuNL#: F

� ��0 ��%'2 %'7�08�&%'�(� �!4 2 �n� �.�&% ;�% 7&08�&% ���
iS\4L�3BNNHXJK5�JP9G7@HXJP36\�MNL�f;LbM HI36\�\DQ L�9XH"L
�8xC76x�L�YZ=DQ 7@= jk36JP9XJK\>7�UkL MW= 5�JK\NJK5�=N5

M47@\49 =N\4L L�9TN>76x�L x�36\VjkLvuNL F 
 FCg@\436=49e7�jk36\49 O"3BNNHXJK5�JP9ILQF�LQ\ =N\4L G 36JP9TMNL<HXF 
�9T\4365
d
?NFILQ=Wu N>7@FG7@5 
QHXFIL�9<[�=N\4L
9I36J uN7@\ZHG7@JK\4L
LQHWNNnK=49H] \436\Wd nKJK\4lC7@JKFIL�9KNB36=NF"=N\4L@G 36\4xQHXJP36\
?NFX=NJKHIl�L F a �4\�MNL"9XHG7@?NJKnKJP9ILQF<nPL"9IxI24lQ587WgbJKn 7�lQHIl NNFI3BNh3s9Gl;M47@\49 � pCtWp � M�Q 71i 36=NHILQF<=N\
N>7@FG7@5 
QHXFIL

λ
O n 7�MWJ 7�Uk36\>7@nPL�MNL n 7
587@HXFXJPx�LLI"L�9I9XJPLQ\N\4L o

H̃ =




H11 + λ H12 . . . . . .

H21 H12 + λ . . . . . .FFF FFF F F F FFF
HNopt1 . . . . . . HNoptNopt + λ




[ o8FKpCy ]

^;LbUV7@FIMN36\49 nPL F��6nPL#MNL
λ
F

a 7@\49�nPL�xC769 d nKJK5�JKHIL�3��
λ = 0

gTn 7�5�lQHX243bMNL�L�9XH
=N\4L�5�lQHX243bMNL�MNL�f"LbM HI36\
VYNN=NFILHZ F

`sy



D 36FI9IYZ=4L
λ� Hij ∀i, j g>36\ 7 o

H̃ ∼




λ 0 . . . . . .

0 λ . . . . . .FFF FFF F F F FFF
0 . . . . . . λ




[ o8F tsq ]

LQHSnRQ 7@n_Uk36FXJKHX2N5�L�MNL#f"LbM HI36\ L�9IH MNLQjkLQ\V=�=N\ 7@n_Uk36FXJKHX2N5�L�MNLPVYNNnK=49 UsFG7@\4MNLLNBLQ\VHILHZ
[ 9IHIL�LbNhL�9XH MNL�9Gx�LQ\VH ]Ko

∆p = − 1

λ
G

[ o8F tWp ]
R�nK=49

λ
9ILQFG7PUsFG7@\4M g$NNnK=49 1

λ

9ILQFG7KNhLQHXJKH F a;=AUs5�LQ\VHILQF
λ
NB36=NF�=N\\UsFG76MWJPLQ\ZH

G
MN36\N\4l

js7 MN36\4x<7�jk36JKF.NB36=NFEx�36\49Il�YZ=4LQ\4x�LeMNLenKJK5�JKHILQFEn 7-js7@FXJ 7@HXJP36\�MNL
∆p

LQHDNBLQFX5�LQHXHXFIL�YZ=4L
nPL�9�\436=NjkLC7@=Wu N>7@FG7@5 
QHXFIL�9eFIL�9XHILQ\VH<M47@\49�MNL�9�MN36587@JK\4L�9�MNL j67@nPLQ=NFI9JNN2VUW9XJPYV=4LQ5�LQ\ZH
76MW5�JP9G9XJK?NnPL�9 F

a �4\�MNL<HXFI36=NjkLQF n 7S5�LQJKnKnPLQ=NFIL-js7@nPLQ=NFTMNL
λ
Nh3s9I9IJK?NnPL�jk36JPxQJ g@HI36=BiX36=NFI9TLQ\�9X=NJKj67@\ZH

� pspCy�� g>x�365�5�LQ\VHS\436=49 NNFI3Zx�l�MN36\49@o
D LgNh36JK\ZH#MNL MNlbN>7@FXH#L�9IH;=N\ iXLQ=�MNLgN>7@FG7@5 
QHXFIL�9

p0
YZ=NJTMN36\N\4L
=N\4L@G 36\4xQHXJP36\

M�Q 36\4MNL
Ψ0
F a�nRQ JP9G9X=8M�Q =N\4L 9XJK5�=Nn 7@HXJP36\ X c O�NhLQFX5�LQHXHG7@\ZH�M�Q 36?NHILQ\NJKFenPL�9e587@HXFXJPx�L�9

G
LQH
H
l�xI2>7@\ZHXJKnKnP36\4l�L�9�9X=NJKjs7@\VH"n 7�MNLQ\49XJKHIl MNL NNFI36?>7@?NJKnKJKHIl |Ψ0|2R

|Ψ0|2
g \436=49 NNFI3BNB3@d

9G36\49e=N\4L"js7@nPLQ=NF
λ0
MNL
λ
F O<LQHXHIL"j67@nPLQ=NF-L�9XH 7@FX?NJKHXFG7@JKFIL F8l 5 NNJKFXJPYV=4LQ5�LQ\ZHCgN\436=49<n 7

xG2436JP9XJP9I9I36\49WO
n 7 NNFILQ5�J�
QFIL�JKHIlQFG7@HXJP36\�lbUV7@nPL O q8F qWp$F f"36=49 FIl�9I36nKjk36\49 7@nP36FI9 nRQ l�YZ=>70d
HXJP36\ o8F o Nh36=NFeHXFI36JP9JI;L�9G9XJPLQ\49

H̃
MWJnm lQFILQ\VHI9Wo
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S
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FXJPLQ=NFIL F,l nKnPL#L�9XH^NNnK=49;LvuN76xQHILQ5�LQ\ZH;MNL n 7gG 36FX5�L o

B =




b11 b12 b13 . . . b1(n−1) b1n

b21 b22 b23 . . . b2(n−1) b2n

0 b32 b33 . . . b3(n−1) b3n

0 0 b43 . . . b4(n−1) b4n

0 0 0 . . . b2(n−1) b2nFFF FFF FFF FFF FFF FFF
0 0 0 0 b(n−1)(n−1) b(n−1)n

0 0 0 . . . bn(n−1) b2n



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• Sij = 〈ΨiΨj

Ψ0Ψ0
〉

• Hij = 〈Ψi

Ψ0

HΨj

Ψ0
〉
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1 −∑Nopt

i=1 Ni∆pi
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Ni = Si0
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QHXFIL�9 nKJK\4lC7@JKFIL�9^[ x$Q L�9XH!OSMWJKFILeJPxQJbnPL�9 x�3ZL
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Ni = −
(1 − ζ)

∑Nnonlin
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j,kparam.nonlin)∆pj∆pkSjk
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S00 = 1

R 36=NF
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Si0 = S0j = 0
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Sij = 〈ΨiΨj

Ψ0Ψ0
〉 − 〈Ψi

Ψ0
〉〈Ψj

Ψ0
〉

DEL�9 lQnPlQ5�LQ\VHI9"MNL nRQ I 7@5�JKnKHI36\NJPLQ\ MNLQjbJPLQ\N\4LQ\VH o

H00 = 〈EL〉

R 36=NF
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Hi0 = 〈Ψi
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EL〉 − 〈Ψi
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Ψ0〉〈EL〉
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H0j = [〈Ψj

Ψ0
EL〉 − 〈Ψj

Ψi
Ψ0〉〈EL〉] + 〈EL,j〉
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Hij = [〈Ψi

Ψ0

Ψj

Ψ0
EL〉 − 〈Ψi

Ψ0
〉〈Ψj

Ψ0
EL〉 − 〈Ψj

Ψ0
〉〈Ψi

Ψ0
EL〉

+ 〈Ψi

Ψ0
〉〈Ψj

Ψ0
〉〈EL〉] + [〈Ψi

Ψ0
EL,j〉 − 〈Ψi

Ψ0
〉〈EL,j〉]
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

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HΨ0
Ψ0

+
∑

i∆pi
Ψ0
Ψ0

HΨi

Ψ0
〉|Ψ0|2 = E〈Ψ0

Ψ0

Ψ0
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i∆pi
Ψ0
Ψ0

Ψi
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〈Ψ1
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HΨ0
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+
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Ψ1
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HΨi
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Ψ0

Ψ1
Ψ0

〉|Ψ0|2 = E〈Ψ1
Ψ0

Ψ0
Ψ0

+
∑

i∆pi
Ψ1
Ψ0

Ψi

Ψ0
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〈ΨNopt

Ψ0

HΨ0
Ψ0

+
∑

i(∆pi
ΨNopt

Ψ0

HΨi

Ψ0
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Ψ0

Ψ0
Ψ0
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i∆pi
ΨNopt
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Ψi
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〉|Ψ0|2

+λ∆pNopt
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LQH LQ\ 9I365�587@\VH;HI36=NHIL�9 x�L�9 nKJ_Us\4L�9 \436=49;36?NHILQ\436\49@o

〈Ψ
2
lin

Ψ2
0

HΨlin

Ψlin
〉|Ψ0|2 = E(λ) − λ

∑
i=1,Nopt

(∆pi)
2〈Ψ2

i

Ψ2
0
〉|Ψ0|2

|Ψlin|2
[ o8F e/c ]

f"36=49 9I365�5�L�9EMN36\4xe7@5�LQ\4l�9#O<HXFI36=NjkLQFmnPL�N>7@FG7@5 
QHXFIL
λ
YZ=NJs5�JK\NJK5�JP9ILen 7-YV=>7@\ZHXJKHIl o

E(λ) − λ

∑
i=1,Nopt

(∆pi)
2〈Ψ2

i

Ψ2
0
〉|Ψ0|2

|Ψlin|2
f"36=49 x�36\49XHG7@HI36\49 N>7@F;7@JKnKnPLQ=NFI9 YZ=4L#x�LQHXHIL#YZ=>7@\VHXJKHIlKNBLQFX5�LQHSMNL#MNlQHILQFX5�JK\4LQFgo

〈Ψ
2
lin

Ψ2
0

HΨlin

Ψlin
〉|Ψ0|2

x$Q L�9IH O�MWJKFIL n 7
YZ=>7@\VHXJKHIl
HΨlin

Ψlin36?NHILQ\Z=4L N>7@F l�xG2>7@\VHXJKnKnP36\N\>7�UkL NB36\4MNlQFIl<9X=NJKj67@\ZHmn 7SHXFG71iXL�xQHI36JKFIL<x�36\49IHXFX=NJKHIL O N>7@FXHXJKF
MNL n 7�MNLQ\49XJPl |Ψ0|2

7�jkL�x#=N\ Nh36JPMN9@o

w2 =
Ψ2
lin

Ψ2
0

c1e



f"36=49 xC7@nPxQ=NnP36\49;MN36\4x n 7�YZ=>7@\VHXJKHIl

η =
〈w2〉2|Ψ0|2

〈w4〉|Ψ0|2

NB36=NF#lQjs7@nK=4LQF#n 7,x�36\ � 7@\4x�L8LQ\ \436HXFIL�l�xG2>7@\VHXJKnKnP36\N\>7�UkL F�l \ NB3s9G7@\ZH�7@JK\49XJ�nPL NNFI3@d
?Nn�
Q5�Lsg \436=49"jk3CUk36\49 YZ=4L#\436=49 9I365�5�L�9 7@5�LQ\4l�9PO8HXFI36=NjkLQF"nPL�9 N>7@FG7@5 
QHXFIL�9

∆pi
YZ=NJ�5�JK\NJK5�JP9ILQ\ZH 〈HΨlin

Ψlin
〉 F DJQ l�xG2>7@\VHXJKnKnP36\N\>7�UkL,\4L\NB36=Njs7@\VH�?NJPLQ\ lQjZJPMNLQ5�LQ\ZH 9�Q LHG�dG L�xQHX=4LQFS9ILQnP36\ nPL�9 HXFG71iXL�xQHI36JKFIL�9"769I9G3ZxQJPl�L�9 O |Ψlin|2

NN=NJP9IYV=4L�x�LQnKnPLvd xQJmL�9XH JK\4x�36\N\Z=4L
� ��� �)$ � � gELQnKnPL�9�Q LHm L�xQHX=4L8MN36\4x N>7@F�l�xI2>7@\ZHXJKnKnP36\N\>7�UkL Nh36\4MNlQFIl�jbJ 7,n 7�HXFG71iXL�xQHI36JKFIL
x�36\N\N\Z=4L�MNL |Ψ0|2

F 1m36=NHILHG 36JP9 \436=49 FG7@JP9I36\N\436\49S9X=NF
Ψlin

YZ=NJ FIL�9XHIL =N\4L#7�NANNFI3�uWJ d
587@HXJP36\�nKJK\4lC7@FXJP9Gl�L"MNL"\436HXFIL G 36\4xQHXJP36\�M�Q 36\4MNL\[�nPL�9 N>7@FG7@5 
QHXFIL�9 O�3BNNHXJK5�JP9GLQF-lQHG7@\ZH
5871iX36FXJKHG7@JKFILQ5�LQ\VH�M47@\49mnRQ Lvu8NB36\4LQ\VHXJPLQnKnPL MW=�36= MNL�9 HILQFX5�L�9TMNL 
V769XHXFI3&M ] F O<LQn 7 NBLQF d
5�LQH MNL x�365 NNFILQ\4MWFIL�YV=4L"587@n_UsFIl =N\4L 5�JK\NJK5�JP9G7@HXJP36\ MNL n 7 YZ=>7@\VHXJKHIl 〈HΨlin

Ψlin
〉 gWnPL�9

\436=NjkLC7@=Wu N>7@FG7@5 
QHXFIL�9 NhLQ=NjkLQ\ZHS\4LPN>769 x�36FXFIL�9 NB36\4MWFIL#M47@\49 nPL�xC769 3���nRQ 7�NANNFI3�uWJ d
587@HXJP36\�nKJK\4lC7@JKFIL;\DQ L�9XH NNnK=49�j67@n 7@?NnPL F f"lC7@\N5�36JK\49CgZLQ\ NNFG7@HXJPYV=4LS\436=49<\DQ =NHXJKnKJP9ILQFI36\49
N>769 x�LQHXHIL G 36FX5�=NnPL F DEL"xC7@nPxQ=Nn MNL

η
\DQ L�x�L�9I9XJKHIL LQ\�LHmBLQH-nPL 9XHI3bx��s7�UkL MNL�9 YV=>7@\ZHXJKHIl�9

ΨiΨjΨkΨl
YV=NJ:NhLQ=NHE3bx�xQ=ANBLQF HXFI3BN�M�Q L�9 N>76x�L F f;36=49E\436=49Ex�36\VHILQ\ZHILQFI36\49 MNLeMN36\N\4LQF

=N\4L�j67@nPLQ=NF 7@FX?NJKHXFG7@JKFIL O
λ
x�365�5�L�MNlQjkLQnP3BNANBl xQJ d MNL�9I9I36=49 F DE7�FI36?N=49IHIL�9I9IL�MNL�x�LQH

7@n_Uk36FXJKHX2N5�L N>7@FeFG7�NANB36FXH O nRQ 7@n_Uk36FXJKHX2N5�L;MNL f;LbM HI36\ NhLQFX5�LQH�MNL G 7@JKFILSMNL x�L xI2436J u
MNL

λ
=N\4L�YZ=4L�9XHXJP36\ 5�36JK\49#JK5 NB36FXHG7@\VHIL F OWQ L�9XH#?NJPLQ\ x�LQHXHIL8YV=4L�9XHXJP36\ MNL89XHG7@?NJKnKJKHIl

MNL8nRQ 7@n_Uk36FXJKHX2N5�L�YZ=NJe\436=49 7 G 7@JKHLNNFIlHG lQFILQF�nRQ 7@n_Uk36FXJKHX2N5�L�nKJK\4lC7@JKFIL O�nRQ 7@n_Uk36FXJKHX2N5�L
MNL f"LbM HI36\ F
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a �4\%MNL,xQn 7@FXJ �>LQF�nPL�9�JPMNl�L�9�9IUZ\ZHX24lQHXJP9I36\49�JPxQJ nPL�9�lQHG7�NBL�9�MNL,nRQ 7@n_Uk36FXJKHX2N5�L�nKJ d
\4lC7@JKFIL F

• O-7@nPxQ=Nn MNL�9"lQnPlQ5�LQ\VHI9 MNL�9"587@HXFXJPx�L�9 MNL H LQH
S
O�nRQ 7@JPMNL M�Q =N\4L
9XJK5�=Nn 7@HXJP36\

X"c O F
• ^Sl�9I36nK=NHXJP36\ MW= NNFI36?Nn�
Q5�L 7@=Wu�js7@nPLQ=NFI9 NNFI3BNNFIL�9 UklQ\4lQFG7@nKJP9Il F
• ^SLQ\436FX587@nKJP9G7@HXJP36\�MNL�9^N>7@FG7@5 
QHXFIL�9 F
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f;36=49#x�36\49IJ_Us\436\49�JPxQJ�nPL�9#F 
bUsnPL�9LNN=NFILQ5�LQ\VH
LQ5 NNJKFXJPYZ=4L�9�YZ=4L�\436=49�7Cjk36\49�MNlvd
UV7�Ukl�L�9 nP36FI9 MNL \43s9 MWJnmBlQFILQ\ZHIL�9#3BNNHXJK5�JP9G7@HXJP36\49 F�l \�LHm LQHCg 587@n_UsFIl
nRQ 7�NAN>7@FILQ\VH#xC70d
FG76xQH 
QFIL V_7@=NHI36587@HXJPYZ=4LHZ�MNL�9�7@n_Uk36FXJKHX2N5�L�98MNlQjkLQnP3BNANBl�9�xQJ d MNL�9I9X=49�g nRQ 3BNNHXJK5�JP9G7@HXJP36\
FIL�9IHIL�=N\4L�71m 7@JKFIL�MNL
MN36J_UsHIl�LQH MNL�9XHXFG7@HIlbUsJPL�9#YZ=NJ!NBLQFX5�LQHXHILQ\VH�MNL@G 76xQJKnKJKHILQF#x�LQHXHIL
3BNNHXJK5�JP9 7@HXJP36\ F f"36=49�i 36=436\49;7@JK\49XJE9X=NFLo

• n 7 j67@nPLQ=NFSMW= N>7@FG7@5 
QHXFIL λ
• nPL \4365�?NFIL�MNLLN>769 c 36\ZHIL�O-7@FXnP3
• nPL xI2436J u�LQH nRQ 36FIMWFIL#MNL�9^N>7@FG7@5 
QHXFIL�9

f"36=49-FILbUV7@FIMN36\49 x�365�5�L xQFXJKH 
QFIL�9 YZ=NJB\436=49 NhLQFX5�LQHXHILQ\ZHSM�Q lQj67@nK=4LQF n 7 i =49XHIL�9I9IL"MNL
\436HXFIL�3BNNHXJK5�JP9G7@HXJP36\�o

• nPL�9 j67@FXJ 7@HXJP36\49;MNL nRQ lQ\4LQF UsJPL
• nPL�9 j67@FXJ 7@HXJP36\49;MNL�9^N>7@FG7@5 
QHXFIL�9
• n 7 j67@nPLQ=NFSMNL�9 UsFG76MWJPLQ\VHI9

a;JK\49XJ gm\436=49�x�36\4xQnK=436\49<O n 7<i_=49XHIL�9G9IL�MNL�\436HXFIL,3BNNHXJK5�JP9G7@HXJP36\)nP36FI9IYZ=4L�nRQ lQ\4LQF UsJPL
LQH,nPL�9 N>7@FG7@5 
QHXFIL�9 \4L js7@FXJPLQ\VH NNnK=49�LQH�nPL�9 UsFG76MWJPLQ\VHI9�9I36\ZH�\V=NnP9�[ O nRQ JK\ZHIlQFXJPLQ=NF
MNL�9�?>7@FXFIL�9�M�Q LQFXFILQ=NFI9 ] F l jbJPMNLQ5�5�LQ\VHCgSHI36=NH x�L�xQJ FILQj �QH�=N\ 769 NBL�xQH V FIL�x�LQHXHIL MNL
xQ=NJP9IJK\4LHZ 587@JP9mx$Q L�9XHEnPLJNNFI3BNNFILeMNLTHI36=NHIL�9mnPL�9E9XHXFG7@HIlbUsJPL�9mM�Q 3BNNHXJK5�JP9G7@HXJP36\
M�Q =N\@UsFG7@\4M
\4365�?NFILeMNL N>7@FG7@5 
QHXFIL�9.NB36=NF nPL�9E9IUb9XH 
Q5�L�9Ex�365 NNnPLvuWL�9 [ MNLT587@\NJ�
QFIL�HXF 
�9.UklQ\4lQFG7@nPLsg
nRQ 3BNNHXJK5�JP9 7@HXJP36\�\DQ L�9XH =N\gNNFI36?Nn�
Q5�L Nh36nKUb\4365�J 7@nNLQH 36\
\4L NBLQ=NH!N>769TL�9TNhlQFILQFTMNl �4\NJKF
=N\�7@n_Uk36FXJKHX2N5�L =N\NJKjkLQFI9ILQnhYV=NJ4587@FIxG24LQFG7@JKH O HI36=49enPL�9ex�36=AN49�9G7@\49TFIl
�>l�xI2NJKF ] F O<LQHXHIL
NNFI3bx�l�MW=NFIL<\DQ L�9XHE?NJPLQ\�9 �NFIL N>769 n 7 9ILQ=NnPL Nh3s9G9XJK?NnPL F1l nKnPL<7;lQHIle5�JP9GL�7@=gNh36JK\ZH 9I=NJKHIL O
nRQ Lvu8NBlQFXJPLQ\4x�L;76x�YZ=NJP9IL nP36FI9�MNLSMWJnm lQFILQ\VHI9-L�9I9G7@JP9�LQHeLQFXFILQ=NFI9enP36FI9<MNL�9e3BNNHXJK5�JP9 7@HXJP36\49 F
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O<365�5�L \436=49�nRQ 7�jk36\49 jb=9NNFIl�x�l�MNLQ5�5�LQ\ZHCg"n 7�G 36\4xQHXJP36\ M�Q L�9G9G7@J
ΨT

L�9XH�n 7
YZ=>7@\VHXJKHIl;x�LQ\VHXFG7@nPL"MNL�9�9IJK5�=Nn 7@HXJP36\49 X"c O$LQH a c O F=a 7@\49�nPL�9�9XJK5�=Nn 7@HXJP36\49 X c�O"g
n 7 G 36\4xQHXJP36\�M�Q 36\4MNL FILbNNFIl�9ILQ\VHIL n 7 G 36\4xQHXJP36\ O�l�xG2>7@\VHXJKnKnP36\N\4LQF [ 9I36\)5�3bMW=NnPL 7@=
xC7@FXFIl NNnK=49"LvuN76xQHILQ5�LQ\ZH ]SLQH"36\�xG24LQFIxI24L O�x�L YZ=DQ LQnKnPL�9I36JKH;=N\4L 7�NANNFI3CubJK587@HXJP36\�n 7
NNnK=49��>M 
QnPLKNh3s9G9XJK?NnPL MNL n 7 G 36\4xQHXJP36\ M�Q 36\4MNL�Lvu476xQHIL MNL nRQ lQHG7@H^G 36\4M47@5�LQ\VHG7@n F

a 7@\49 n 7�5�lQHX243bMNL a c�O"ghn 7<G 36\4xQHXJP36\ M�Q 36\4MNL NBLQ=NH �QHXFIL
x�36\49XJPMNlQFIl�L�x�365�5�L
=N\ 7@=WuWJKnKJ 7@JKFIL HXF 
�9-JK5 NB36FXHG7@\VH^G 76xQJKnKJKHG7@\VH n 7
x�36\ZjkLQF UkLQ\4x�L#MNL�9 9XJK5�=Nn 7@HXJP36\49@[ O HXFG70d
jkLQFI9#nRQ l�xI2>7@\VHXJKnKnP36\N\>7�UkL,9ILQnP36\ nRQ JK5 Nh36FXHG7@\4x�Lsg�V JK5 Nh36FXHG7@\4x�L�9 7@5 NNnKJK\AUBZj] F.a L NNnK=49Cg
LQ\)JK5 NB3s9G7@\ZH�9IL�9 �ClQFI3s9\O�n 7 G 36\4xQHXJP36\%M�Q 36\4MNLvd 9I36nK=NHXJP36\ gen 7 G 36\4xQHXJP36\%M�Q L�9I9 7@J j67
MNlQHILQFX5�JK\4LQFSnRQ JK5 Nh36FXHG7@\4x�L#MNL"nRQ LQFXFILQ=NFSMWJKHIL MNL�9-\ � =4MN9��NuWl�9 F R 36=NF FIl�MW=NJKFIL#x�LQnKnPLvd
xQJ gBJKn!G 7@=NH HXFI36=NjkLQF#=N\4LgG 36\4xQHXJP36\ M�Q L�9I9G7@JTMN36\VH#nPL�9��ClQFI3s9�x�3 � \4xQJPMNLQ\VH�36= 9G36\VH nPL�9
NNnK=49 NNFI3bxI24L�9 Nh3s9I9IJK?NnPL�9<MNL x�LQ=Wu�MNL"n 7LG 36\4xQHXJP36\�M�Q 36\4MNL Lvu476xQHIL F ^"7�NANhLQnP36\49 YZ=DQ JKn
\DQ U�7 7@=4xQ=N\4L 9XHXFG7@HIlbUsJPLWNB36=NF-HXFI36=NjkLQF�� ��� �#$ � �4nPL�9<\ � =4MN9 MNL"n 7KG 36\4xQHXJP36\�M�Q 36\4MNL
Lvu476xQHIL F O<36\4xQF 
QHILQ5�LQ\ZHCg \436=49�xI2436JP9IJP9I9I36\49 MNL�9KG 36\4xQHXJP36\49�M�Q L�9I9G7@J�LQH 7�NNF 
�9�7Cjk36JKF
LHm L�xQHX=4l�nPL�9�9XJK5�=Nn 7@HXJP36\49 a c�O"g�\436=498L�9XHXJK5�36\49�nRQ LQFXFILQ=NF�MNL�98\ � =4MN9��NuNl�9 [ LQ\
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n 7
x�365 N>7@FG7@\ZH"7CjkL�x#MNL�9 xC7@nPxQ=NnP9 MNL FIlHG lQFILQ\4x�L&] F f"lC7@\N5�36JK\49CgN=N\ NNFXJK\4xQJ_NBL 24LQ=NFXJP9 d
HXJPYZ=4L"9X=AU$U 
QFIL YV=4Lsg/NNnK=49-36\�JK\BiXL�xQHIL M�Q JK\8G 36FX587@HXJP36\49 NN2ZUb9XJPYZ=4L�9 NhLQFXHXJK\4LQ\ZHIL�9 M47@\49
n 7<G 36\4xQHXJP36\ M�Q L�9I9G7@J g�NNnK=49 36\ 9�Q 7@HXHILQ\4M O�=N\4L
FIl�MW=4xQHXJP36\ JK5 Nh36FXHG7@\ZHIL�MNL nRQ LQFXFILQ=NF
MNL�9 \ � =4MN9��NuNl�9 F

DE7 G 36\4xQHXJP36\ M�Q L�9G9G7@J�i 36=4L�MN36\4x
=N\�F��6nPL�xQFX=4xQJ 7@n�M47@\49 nPL�9 5�lQHX243bMNL�9#c�36\VHILvd
O-7@FXnP3 LQH
HI36=NH�5�JKnKJKHIL NB36=NF�YV=DQ LQnKnPL,9I36JKH�xI2436JP9IJPL,n 7 NNnK=49 NNFI3bxI24L NB3s9I9XJK?NnPL,MNL�n 7
G 36\4xQHXJP36\ M�Q 36\4MNL Lvu476xQHIL JK\4x�36\N\Z=4L F R 7@FX5�J#nPL�9,JK\8G 36FX587@HXJP36\49 NN2VUW9XJPYV=4L�9 NBLQFXHXJ d
\4LQ\ZHIL�9Cg436\ NBLQ=NH xQJKHILQF@o

• nRQ 7@\VHXJP9XUb5�lQHXFXJPL�MW=4L�7@= NNFXJK\4xQJ_NBL#M�Q LvuNxQnK=49XJP36\ MNL#R 7@=NnKJ F
• nPL�9 x�36\4MWJKHXJP36\49SMNL#xQ=49TN�LQ\VHXFIL#nPL�9 N>7@FXHXJPxQ=NnPL�9 F
• nPL�9 lQjkLQ\VHX=4LQnKnPL�9"9XUb5�lQHXFXJPL�9 9 N>7@HXJ 7@nPL�9 F
• n 7-x�36FXFIlQn 7@HXJP36\�lQnPL�xQHXFI36\NJPYZ=4L�nP36\AUs=4L�MWJP9XHG7@\4x�L [ LHmBLQHI9mMNLTYV=>769XJ d MNlbUklQ\4lQFIL�9Gx�LQ\4x�L&]
LQH x�36=NFXHIL�MWJP9XHG7@\4x�L [�HXFI36= MNL�O<36=NnP365�?(]

• LQHIx F
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D L�9�x�36\4MWJKHXJP36\49�MNL xQ=49 N � pCosr�� MNl�xQFXJKjkLQ\ZH�nPL�9�x�365 NB36FXHILQ5�LQ\VHI9 MNL�n 7 G 36\4xvd
HXJP36\ M�Q 36\4MNL Lvu476xQHIL YZ=>7@\4M�MNLQ=Wu N>7@FXHXJPxQ=NnPL�9,x�3k7@nPL�9Ix�LQ\ZH [ lQnPL�xQHXFI36\Wd lQnPL�xQHXFI36\ 36=
lQnPL�xQHXFI36\Wd \43�UV7@=(] F

� 4 ": #7 �9+/2'4:"=���1����? �#� �(03 
O<36\49XJPMNlQFI36\49-nPLSxC769-9XJK5 NNnPL"MNLSnRQ l�YZ=>7@HXJP36\,MNL `bxG2NFTSZMWJK\AUkLQF^NB36=NF�=N\�\43CUV7@=�LQH

=N\�lQnPL�xQHXFI36\ [�=N\NJKHIl�9;7@HI365�JPYZ=4L�9 ]Po
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9IJP36\�9IL FIl�MW=NJKH O o
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DE36FI9IYV=4L

r
HILQ\4M�jkLQFI9 q gWnPLPNB36HILQ\VHXJPLQn LQ\ −Z

r

HILQ\4M�jkLQFI9 −∞ F R 36=NFSYZ=4L nPL HILQFX5�L
MNL<UV7@=4xI24L�\4L�MWJKjkLQF UkL<N>769CgEn 7 G 36\4xQHXJP36\$M�Q 36\4MNL

Ψ
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MN36\4x,7�jk36JKF
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N>7@FXHXJPxQ=NnKJ�
QFIL NB36=NF
r
NhLQHXJKH-7 �4\�MNL^G 7@JKFIL MWJP9 N>7@FG7��PHXFIL;n 7 9XJK\AUs=Nn 7@FXJKHIl F-l \�FIl�l�xQFXJKj67@\ZH

nRQ l�YZ=>7@HXJP36\ LQ\ x�3Z36FIMN36\N\4l�L�9"9 NN24lQFXJPYZ=4L�9 \436=49;7Cjk36\49 NB36=NF n 7 N>7@FXHXJPL�FG76MWJ 7@nPL [
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Jk(~ri| . . .) =
1

2

∑

j 6=i
[sij(Xij)−

∑

I

pkI(XiI)−pI(XjI)+
1

2

∑

I

∑

j 6=i
gI1ijX

2
iIX

2
jI+g

I
2ij(X

2
iI+X

2
jI)X

2
ij ]

[ e3F tso ]
7�jkL�x

Xij =
rij

1 + bkrij

[ e3F t�e ]

XiI =
riI

1 + bkIriI

[ e3F t$` ]
LQH

sij(X) = (e1k
X + e2k

X2 + e3k
X3 + e4k

X4)
[ e3F tsr ]

pI(X) = (f1IkX + f2IkX
2 + f3IkX

3 + f4IkX
4)

[ e3F t=c ]
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D LSH U/NBL"MNL G 36\4xQHXJP36\�M�Q 36\4MNL"LQ5 NNnP3�Ukl�L M47@\49�n 7�nKJKHXHIlQFG7@HX=NFIL YZ=NJ 9IL;FG7�NANNFI3ZxG24L
nPL NNnK=49
MNL8\436HXFIL�\436=NjkLQnKnPL G 36\4xQHXJP36\$M�Q 36\4MNL,L�9XH n 7 G 36\4xQHXJP36\)M�Q 36\4MNL,MWJKHIL V_7CjkL�x
?>76x � �>3&M Z [ : 76x����>3�M HXFXJ 7@n.M-7�jkL@G�=N\4xQHXJP36\(] F DJQ JPMNl�L M�Q =N\4L�HILQnKnPLLG 36\4xQHXJP36\�M�Q 36\4MNL

d$d



L�9IH MW=4L O�w4LQUb\N587@\ � pbeVo�� LQH#78lQHIl�LQ5 NNnP3�Ukl�L�769I9IL ��9XUW9XHIlQ587@HXJPYZ=4LQ5�LQ\VH#x�L�9 MNLQF d
\NJ�
QFIL�9 7@\N\4l�L�9 M47@\49 NNnK=49IJPLQ=NFI9;lQHX=4MNL�9"\V=N5�lQFXJPYZ=4L�9 9X=NFSnPL�9 NNFI3BNNFXJPlQHIl�9 5�JPxQFI3s9Ix�3@d
NNJPYZ=4L�9�MNL�9 �4=NJPMNL�9�MNL G LQFX5�JP36\49 ['UV7 ��lQnPL�xQHXFI36\NJPYV=4L�24365�3BU 
Q\4Lsg�MWJ 7�UsFG7@5�5�L�MNL
NN2>769GL�MNL I;L 3 g@MWJ 7�UsFG7@5�5�L MNL NN2>769GL�MNL�nRQ 2VUWMWFI3BU 
Q\4LsgsLQHIx F ] F i;\4L�FIlHG lQFILQ\4x�L N>7@FX5�J
M�Q 7@=NHXFIL�9gNB36=NF�x�L�H U-NhL�MNL�HXFG7Cj67@=Wu L�9IH�� pbe$e �YF DJQ JPMNl�L NN2VUW9XJPYV=4L�MNLQFXFXJ�
QFIL�n 7�\43@d
HXJP36\�MNL ?>76x����>3�M L�9XH�MNL MNl�xQFXJKFILSn 7PNhLQFXHX=NFX?>7@HXJP36\ NNFI3Cjk3bYV=4l�L N>7@F�nPL MNlbNNn 76x�LQ5�LQ\ZH
M�Q =N\4L N>7@FXHXJPxQ=NnPL 7@=%9ILQJK\)M�Q =N\�LQ\49ILQ5�?NnPL MNL N>7@FXHXJPxQ=NnPL�9 F DJQ 7�NANNFI3bxI24L LQ5 NNnP3�Ukl�L
x�36\49IJP9XHILLO
MNl �4\NJKF NB36=NF xI2>76YZ=4LKN>7@FXHXJPxQ=NnPL#MNL \436=NjkLQnKnPL�9;x�3Z36FIMN36\N\4l�L�9^V FILQ\436FX5870d
nKJP9Gl�L�9 ZWN>7@F nRQ LQ\49GLQ5�?NnPL�MNL�9;7@=NHXFIL�9 N>7@FXHXJPxQ=NnPL�9"MNL n 7
587@\NJ�
QFIL#9X=NJKjs7@\VHIL\o

~xi = ~ri +
∑

j 6=i
η(rij)(~ri − ~rj)

[ e3F t$d ]

3�� n 7 9I365�5�L$9�Q LHm L�xQHX=4L$9X=NF�nRQ LQ\49ILQ5�?NnPL)MNL HI36=NHIL�9�nPL�9 7@=NHXFIL�9 N>7@FXHXJPxQ=NnPL�9 LQH
η(r)

L�9XH<=N\4L G 36\4xQHXJP36\�MNL"n 7 MWJP9XHG7@\4x�L"JK\VHILQFILQnPL�xQHXFI36\NJPYZ=4L@O 3BNNHXJK5�JP9ILQF lQjkLQ\VHX=4LQnKnPLvd
5�LQ\ZH F iS\4L@G 36JP9"MNl �4\NJPL�9 x�L�9"js7@FXJ 7@?NnPL�9Cghn 7<G 36FX5�L�=49X=4LQnKnPL
MNL n 7 G 36\4xQHXJP36\ M�Q L�9I9G7@J
x�36\49IHXFX=NJKHIL#9X=NF MNL�9S36\4MNL�9 NNn 7@\4L�9SL�9XH =NHXJKnKJP9Il�L<o

ΨT = eJdet↑(e
kjxi)det↓(e

kjxi)
[ e3F tsy ]

f"36HI36\49�YZ=4Lsg M47@\49,nPL�xC769�MNL�nRQ 7@?49GLQ\4x�L M�Q =N\ 
V769XHXFI3�M UsnP36?>7@n<[
J = 0

]�x�LQHXHIL
G 36\4xQHXJP36\�M�Q 36\4MNL 7�jkL�x"?>76x����>3�M L�9XH<=N\�xC769 N>7@FXHXJPxQ=NnKJPLQF MNLS\436HXFIL G 36\4xQHXJP36\�5�=NnKHXJ d

Z769XHXFI3�M�7CjkL�x x�365�5�L 36FX?NJKHG7@nPL�9 nPL�9T36\4MNL�9�NNn 7@\4L�9

ekj~r
LQH x�365�5�L 
V769XHXFI3&M�36FX?NJKHG70d

n 7@JKFIL�9SnPL�9 HILQFX5�L�9;x�365 NNnPlQ5�LQ\VHG7@JKFIL�9 F O<LbNBLQ\4M47@\VHCg4JKnmL�9XHSxQn 7@JKFSYZ=4L#x�LQHXHILKG 36\4xQHXJP36\
\DQ 7@N>769-MW=�HI36=NH-n 7@UsFG7@\4MNLWNNn 769XHXJPxQJKHIl YV=4L;\436=49-3�mhFIL;\436HXFIL G 36\4xQHXJP36\�M�Q 36\4MNL F8l \
N>7@FXHXJPxQ=NnKJPLQFCg0JKnV\DQ U�7^N>769mM47@\49 x�LQHXHIL G 36\4xQHXJP36\�M�Q 36\4MNL<MNL 
V769IHXFI3�M 9 36FX?NJKHG7@n 7@JKFIL�9 YV=NJ
MNlbNBLQ\4MNLQ\VH MNL�nRQ 36FX?NJKHG7@nPLsgBx�L�YZ=NJmL�9XH;nPL@NB36JK\VH G 36FXH"MNL�\436HXFILLG 36FX5�L F DE7 G 36\4xQHXJP36\
xQJ d MNL�9G9X=49�L�9XH�?NJPLQ\ 76M47�NNHIl�L O�MNL�9 9XUb9IH 
Q5�L�9#FILQn 7@HXJKjkLQ5�LQ\VH
24365�3BU 
Q\4L�9Cg x�365�5�L
N>7@F
LvuNLQ5 NNnPL8nPL UV7 ��M�Q lQnPL�xQHXFI36\$24365�3BU 
Q\4L,36= nPL�9 9XUW9XH 
Q5�L�9
7�NAN>7@FILQ\VHIl�9 F a 7@\49
nPL�xC769�MNL�9�9IUb9XH 
Q5�L�9�5�36nPl�xQ=Nn 7@JKFIL�9�x�365 NNnPLvuNL�9Cg<n 7 MNLQ\49XJKHIl�lQnPL�xQHXFI36\NJPYZ=4L�LQH�nPL�9
NNFI3BNNFXJPlQHIl�9"MNL#x�36FXFIlQn 7@HXJP36\�9I36\VHSHXF 
�9 JK\N24365�3BU 
Q\4L�9 F aEjkL�x#\436HXFILKG 36\4xQHXJP36\ M�Q 36\4MNL
\436=49 NB36=Njk36\49 71iX36=NHILQF 36= LQ\NnPLQjkLQF MNL�9 
V769XHXFI3&M 9 O�nP36JP9XJKF 9X=NF�xG2>76YV=4L�36FX?NJKHG7@nPL F
O<LQHXHIL#5�3ZMW=Nn 7@FXJKHIl�L�9XH nPLPNh36JK\ZH^G 36FXH MNL nRQ 7�NANNFI3ZxG24L#5�=NnKHXJ d�
V769XHXFI3�M F

dsy
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• iS\4L NNFILQ5�J�
QFIL-FILQ587@FIYZ=4L L�9XHTYV=4L<n 7 G 36\4xQHXJP36\�5�=NnKHXJ d�
V769XHXFI3&M*NBLQ=NH �QHXFIL-jb=4L
x�365�5�L
=N\4LgUklQ\4lQFG7@nKJP9G7@HXJP36\ MNL n 7<G 36FX5�L =49X=4LQnKnPL
YZ=NJ \DQ 7�YZ=DQ =N\ 9ILQ=Nn 
V769 d
HXFI3�M�LQ\<NNFIlHG 76xQHILQ=NF F=l \8LHmBLQHCg6JKn L�9XH�G 76xQJKnPL MNL jklQFXJ �>LQFeYV=4L-\436=49�FILQHI365�?B36\49
9X=NF"n 7 G 36FX5�L�=49I=4LQnKnPL�nP36FI9IYZ=4L�HI36=49;nPL�9 
V769IHXFI3�M 9 36FX?NJKHG7@n 7@JKFIL�9#9I36\ZH"xG2436JP9XJP9
JPMNLQ\VHXJPYZ=4L�9 F f"36HI36\49�x�LbNBLQ\4M47@\VH�YZ=4L,\436=49�FILQHXFI36=Njk36\49�M47@\49�x�LQHXHIL�nKJK5�JKHIL
=N\�
V769XHXFI3&M x�365�5�=N\ =N\ NBLQ= N>7@FXHXJPxQ=NnKJPLQF NB36=NF nPL�YZ=4LQn nPL�9 x�3bL
�8xQJPLQ\VHI9"YV=NJ
MNlbNhLQ\4M47@JPLQ\ZH"lQjkLQ\ZHX=4LQnKnPLQ5�LQ\VH#MW=�9 NNJK\ FILQn 7@HXJnGeMNL�9 N>7@JKFIL�9;M�Q lQnPL�xQHXFI36\49"\DQ LQ\
MNlbNhLQ\4MNLQ\ZH�NNnK=49E587@JK\ZHILQ\>7@\VH [ 7@=NHXFILQ5�LQ\VH�MWJKHCg�nPL�9mx�3bL
�8xQJPLQ\VHI9#V nKJ �kLHZ<LQH�V =N\Wd
nKJ �kLHZ�9I36\VH�lbUV7@=Wu,] F O<L�xQJeL�9IH#MW= 7@= G 7@JKH�YV=4L
nPL�9�
V769XHXFI3�M 9�JK\4MWJKjbJPMW=4LQnP9#\4L
MWJP9XHXJK\AUs=4LQ\VH N>769<nPL�9<lQnPL�xQHXFI36\49-=AN�LQH�nPL�9<lQnPL�xQHXFI36\49-MN3&M \ F `ZJh\436=49<jk36=NnKJP36\49
JK\VHXFI3bMW=NJKFIL
=N\4L HILQnKnPL�MNlbNhLQ\4M47@\4x�LsgBJK5 NB3s9ILQF n 78x�36\ZHXFG7@JK\VHIL�M�Q 7@\VHXJP9XUb5�lQHXFXJPL
UsnP36?>7@nPL MNL n 7 G 36\4xQHXJP36\�M�Q 36\4MNL 5�=NnKHXJ d�
V769XHXFI3&M 9ILQFG7@JKH ?BLC7@=4x�36=AN NNnK=49 MWJ ��d
xQJKnPL<[ 36\�HI365�?BLQFG7@JKH"7@nP36FI9;M47@\49 =N\ NNFI36?Nn�
Q5�L#MNL#H U-NhL

N
�k] F

• � F � x�LKO�n 7@NNFIl�9ILQ\4x�L MNL�9 
V769XHXFI3&M 9 36FX?NJKHG7@n 7@JKFIL�9CgWJKnBL�9XH MNl�9I36FX587@JP9 NB3s9I9XJK?NnPL
M�Q JK\4MWJKjZJPMW=>7@nKJP9GLQF<nPL�9<x�365 NB36FXHILQ5�LQ\VHI9 LQH�MNL;FIlbNB36\4MWFIL"7@=Wu\NNFI36?Nn�
Q5�L�9 NN2VUZd
9XJPYZ=4L�9PNh3s9Il�9�LQ\ NNFIlC7@5�?N=NnPL8MNL8x�LQHXHIL N>7@FXHXJPL F iS\ lQnPL�xQHXFI36\ 3Zx�xQ=AN>7@\ZH#=N\4L
36FX?NJKHG7@nPLPV jk36JKH Z nPL�9S7@=NHXFIL�9;lQnPL�xQHXFI36\49;M�Q =N\4L#x�LQFXHG7@JK\4L�587@\NJ�
QFIL�LQH x�LQn 7 NBLQ=NH
xI2>7@\AUkLQF 9X=NJKjs7@\VH nRQ 36FX?NJKHG7@nPL�3�� 9IL�HXFI36=NjkL�nRQ lQnPL�xQHXFI36\ F 1m36=NHILHG 36JP9�g�nRQ JK\4MWJKjbJPMW=>70d
nKJP9G7@HXJP36\�9IL G 7@JKH 9X=NF<nRQ 36FX?NJKHG7@nPL 5��Q5�L LQH<\436\�9X=NF<nPL�9 lQnPL�xQHXFI36\49 F D L 
V769XHXFI3&M
36FX?NJKHG7@n 7@JKFIL�\DQ 7@HXHXFXJK?N=4L N>769�=N\4L 36FX?NJKHG7@nPL O xI2>76YZ=4L lQnPL�xQHXFI36\ F D 36FI9IYZ=DQ =N\
lQnPL�xQHXFI36\

i
9GL HXFI36=NjkL�M47@\49 =N\4L�36FX?NJKHG7@nPL�MNl �4\NJPLsg4JKnEjk36JKH HI36=49 nPL�9;lQnPL�xQHXFI36\49

MNL�n 7-5��Q5�Le587@\NJ�
QFIL F O<L�9mMNLQFX\NJPLQFI9E\4L�9I36\VH#N>769EMNl �4\NJP9#N>7@F nRQ 36FX?NJKHG7@nPL<3���JKnP9
9IL HXFI36=NjkLQ\ZH F DJQ JK\VHILQFG76xQHXJP36\ 7CjkL�x lQnPL�xQHXFI36\

i
9�Q LHm L�xQHX=4L N>7@F<nPL ?NJ 7@JP9-MNL�9-MWJP9 d

HG7@\4x�L�9W[ LQ\ZHXFIL lQnPL�xQHXFI36\49<LQH<lQnPL�xQHXFI36\49 d \43CUV7@=Wu,]<LQH O#HXFG7�jkLQFI9<nPL�9<x�3ZL
�8xQJPLQ\ZHI9
MW= 
Z769XHXFI3�M NNFI3BNNFILKO#nRQ 36FX?NJKHG7@nPL F DJQ lQnPL�xQHXFI36\

i
\4L G 7@JKH N>769�n 7�MWJnm lQFILQ\4x�L"Lvubd

NNnKJPxQJKHILSLQ\ZHXFIL MNL�9elQnPL�xQHXFI36\49<YV=NJ49GL 9XJKHX=4LQFG7@JPLQ\VH<M47@\49�=N\4L 5��Q5�LS36FX?NJKHG7@nPLS36=
M47@\49�MNL�9<36FX?NJKHG7@nPL�9<MWJnmBlQFILQ\ZHIL�9 F O<LbNBLQ\4M47@\VHCgbn 7�MWJP9XHXJK\4xQHXJP36\�9GL^G 7@JKH�JK\4MWJKFIL�xvd
HILQ5�LQ\VH \436HG7@5�5�LQ\VH UsF � x�L�7@=Wu x�3bL
�8xQJPLQ\VHI9
MW= 
Z769XHXFI3�M YV=NJ NhLQFX5�LQHXHILQ\ZH

ysq



MNL�MWJP9XHXJK\AUs=4LQF8LQ\ZHXFIL�JK\ZHILQFG76xQHXJP36\49 O�x�36=NFXHIL�LQH O�nP36\AUs=4L MWJP9XHG7@\4x�L F f"36=49
N>7@FXnP36\49 MNL;MWJP9IHXJK\4xQHXJP36\49-JK\4MWJKFIL�xQHIL�9 xC7@F�nPL�9<\436HXJP36\49 M�Q 7�NAN>7@FXHILQ\>7@\4x�L@O�=N\4L
36FX?NJKHG7@nPL8LQH#MNL�MWJP9IHG7@\4x�L�\4L�9IL�FIL�x�36=NjbFILQ\VH N>769 HI36HG7@nPLQ5�LQ\VH F c�7@JP9 n 7 NNFIlvd
9ILQ\4x�L�M47@\49SnPL�
V769IHXFI3�M 36FX?NJKHG7@n 7@JKFIL MNL�9"MWJP9XHG7@\4x�L�9;lQnPL�xQHXFI36\Wd \43�UV7@= LQ\ NNnK=49
MNL�9 MWJP9XHG7@\4x�L�9;lQnPL�xQHXFI36\Wd lQnPL�xQHXFI36\�LQH nPLQ=NFSx�36=ANNn 7�UkL�jZJ 7 nPL�9 HILQFX5�L�9

g1
LQH
g2

MN36\N\4LQ\VH;=N\�?h36\�x�365 NB36FXHILQ5�LQ\VH"9X=NJKjs7@\VH n 7
FIlbN>7@FXHXJKHXJP36\�9 N>7@HXJ 7@nPL F

• f;36=49#Nh36=NFXFXJP36\49 ?NJPLQ\
9 �NFmFIl
�>l�xI2NJKFT=NnKHIlQFXJPLQ=NFILQ5�LQ\VH O;M�Q 7@=NHXFIL�9!G 36FX5�L�9.NB36=NF
nPL�9 HILQFX5�L�9#MNL 
Z769XHXFI3�M NB36=NF#xC7�NNHX=NFILQF�LQ\4x�36FIL8M�Q 7�js7@\VHG7�UkL8x�L�9�9X=N?NHXJKnKJKHIl�9 F
DE7gG 36FX5�L#MW=�
V769IHXFI3�M YZ=4L \436=49"7�jk36\49 NNFXJP9GL#L�9XH =N\4LPG 36FX5�L#x�36=NFG7@5�5�LQ\ZH
=NHXJKnKJP9Il�L YZ=4L,\436=49,7�jk36\49�76M47�NNHIl O�\436HXFIL x�36\ZHXFG7@JK\VHIL F ] n L�9XH�HI36=NH O G 7@JKH
Nh3s9G9XJK?NnPLLN>7@F;n 7�9X=NJKHIL�MNL�5�3bMWJ �>LQF;x�LQHXHIL@G 36FX5�L�HI36=NH"LQ\ UV7@FIM47@\VH nPL�9SMNLQ=Wu
JPMNl�L�9 xQnPl�9SMNL n 7�MNlQ587@FIxI24Lsg(O
9 7�jk36JKF o
J F ] i;\ 
V769XHXFI3&M 36FX?NJKHG7@n 7@JKFIL�JK\ZHXFI3ZMW=NJKH O,nRQ JK\VHIlQFXJPLQ=NF�MNL�9 MNlQHILQFX5�JK\>7@\VHI9
MNL
`Zn 7@HILQF
JKJ F ]miS\4L-x�36\VHXFG7@JK\ZHIL 9X=NF n 7"9XUb5�lQHXFXJPL<MNL�9TlQnPL�xQHXFI36\49T9GL�x�36\4M47@JKFIL�9�M47@\49 nPL G 76xvd
HILQ=NF MNL 
V769XHXFI3&M�NB36=NF FILQ\4MWFILen 7;9XHXFX=4xQHX=NFIL<x�365 N>7@HXJK?NnPL-7CjkL�x<nRQ 7@\VHXJP9XUb5�lQHXFXJPL
UsnP36?>7@nPL#MNL n 7 G 36\4xQHXJP36\ M�Q 36\4MNL F
`b36=NnKJ_Us\436\49 HI36=NH MNL85��Q5�L�YZ=4L�nPL�9 
V769XHXFI3&M 9 36FX?NJKHG7@n 7@JKFIL�9 HILQnP9 YV=4L8\436=49
nPL�9<7Cjk36\49<JK5 NNnPlQ5�LQ\VHIl�9 MN36\N\4LQ\ZH-MNljiTO#MNL;HXF 
�9�?h36\49�FIl�9X=NnKHG7@HI9-LQH<MNl�xQFXJKjkLQ\ZH
HXF 
�9 ?NJPLQ\�nPL�9 9IJKHX=>7@HXJP36\49 NN2VUW9XJPYZ=4L�9 YZ=4L \436=49S7�jk36\49;lQHX=4MWJPl�L�9 F

• iS\4L 7@=NHXFIL-FILQ587@FIYZ=4L LvuWHXF �Q5�LQ5�LQ\VHeJK5 NB36FXHG7@\VHIL;L�9XHTYV=4L-nRQ JK\ZHXFI3ZMW=4xQHXJP36\�MNL
x�L�9 
V769XHXFI3&M 9LNBLQFX5�LQH�MNL�5�3bMWJ �>LQF#nPL�9 \ � =4MN9�MNL
n 7 G 36\4xQHXJP36\ M�Q 36\4MNL F D L

V769XHXFI3&M UsnP36?>7@n lQHG7@\ZH =N\ NNFIlHG 76xQHILQ=NFKNB3s9XJKHXJnGXg>JKn \DQ 7�js7@JKH#7@=4xQ=N\4L
JK\ �4=4LQ\4x�L
9X=NF nPL�9��ClQFI3s9#MNL n 7 G 36\4xQHXJP36\ M�Q L�9G9G7@J F aS= x�36\ZHXFG7@JKFILsg nPL�9�
V769XHXFI3&M 9�36FX?NJKHG70d
n 7@JKFIL�9 lQHG7@\VH JK\ZHXFI3ZMW=NJKHI9 MWJKFIL�xQHILQ5�LQ\ZH O�nRQ JK\VHIlQFXJPLQ=NFSMNL"n 7 587@HXFXJPx�L MNL#`Zn 7@HILQF
jk36\VH-LQ\�xG2>7@\AUkLQF-nPLSMNlQHILQFX5�JK\>7@\VH LQH�nPL�9 �ClQFI3s9�MNlbNBLQ\4MWFI36\VH MNL�9�j67@nPLQ=NFI9-MNL�9
N>7@FG7@5 
QHXFIL�9,MNL�9�MWJnm lQFILQ\VHI9 
V769XHXFI3&M 9 F D L�9 
Z769XHXFI3�M 9,36FX?NJKHG7@n 7@JKFIL�9�3�mBFILQ\VH
MN36\4x,=N\$5�3CUkLQ\%MNL�5�3ZMWJ �>LQF�nPL�9
\ � =4MN9�LQH87@JK\49IJ-M�Q JK\ �4=4LQF�9I=NF nRQ JK5 NB36F d
HG7@\4x�L MNLSnRQ LQFXFILQ=NF MNL�9�\ � =4MN9 �NuWl�9 F OWQ L�9XH<=N\�MNL�9 769 NBL�xQHI9<JK5 Nh36FXHG7@\ZHI9 YV=4L

yWp



\436=49 MWJP9IxQ=NHILQFI36\49;M47@\49 n 7gN>7@FXHXJPL#FIl�9I=NnKHG7@H F

• iS\4L�xQFG7@JK\VHIL,\>7@HX=NFILQnKnPL G 76x�L O \436HXFIL G 36\4xQHXJP36\$M�Q 36\4MNL�5�=NnKHXJ d�
V769XHXFI3�M L�9XH
YV=4L nPL x�3��NH;MW=�xC7@nPxQ=NnEMNL n 7 G 36\4xQHXJP36\ M�Q 36\4MNL#LQH MNL#9IL�9 MNlQFXJKjkl�L�9;9I36JKH HXFI3BN
nP36=NFIM F$l \�76MW5�LQHXHG7@\VHeYZ=4L<nRQ JK\VHXFI3bMW=4xQHXJP36\8MNL�9 
V769XHXFI3&M 9�36FX?NJKHG7@n 7@JKFIL�9e9G36JPLQ\VH
=N\ NNnK=49CgB9�Q JKnP9"FIL�YV=NJ�
QFILQ\ZH�MNL�9 xC7@nPxQ=NnP9 ?hLC7@=4x�36=AN NNnK=49"nP36\AUk9 YZ=4L n 7\G 36FX5�L
9XHG7@\4M47@FIM gWx�LQH-7Cj67@\ZHG7�UkLWNh36=NFXFG7@JKH MWJP9 N>7@FG7��PHXFIL F O<L�xQJ M�Q 7@=NHG7@\VH NNnK=49-YV=4L;nPL�9
N>7@FG7@5 
QHXFIL�9
MNL�9�MWJnm lQFILQ\VHI9 
V769XHXFI3&M 9 36FX?NJKHG7@n 7@JKFIL�9
MNLQ587@\4MNLQ\ZH lbUV7@nPLQ5�LQ\ZH
O��QHXFIL�3BNNHXJK5�JP9Il�9Cg3NNFI3bx�l�MW=NFIL LQnKnPLvd 5��Q5�L�x�365 NNnPLvuNL�LQH"x�3��NHILQ=49IL�LQ\ HILQ5 N49
YV=>7@\4M nPL<\4365�?NFIL MNL N>7@FG7@5 
QHXFIL�9�L�9IH#UsFG7@\4M F D L NNFI36?Nn�
Q5�L UklQ\4lQFG7@n4MNL<nRQ 3BNWd
HXJK5�JP9G7@HXJP36\�7 lQHIlJNNFIl�9GLQ\VHIl<M47@\49EnPL�xI2>7�NNJKHXFIL o8F a �4\�M�Q lQjbJKHILQF x�LQHXHIL�MWJ �8xQ=NnKHIl
\436=49 7�jk36\49 LHm L�xQHX=4l�=N\�HXFG7�js7@JKn JK5 Nh36FXHG7@\ZHKNh36=NF 3BNNHXJK5�JP9ILQF nPL�9 MWJnmBlQFILQ\ZHI9
769 NBL�xQHI9TMNL-nRQ JK5 NNnPlQ5�LQ\VHG7@HXJP36\ NNFG7@HXJPYV=4L MNL-\436HXFIL NNFI3BNB3s9XJKHXJP36\8M47@\49�nPL<x�3bMNL
c 36\ZHIL�O-7@FXnP3 YV=>7@\ZHXJPYV=4L�MNlQjkLQnP3BNANhl�7@= n 7@?B36FG7@HI36JKFIL [ x�3bMNL�["c O � O�24LQ5
Nh36=NF V [;=>7@\VHX=N5 c 36\ZHIL�O-7@FXnP3 G 36F O�24LQ5�JP9IHXFXU:ZGg � pCtst�� ] F f;36=49 MNlQjkLQnP3BNANBLvd
FI36\49PNNnK=49 LQ\�MNlQHG7@JKn�x�LQHXHIL JK5 NNnPlQ5�LQ\ZHG7@HXJP36\ M47@\49"nPL
xI2>7�NNJKHXFIL `8F DJQ =N\ MNL�9
FIl�9X=NnKHG7@HI9�JK5 Nh36FXHG7@\ZH 7@= HILQFX5�L�MNL�x�LQHXHIL�JK5 NNnPlQ5�LQ\ZHG7@HXJP36\)LQH�YZ=4L�nRQ =49G7�UkL
MNL�9�
V769IHXFI3�M 9 36FX?NJKHG7@n 7@JKFIL�9�\DQ 7@=AUs5�LQ\ZHIL8nPL�9�HILQ5 N49�MNL�xC7@nPxQ=NnP9�YV=4L�5�3bMNlvd
FIlQ5�LQ\VH F!a L�9KNNFIl�xQJP9XJP36\49 9X=NF�x�LQH�769 NBL�xQH�9ILQFI36\ZH�MN36\N\4l�9�M47@\49�nRQ lQHX=4MNL8\V=Wd
5�lQFXJPYV=4L"x�365 N>7@FG7@HXJKjkLPNNFIl�9ILQ\ZHIl�L"M47@\49<nPL"xI2>7�NNJKHXFIL d8F D L�9<HILQ5 N49<MNL"xC7@nPxQ=Nn
\4L�9I36\VH#MN36\4x N>769#=N\ G 76xQHILQ=NF nKJK5�JKHG7@HXJnG^NB36=NF"=NHXJKnKJP9GLQF#\43s9�
V769XHXFI3&M 9�36FX?NJ d
HG7@n 7@JKFIL�9 F

• iS\4L xQFXJKHXJPYZ=4L�YZ=NJ�Nh36=NFXFG7@JKH �QHXFILPG 7@JKHIL O
\436HXFILPG 36\4xQHXJP36\�5�=NnKHXJ d�
V769IHXFI3�M L�9XH
YV=4L#nPL�9 
V769XHXFI3&M 9;36FX?NJKHG7@n 7@JKFIL�9"x�365 NNnPLvubJ �>LQ\ZH;?BLC7@=4x�36=AN HXFI3BN nPLKNNFI36?Nn�
Q5�L
M�Q =N\ Nh36JK\ZHTMNL�jb=4L NN2VUW9XJPYZ=4L F DJQ lQnPlbUV7@\4x�L LQH n 7"9XJK5 NNnKJPxQJKHIl MNL<n 7 G 36FX5�L-xQn 769 d
9XJPYZ=4L�n 7@JP9I9ILQFG7@JKHgNNn 76x�L O�=N\4L@i_=N\AUsnPL�MNL N>7@FG7@5 
QHXFIL�9 YZ=NJ<\DQ 7@=NFG7@JPLQ\VH NNnK=49
MNLS9ILQ\49 NN2VUW9XJPYZ=4L F/l \\G 7@JKHCgVJKn \DQ LQ\�L�9XH�FXJPLQ\ F D L�9 
V769XHXFI3&M 36FX?NJKHG7@n 7@JKFIL�9 NBLQF d
5�LQHXHILQ\VH =N\4L HXF 
�9 UsFG7@\4MNL �>LvuWJK?NJKnKJKHIl F ] nBL�9XH-HI36=NH OLG 7@JKH Nh3s9I9IJK?NnPL"MNL"\4LWN>769
5�LQHXHXFIL;MNL 
V769XHXFI3&M 9X=NFe=N\4L"36FX?NJKHG7@nPL �W36=�MNL;5�LQHXHXFILSnPL;5��Q5�L	
Z769XHXFI3�M 9X=NF
NNnK=49XJPLQ=NFI9 36FX?NJKHG7@nPL�9WO�n 7 G 36JP9 NB36=NF MNl�xQFXJKFIL#MNLWUsFG7@\4MN9SLQ\49ILQ5�?NnPL�9 F OWQ L�9XH x�L

yst



YV=4L�\436=49^G LQFI36\49 F,l \ NNFG7@HXJPYZ=4Lsg>JKnmU�7�?NJPLQ\ 5�36JK\49"MNL�
V769IHXFI3�M 9 MWJnmBlQFILQ\ZHI9
YV=4L�M�Q 36FX?NJKHG7@nPL�9�5�36nPl�xQ=Nn 7@JKFIL�9 F a;JK\49XJ g!N>7@F8LvuNLQ5 NNnPLsg n 7�MNL�9IxQFXJ_NNHXJP36\�M�Q =N\
7@HI365�L nPlbUkLQF�\4l�x�L�9I9XJKHILQFG7 nRQ =49G7�UkL;MNL MNLQ=Wu 
V769XHXFI3&M 9 os=N\ Nh36=NF�MNl�xQFXJKFIL nRQ 36F d
?NJKHG7@nPL

1s
n 7 NNnK=49^NNFI3�G 36\4MNL�LQH =N\ Nh36=NF;MNl�xQFXJKFIL n 7
FIlbUsJP36\ MNL js7@nPLQ\4x�L F

• � lQ\4lQFG7@nKJP9G7@\VH x�LQHXHIL<MNLQFX\NJ�
QFILeFILQ587@FIYZ=4LsgCJKnbL�9XHEJK5 NB36FXHG7@\VH MNL�FG7�NANBLQnKnPLQFmYZ=DQfO
NNnK=49 nP36\AU�HILQFX5�L
nPL
?N=NH#YZ=NJ 5�36HXJKjkL�nRQ JK\VHXFI3bMW=4xQHXJP36\ MNL
x�L�9 
V769XHXFI3&M 36FX?NJ d
HG7@n 7@JKFIL�9 L�9XH MNL�x�36\49XHXFX=NJKFIL
=N\4L�?NJK?NnKJP36HX2 
�YZ=4L�MNL 
V769IHXFI3�M 9KNNFIlC7@n 7@?NnPLQ5�LQ\ZH
3BNNHXJK5�JP9Il�9�LQHTMNl �4\NJP9 =N\4L G 36JP9#NB36=NFTHI36=NHIL-LQH�YV=NJ8NBLQFX5�LQHXHXFG7@JKH�MNL-x�36\49XHXFX=NJKFIL
MNL�9 G 36\4xQHXJP36\49SM�Q 36\4MNL#MNL#YZ=>7@nKJKHIlPNB36=NF nPL�9 VYUsFI3s9I9IL�9 Z"5�36nPl�xQ=NnPL�9g['NNnK=49XJPLQ=NFI9
x�LQ\VHG7@JK\4L�9�M�Q 7@HI365�L�9 ] N>7@F�9XJK5 NNnPL�x�365�?NJK\>7@JP9G36\ MNL�x�L�98?NFXJPYV=4L�98MNL�?>769IL F
DJQ JPMNl�L L�9XH M�Q =NHXJKnKJP9ILQF x�L�9 
V769IHXFI3�M 9 NNFIlC7@n 7@?NnPLQ5�LQ\ZH;3BNNHXJK5�JP9Il�9 NB36=NF MNl�xQFXJKFIL
MNL�9�NN24lQ\4365 
Q\4L�9mnP3ZxC7@=Wu#9X=NF MNLTHILQnKnPL�9E5�36nPl�xQ=NnPL�9 F R 7@FmLvuNLQ5 NNnPLsgC\436=49�NB36=NF d
FXJP36\49T5�LQHXHXFIL MNL�9 
Z769XHXFI3�M 9�9X=NFTnPL�9�36FX?NJKHG7@nPL�9

1s
MNL�9e7@HI365�L�9 [�nPL-5��Q5�L 
Z769 d

HXFI3�M NB36=NF xI2>76YZ=4L H U/NBL#M�Q 7@HI365�L&]vgN5�LQHXHXFIL =N\ 5��Q5�L�
V769XHXFI3�M'36FX?NJKHG7@n 7@JKFIL
9X=NFSxG2>76YV=4L�nKJ 7@JP9I36\ MN36=N?NnPL�xC7@FX?h36\4Lvd xC7@FX?B36\4Lsg>5�LQHXHXFIL�=N\�
V769XHXFI3&M'9TNhl�xQJ 7@n
Nh36=NF MNl�xQFXJKFIL�=N\ UsFI36=ANhLKG 36\4xQHXJP36\N\4LQn#N>7@FXHXJPxQ=NnKJPLQFCg>LQHIx F D L�9�
V769XHXFI3�M 9"36FX?NJ d
HG7@n 7@JKFIL�9�3�mBFILQ\VH-MN36\4xSMNL�9 NBLQFI9 NhL�xQHXJKjkL�9<LvuWHXF �Q5�LQ5�LQ\VH NNFI365�LQHXHILQ=49IL�9 F DJQ =N\
MNL�9�769 NBL�xQHI9�JK5 NB36FXHG7@\VHI9�MNL�x�L,HXFG7�js7@JKn;MNL�HX2 
�9IL 7 lQHIl�MNL�FIlbUsnPLQF�HI36=NHIL�9
nPL�98MWJ �8xQ=NnKHIl�9�HIL�xI2N\NJPYZ=4L�9�nKJPl�L�9 O x�LQHXHIL JK\VHXFI3bMW=4xQHXJP36\ F OWQ L�9IH8nRQ 36?8iXLQH�MNL�9
MNLQ=Wu NNFI3bxI2>7@JK\49SxI2>7�NNJKHXFIL�9SYZ=4L MNL MNl�xQFXJKFIL nPL"HXFG7�js7@JKnEYZ=NJE7 NhLQFX5�JP9 M�Q 7Cjk36JKF
MNl�9I36FX587@JP9 O�MWJP9 NB3s9XJKHXJP36\ M47@\49�nPL�x�3ZMNL,[;5�x � O�24LQ5�MNL�9 
Z769XHXFI3�M 9
36FX?NJ d
HG7@n 7@JKFIL�9SYZ=4L \436=49 NB36=Njk36\49 3BNNHXJK5�JP9ILQF F O<LQHXHIL�x�36\VHXFG7@JK\ZHIL#HIL�xI2N\NJPYZ=4L�lQHG7@\ZH
nPLQjkl�LsgkJKn4L�9XH OPNNFIl�9ILQ\VH Nh3s9G9XJK?NnPL MNLS9IL x�36\4x�LQ\ZHXFILQF�=N\NJPYZ=4LQ5�LQ\VH-9X=NFTnRQ 769 NBL�xQH
NN2VUW9XJPYZ=4L MW= NNFI36?Nn�
Q5�LKNB36=NFSMNlQjkLQnP3BNANhLQFSHI36=NH nPLPNh36HILQ\ZHXJPLQnmYZ=DQ 3�mhFILQ\ZHSx�L�9

V769XHXFI3&M 9 F

yso
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f;36=49�7@nKnP36\49�M47@\49�x�LQHXHIL N>7@FXHXJPL NNFIl�9ILQ\ZHILQF�LQ\$MNlQHG7@JKn x�365�5�LQ\ZH8xC7@nPxQ=NnPLQF�nPL�9
MWJnm lQFILQ\VHIL�9 YZ=>7@\VHXJKHIl�9<\4l�x�L�9I9 7@JKFIL�9-7@=49G9XJ>?NJPLQ\ Nh36=NF<nPL�9<9XJK5�=Nn 7@HXJP36\49 c�36\VHIL#O-7@FXnP3
YZ=>7@\VHXJPYZ=4L NNFI3BNNFILQ5�LQ\VH�MWJKHIL�9 [�5�lQHX243bMNL�9 X"c O LQH a c O^] YZ=4L NB36=NF�nPL�9�7@n_Uk3@d
FXJKHX2N5�L�9�M�Q 3BNNHXJK5�JP9G7@HXJP36\ MNL�9LN>7@FG7@5 
QHXFIL�9�MNL�n 7 G 36\4xQHXJP36\ M�Q 36\4MNL [�jk36JKF�xG2>7�NNJKHXFIL
o ] F 1E36=NHIL�9Sx�L�9SYV=>7@\ZHXJKHIl�9S36\VH"lQHIl JK5 NNnPlQ5�LQ\VHIl�L�9 M47@\49 nPL#x�3bMNL�["c O � O�24LQ5 MNL
\436HXFIL<UsFI36=ANhL F � pCtst�� O�n 7@JKFILQ5�LQ\VHCgmnRQ JK\VHXFI3bMW=4xQHXJP36\)MNL�9�
V769XHXFI3&M 9@N>7@F�36FX?NJKHG7@nPL8LQ\Wd
HXFG7��P\4L =N\4L
x�365 NNnPLvuWJ �>xC7@HXJP36\ JK5 Nh36FXHG7@\ZHIL�MW=�xC7@nPxQ=NnTMNL�9 MWJnm lQFILQ\VHIL�9 MNlQFXJKjkl�L�9 LQH
x�L�xQJ4L�9IH x�LQ\49Gl-76x�xQFI3 �PHXFILS9ILQ\49XJK?NnPLQ5�LQ\VHenPL�9 HILQ5 N49TMNL xC7@nPxQ=Nn F DJQ L
�8xC76xQJKHIl YZ=4L NBLQ=NH
7�NANB36FXHILQF nRQ =NHXJKnKJP9G7@HXJP36\�MNL NNnK=49XJPLQ=NFI9 
V769XHXFI3�M 9�NBLQ=NH�7@nP36FI9 9ILeHXFI36=NjkLQFTx�36\ZHXFILQ?>7@n 7@\Wd
x�LQF�N>7@FTnPL�9 HILQ5 N49TMNL-xC7@nPxQ=NnN\4l�x�L�9I9G7@JKFIL�9JO;nPLQ=NFT5�JP9IL-LQ\�3bLQ=NjZFIL F OWQ L�9XH nRQ LvuWJP9XHILQ\4x�L
M�Q =N\ x�365 NNFI365�JP9�76x�x�LbNNHG7@?NnPL8YZ=NJ�NhLQFX5�LQH�MNL�MNlQHILQFX5�JK\4LQF�nPLQ=NF#=NHXJKnKJKHIl NNFG7@HXJPYZ=4L F
w>36FXH�24LQ=NFILQ=49ILQ5�LQ\VHCgbx�365�5�L \436=49�nPL jkLQFXFI36\49eM47@\49enRQ lQHX=4MNL x�365 N>7@FG7@HXJKjkL;MW=�xG2>70d
NNJKHXFIL d g@nPL�9 HIL�xI2N\NJPYZ=4L�9TMNlQjkLQnP3BNANhl�L�9JNh36=NF 5�LQHXHXFIL LQ\ 3bLQ=NjbFIL�\43s9 JPMNl�L�9�NN2ZUb9XJPYZ=4L�9
M47@\49 nPL�x�3ZMNL,["c�O � O�24LQ5 NBLQFX5�LQHXHILQ\VH�MNL�FIlbUsnPLQF�x�LQHXHIL�YZ=4L�9XHXJP36\ oEnPL�9�HILQ5 N49
MNL xC7@nPxQ=Nn N>7@F-FG7�NANh36FXH O�nRQ =NHXJKnKJP9G7@HXJP36\�M�Q =N\�9ILQ=Nn 
V769XHXFI3&M UsnP36?>7@n \4L"9G36\VH LQ\�LHm LQH
N>769;MWFG769XHXJPYZ=4LQ5�LQ\VH"7@nKnP36\AUkl�9 F O<L FIl�9X=NnKHG7@HSJK5 Nh36FXHG7@\ZH;\436=49 NhLQFX5�LQH N>7@FSn 7�9X=NJKHIL
M47@\498\43s9�MWJP9IxQ=49I9IJP36\49�MNL�\4L N>769�x�36\49XJPMNlQFILQF�n 7 YZ=4L�9XHXJP36\�MW=%HILQ5 N49�MNL�xC7@nPxQ=Nn
x�365�5�L�=N\ NB36JK\VH;JK5 Nh36FXHG7@\ZH F `bLQ=NnPL�n 7 NBLQFXHXJK\4LQ\4x�L�M�Q =N\ Nh36JK\ZH;MNL#jb=4LKNN2ZUb9XJPYZ=4L

y�e



9GLQFG7gNNFXJP9IL#LQ\�x�365 NNHIL F
wmJK\>7@nPLQ5�LQ\ZHCgW9I36=NnKJ_Us\436\49-YV=4L;nPL�9�YZ=>7@\VHXJKHIl�9<JK\ZHILQFXjkLQ\>7@\VH M47@\49<nRQ lQHG7�NhL"M�Q 3BNNHXJ d

5�JP9 7@HXJP36\�MNLS\43s9JG 36\4xQHXJP36\49�M�Q 36\4MNL"36\VH-MW= �QHXFIL"xC7@nPxQ=NnPl�L�9-7�jkL�x;=N\4L"769I9GL � UsFG7@\4MNL
NNFIl�xQJP9IJP36\ N>7@F�MNL�9�xC7@nPxQ=NnP9 X c�O F!l HG7@\ZH8MN36\N\4l�n 7 NNFIl�xQJP9IJP36\ FIL�YZ=NJP9IL�JKn 7 G 7@nKnK=
N>7@FG7@nKnPlQnKJP9GLQF nPL�9 5�lQHX243ZMNL�9KNB36=NFKNB36=Njk36JKF 3BNNHXJK5�JP9GLQF�MNL@VYUsFG7@\4MN9 Z
9IUb9XH 
Q5�L�9 F R 7@F
LvuNLQ5 NNnPLsg x�LQHXHILgN>7@FG7@nKn�
QnKJP9G7@HXJP36\ 9�Q L�9IH;FIlQjklQnPl�L
JK\4MWJP9 NBLQ\49G7@?NnPLgNB36=NFWNB36=Njk36JKF#3BNNHXJ d
5�JP9GLQF"x�365 NNn�
QHILQ5�LQ\ZH#n 7<G 36\4xQHXJP36\ M�Q 36\4MNL 5�=NnKHXJ d�
V769IHXFI3�M MNL�nRQ 7@HI365�L�MNL�xQ=NJKjbFIL F

VL�HXJPLQ\49\O FILQ5�LQFIxQJPLQF�a F `bx�LQ587@587 [ ] \AUklQ\NJPLQ=NF�MNL,^SL�xG24LQFIxI24L 7@=$n 7@?B36FG7@HI36JKFIL&]
YZ=NJ 7�5�JP9 LQ\ NNn 76x�L M47@\49-nPL x�3bMNL#["c�O � O�24LQ5 n 7 NNFI3bx�l�MW=NFIL MNLPN>7@FG7@nKnPlQnKJP9G7@HXJP36\
7@=NHI36587@HXJPYZ=4L�YZ=4L i�Q 7@J ?hLC7@=4x�36=AN�=NHXJKnKJP9Gl�L F

^;7�NANBLQnP36\49�YZ=4L nPL�9�YZ=>7@\VHXJKHIl�9,\4l�x�L�9G9G7@JKFIL�9 Nh36=NF,LHm L�xQHX=4LQF�=N\4L�9XJK5�=Nn 7@HXJP36\
c�36\VHILvd_O-7@FXnP3�YV=>7@\ZHXJPYV=4L ['X"c O 36= a c�O^] 9I36\VHLo

• n 7 G 36\4xQHXJP36\ M�Q 36\4MNL ΨT

• nPL jkL�xQHILQ=NF d MNlQFXJKjkL [ MWFXJnG H ] ~∇ΨT

ΨT

• nRQ lQ\4LQFXJ_UkL#nP3bxC7@nPL EL = HΨT

ΨT
= −1

2
∆ΨT

ΨT
+ V

f"36=49S7Cjk36\49SMN36\4x ?BL�9I36JK\�MNL�9 YZ=>7@\VHXJKHIl�9"lQnPlQ5�LQ\VHG7@JKFIL�9"9X=NJKjs7@\VHIL�9@o
• n 7 G 36\4xQHXJP36\ M�Q 36\4MNL ΨT

• nPLPUsFG76MWJPLQ\VH ~∇ΨT

• nPL DE7�NNn 76xQJPLQ\ ∆ΨT

DEL UsFG76MWJPLQ\ZH ~∇ΨT
L�9XH�nPL jkL�xQHILQ=NF x�36\49XHXJKHX=4l"MNL�9�MNlQFXJKjkl�L�9-9XJK5 NNnPL�9<MNL

ΨT
9X=NJKjs7@\VH

nPL�9 HXFI36JP9 x�3Z36FIMN36\N\4l�L�9"9 N>7@HXJ 7@nPL�9 MNL�xI2>76xQ=N\ MNL�9SlQnPL�xQHXFI36\49 F
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x�36nP36\N\4L�MNL nRQ lQnPL�xQHXFI36\

i0
F

f"36=49S7Cjk36\49Sx�365�5�LKNNFIl�x�l�MNLQ5�5�LQ\ZH;=N\4L#9IUZ5�lQHXFXJPL\o

∂liP (i, j) = ∂liP (j, i)
[ `8FKpCy ]

l \�FILQ5 NNn 76AC7@\ZH
P (i, j)

LQH
Q(i)

N>7@F
∂liP (i, j)

g
∂liQ(i)

gZ\436=49 7�jk36\49<=N\4L"7@\>7@nP3BUsJPL
M47@\49 n 7;9XHXFX=4xQHX=NFIL 7�jkL�x<n 7 N>7@FXHXJPL NNFIl�x�l�MNLQ\VHIL F f"36=49#NB36=Njk36\49 MN36\4x<HILQ\NJKF nPL�5��Q5�L
FG7@JP9G36\N\4LQ5�LQ\VH F D L�9mHILQ5 N49.NB36=NFmxC7@nPxQ=NnPLQF

∂liJc
LQHEnPL�9

Ne ∂
l
iJk

9I36\ZHmMN36\4x<MW=�5��Q5�L
36FIMWFIL F f;36=49 NNFI3 �4HI36\49 N>7@F�7@JKnKnPLQ=NFI9�M�Q =N\4LS7@\VHXJP9XUb5�lQHXFXJPLSMNL nRQ Lvu-NNFIL�9I9IJP36\

s()
NB36=NF

lQjbJKHILQFSMNL FIL�xC7@nPxQ=NnPLQF"MNL�9 lQnPlQ5�LQ\VHI9;JPMNLQ\VHXJPYZ=4L�9@o

∂lisij(Xij) = −∂ljsij(Xij)
[ `8F tsq ]

a;JK\49XJ gTnPL \4365�?NFIL�JK\NJKHXJ 7@n;MNL N>7@JKFIL�9 ∇lP (i, j)
L�9XH

2 × 3 × (Ne − 1)Ne
F R 36=NF

xG2>76YV=4L N>7@JKFIL
i, j
gmJKn�U 7 MNLQ=Wu UsFG76MWJPLQ\VHI9
\436\ \V=NnP9 o

∂li
LQH
∂lj
YZ=NJ<36\ZH xG2>76xQ=N\

HXFI36JP9Sx�3Z36FIMN36\N\4l�L�9 F D L \4365�?NFIL HI36HG7@nEMNLKN>7@JKFIL�9WO
xC7@nPxQ=NnPLQFSL�9XHSMN36\4x

2 × 3 × (Ne − 1)(Ne − 2)

2

[ `8F tWp ]
9G36JKH

3 × (Ne − 1)(Ne − 2)
[ `8F tst ]
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Rm3s9I36\49
∂2
xl

i

R
n 7�MNlQFXJKjkl�L MN36=N?NnPL�9X=NJKjs7@\VH"n 7

l
1�3�4;x�3Z36FIMN36\N\4l�L MNL#nRQ lQnPL�xQHXFI36\

i
MNL n 7�YV=>7@\ZHXJKHIl

R
F

R 36=NFSnPL�
Z769XHXFI3�M'x�365�5�=N\ nRQ Lvu8NNFIL�9I9XJP36\�L�9IH@o

∂l2,iJc =
∑

j 6=i
∂l2,iP (i, j) +

∑

k

∂l2,iQ(k)
[ `8F tso ]

R 36=NFSnPL�
Z769XHXFI3�M'36FX?NJKHG7@n 7@JKFIL<o

pCqsq



• 9XJ>n 7�MNlQFXJKjkl�L 9IL^G 7@JKH<9I=NJKj67@\ZH<nRQ lQnPL�xQHXFI36\ i0 YZ=NJhL�9XH�n 7#5��Q5�L YZ=4L nPL NNFILQ5�JPLQF
7@F Us=N5�LQ\VH"MW=�
V769XHXFI3&M o

∂l2,i0Jk(~ri0 | . . .) =
∑

j 6=i0
∂l2,i0P (i0, j) + ∂l2,i0Q(i0)

[ `8F t�e ]

• 9XJBn 7
MNlQFXJKjkl�L#9IL G 7@JKH 9X=NJKjs7@\VHSnRQ lQnPL�xQHXFI36\ i1 MWJnm lQFILQ\VHSMW= NNFILQ5�JPLQF;7@F Us=N5�LQ\ZH
i0
o

∂i2,iJk(~ri0 | . . .) = ∂l2,i0P (i0, i1)
[ `8F t$` ]

f"36=49S7Cjk36\49@o
∂2P (i, j)

∂x2
=
∂2P (j, i)

∂x2

[ `8F tsr ]
f"36=49 FILQHXFI36=Njk36\49�=N\4L,9XUb5�lQHXFXJPL F Dm7 9IHXFX=4xQHX=NFIL�JPMNLQ\ZHXJPYV=4L O�x�LQnKnPL�9 NNFIl�x�l�MNLQ\ZHIL�9
YZ=NJh\436=49 NhLQFX5�LQH MNL;HILQ\NJKF nPL"5��Q5�L;FG7@JP9G36\N\4LQ5�LQ\VHSYZ=4L xQJ d MNL�9I9X=49 F D L�9-HILQ5 N49 MNL
xC7@nPxQ=NnmMNL

∂l2,iJc
LQHSMNL�9

Ne ∂
l
2,iJk

9I36\ZHSMN36\4x#MW=�5��Q5�L�36FIMWFIL F
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f;36HI36\49
Jx,cp

n 78MNlQFXJKjkl�L MW= 
Z769XHXFI3�M [
x � x�365�5�=N\ 36=�36FX?NJKHG7@n 7@JKFIL&]"9X=NJKj67@\ZH

nPLPN>7@FG7@5 
QHXFIL
cp
LQH
Tcp

n 7
MNlQFXJKjkl�L�M�Q =N\4L#YZ=>7@\VHXJKHIl
T
F

Rm36=NF;nPL�
V769XHXFI3�M'x�365�5�=N\ \436=49S7�jk36\49 o

Jc,cp =
∑

i<j

Pcp(i, j) +
∑

i

Qcp(i)
[ `8F t=c ]

R 36=NFSnPL�
Z769XHXFI3�M'36FX?NJKHG7@n 7@JKFIL#\436=49S7Cjk36\49@o

Jk,cp(ri0 | . . .) =
∑

j 6=i0
Pcp(i0, j) +Qcp(i0)

[ `8F t$d ]

] nTU�7,LQ\4x�36FIL�=N\4L�9XUb5�lQHXFXJPL F O<365�5�L�M47@\49 n 7 N>7@FXHXJPL�x�36\49 76xQFIl�L87@= 
V769XHXFI3&M LQH
LQ\$FILQ5 NNn 76AC7@\ZHCg

P (i, j)
LQH
Q(i)

N>7@F
nPLQ=NFI9�MNlQFXJKjkl�L�9
Pcp(ij)

LQH
Qcp(i)

9I=NJKj67@\ZH
=N\ N>7@FG7@5 
QHXFIL

cp
gh\436=49 5�36\ZHXFI36\49#YV=4L nPL�9 xC7@nPxQ=NnP9KNB36=NF MNlQHILQFX5�JK\4LQF#n 7�MNlQFXJKjkl�L

MW= 
V769XHXFI3&M x�365�5�=N\ 9X=NJKjs7@\VH�=N\ N>7@FG7@5 
QHXFIL�LQH�n 7 MNlQFXJKjkl�L�MNL�9
Ne


V769XHXFI3&M 9
36FX?NJKHG7@n 7@JKFIL�9"x�36\4MW=NJP9ILQ\ZH"7@=Wu,5��Q5�L#3BNhlQFG7@HXJP36\49;MNL ?>769IL F

pCqWp
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Rm36=NF nPL\UsFG76MWJPLQ\ZH�\436=49 Nh36=Njk36\49 LHm L�xQHX=4LQF Lvu476xQHILQ5�LQ\VH nPL�5��Q5�L�FG7@JP9I36\N\4Lvd
5�LQ\ZH NB36=NFS36?NHILQ\NJKF nPL�9 G 36FX5�=NnPL�9 F

Rm36=NF;nPL�
V769XHXFI3�M'x�365�5�=N\ o

∂liJc,cp =
∑

j 6=i
∂liPcp(i, j) +

∑

k

∂liQcp(k)
[ `8F tsy ]

R 36=NFSnPL�
Z769XHXFI3�M'36FX?NJKHG7@n 7@JKFIL<o
• 9XJ n 7
MNlQFXJKjkl�L�9ILWG 7@JKH 9X=NJKjs7@\VH nRQ lQnPL�xQHXFI36\ i0 MNL FIlHG lQFILQ\4x�L\o

∂li0Jk,cp(~ri0 | . . .) =
∑

j 6=i0
∂li0Pcp(i0, j) + ∂li0Qcp(i0)

[ `8F osq ]

• 9XJ n 7
MNlQFXJKjkl�L�9ILWG 7@JKH 9X=NJKjs7@\VH nRQ =N\ MNL�9 lQnPL�xQHXFI36\49S9IL�x�36\4M47@JKFIL�9 i1 o

~∇i1Jk,cp(~ri0 | . . .) = ∂li0Pcp(i0, i1)
[ `8F oWp ]

LQH^NB36=NF nPL DE7�NNn 76xQJPLQ\ o
a 7@\49 nPL#xC769 MW=�
V769XHXFI3&M x�365�5�=N\�o

∂2
xl

i
Jc,cp =

∑

j 6=i
∂2
xl

i
Pcp(i, j) +

∑

i

∂2
xl

i
Qcp(i)

[ `8F ost ]

a 7@\49 nPL�xC769 MW=�
V769XHXFI3&M 36FX?NJKHG7@n 7@JKFIL<o
• 9XJ n 7
MNlQFXJKjkl�L�9ILWG 7@JKH 9X=NJKjs7@\VH nRQ lQnPL�xQHXFI36\�MNL FIlHG lQFILQ\4x�L i0 o

∂2
xl

i0

Jk,cp(~ri0 | . . .) =
∑

j 6=i0
∂2
xl

i0

Pcp(i0, j) + ∂2
xl

i0

Qcp(i0)
[ `8F oso ]

• 9XJ n 7
MNlQFXJKjkl�L�9ILWG 7@JKH 9X=NJKjs7@\VH nRQ =N\ MNL�9 lQnPL�xQHXFI36\49S9IL�x�36\4M47@JKFIL�9 i1 o

∆i1Jk,cp(~ri0 | . . .) = ∂2
xl

i0

Pcp(i0, i1)
[ `8F o�e ]

D L�9 MNlQFXJKjkl�L�9EMNL�9 
V769XHXFI3&M 9E9X=NJKjs7@\VH nPL�9DN>7@FG7@5 
QHXFIL�9
e1, e2, e3, e4, f1, f2, f3, f4, g1, g2

FILbNB3s9ILQ\ZH-x�365�5�L"nPL;5�36\VHXFILQ\ZH nPL�9 G 36FX5�=NnPL�9 NNFIl�9GLQ\VHIl�L�9 M47@\49-nRQ 7@\N\4LvuNL l 9X=NF-MNL�9
9G365�5�L�9 M�Q lQnPlQ5�LQ\VHI9�MNljiTO�xC7@nPxQ=NnPl�9PNh36=NF x�36\49XHXFX=NJKFIL
nPL�9�
Z769XHXFI3�M 9 F O<LQn 7 NBLQFX5�LQH
MNL�nKJK5�JKHILQF�nPL�\4365�?NFIL8M�Q 3BNBlQFG7@HXJP36\49gO�LHm L�xQHX=4LQF@NN=NJP9GYV=4L�x�L�9�YV=>7@\ZHXJKHIl�9�36\ZH�lQHIl
9IHI3Zx �kl�L�9-7@= NNFIlC7@n 7@?NnPL F `bLQ=NnPL�9-nPL�9-MNlQFXJKjkl�L�9-9X=NJKj67@\ZH-nPL�9 N>7@FG7@5 
QHXFIL�9

be−e
LQH
be−n

MNLQ587@\4MNLQ\ZH;MNL#xC7@nPxQ=NnPLQF;MNL \436=NjkLQnKnPL�9SYZ=>7@\VHXJKHIl�9 F
pCqst
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f;36=49 FILQ\Zjk3CUk36\49PO
nRQ 7@\N\4LvuNL l NB36=NF nPL�9 G 36FX5�=NnPL�9SLvu476xQHIL�9 F
D.O LQ\4x�36FILsg�x�365�5�L�M47@\49�HI36=NHIL�9�nPL�9 N>7@FXHXJPL�9<NNFIl�x�l�MNLQ\VHIL�9Cgen 7�x�365 N>7@FG7@JP9I36\

MNL�9�9XHXFX=4xQHX=NFIL�9 LQ\VHXFIL 
V769XHXFI3�M x�365�5�=N\$LQH�
V769IHXFI3�M 36FX?NJKHG7@n 7@JKFIL85�36\ZHXFIL�YZ=4L�nPL
\4365�?NFIL�M�Q 3BNBlQFG7@HXJP36\49 Nh36=NF"xC7@nPxQ=NnPLQF;x�L�9"MNLQ=Wu,H U/NBL�9SMNL 
V769XHXFI3&M 9;L�9XH"9XJK5�JKn 7@JKFIL F
O<LbNBLQ\4M47@\VHCgB?BLC7@=4x�36=AN MNL�MNlQFXJKjkl�L�9 MN36=N?NnPL�9 9I36\ZH \V=NnKnPL�9 F R 7@FX5�J�x�LQnKnPL�YZ=NJm\4L�nPL
9G36\VH N>769CgW\436=49"7�jk36\49SnPL�9 MNlQFXJKjkl�L�9SMN36=N?NnPL�9;9X=NJKj67@\ZH nPL�9^N>7@FG7@5 
QHXFIL�9 o

• be−e
LQH
ei
Nh36=NF

i � p O e
• be−n

LQH
fi
NB36=NF

i � p O e
• be−e

LQH
gi
NB36=NF

i � p O t
• be−n

LQH
gi
NB36=NF

i � p O t
LQnKnPL�9�9I36\ZH�x�36\49XHXJKHX=4l�L�9�MNL�9I365�5�L�9�MNL YV=>7@\ZHXJKHIl�9,MNlji O xC7@nPxQ=NnPl�L�9,7@= NNFIlC7@n 7@?NnPL
NB36=NF-nPL xC7@nPxQ=Nn MW= 
Z769XHXFI3�M 5��Q5�L F O<L�9 YZ=>7@\VHXJKHIl�9 NhLQ=NjkLQ\ZHS7@JK\49XJ �QHXFIL FIlQ=NHXJKnKJP9Il�L�9
O x�L NNFI3BNh3s9 Nh36=NF�lQjbJKHILQFeMNL�9exC7@nPxQ=NnP9�9X=ANANNnPlQ5�LQ\VHG7@JKFIL�9 F a;JK\49XJ gs9ILQ=NnPL�9TnPL�9�MNlQFXJKjkl�L�9
MN36=N?NnPL�9;9X=NJKjs7@\VH nPL�9^N>7@FG7@5 
QHXFIL�9 o

• be−e
LQH
be−e

• be−n
LQH
be−n

• be−e
LQH
be−n

MNLQ587@\4MNLQ\ZH;MNL�9;xC7@nPxQ=NnP9 9X=ANANNnPlQ5�LQ\VHG7@JKFIL�9 F

f;36=49ejkLQ\436\49�MNLSjk36JKF�YZ=4L^Nh36=NF�=N\8H U/NBL MNL�
Z769XHXFI3�M 36FX?NJKHG7@n 7@JKFILsgZxC7@nPxQ=NnPLQF<nPL�9
Ne


V769XHXFI3&M 9#LQH HI36=NHIL�9 nPL�9 MNlQFXJKjkl�L�9 \4l�x�L�9I9G7@JKFIL�9 \4L FILbNNFIl�9ILQ\ZHIL�YV=4L NBLQ=�M�Q 3BNBlvd
FG7@HXJP36\49 9X=ANANNnPlQ5�LQ\VHG7@JKFIL�9 N>7@F�FG7�NANh36FXH O$9G36\ l�YZ=NJKjs7@nPLQ\VH 9I36=49,n 7�G 36FX5�L M�Q =N\

Z769XHXFI3�M x�365�5�=N\ F :<JPLQ\�lQjbJPMNLQ5�5�LQ\VHCgWx�LQn 7 \DQ L�9XH�jZFG7@JhYV=4L Nh36=NF�nPLSxC769eM�Q =N\,9ILQ=Nn

Z769XHXFI3�M 36FX?NJKHG7@n 7@JKFIL F O<365�5�L"\436=49-LQ\�LQ5 NNnP3�Uk36\49^NNnK=49XJPLQ=NFI9CgZnPLSHILQ5 N49 MNL"xC7@nPxQ=Nn
L�9IHS7@JK\49XJ 5�=NnKHXJ_NNnKJPl�LQ\�x�36\49Il�YZ=4LQ\4x�L F

D LSxC7@nPxQ=NnBMNL�9�lQnPlQ5�LQ\ZHI9-MNLSn 7#587@HXFXJPx�L;MNL `Zn 7@HILQF�FILbNNFIl�9ILQ\ZHILSn 7@N>7@FXHXJPL n 7LNNnK=49
x�3��NHILQ=49GL�LQ\ HILQ5 N49 d xC7@nPxQ=Nn�MNL
n 7�5�lQHX243ZMNL�["c O'M47@\49 nPL�xC769�3�� 36\ =NHXJKnKJP9IL
=N\

Z769XHXFI3�M x�365�5�=N\ F!a 7@\49�nPL8xC769�M�Q =N\4L�=NHXJKnKJP9G7@HXJP36\ MNL NNnK=49XJPLQ=NFI9 
V769XHXFI3�M 9 36FX?NJ d
HG7@n 7@JKFIL�9�g4x�L \DQ L�9XH^NNnK=49 HI36=NH nPL HILQ5 N49 jZFG7@J F f"36=49 MNlQjkLQnP3BNANBLQFI36\49Sx�L�9 FILQ587@FIYZ=4L�9
M47@\49 n 7gN>7@FXHXJPL#x�36\49G76xQFIl�L@O nRQ lQHX=4MNL#x�365 N>7@FG7@HXJKjkL�MW=�x�3��NH MNL�9 xC7@nPxQ=NnP9 [ xG2>7�NNJKHXFIL
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nRQ 3BNNHXJK5�JP9G7@HXJP36\%nKJ d
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f;36=49 7@nKnP36\49 587@JK\VHILQ\>7@\ZH#MNl�xQFXJKFIL�nPL�9"HIL�xG2N\NJPYV=4L�9"5�JP9IL�9 LQ\ � =NjZFIL Nh36=NF xC7@n d

xQ=NnPLQFenPL�9�MNlQHILQFX5�JK\>7@\VHI9 NBLQFX5�LQHXHG7@\VH�MNLSx�36\49XHXFX=NJKFIL nPL�9eYZ=>7@\VHXJKHIl�9e\4l�x�L�9I9G7@JKFIL�9<7@=Wu
9IJK5�=Nn 7@HXJP36\49 F ^;7�NANBLQnP36\49 JPxQJVYZ=4L�Nh36=NFDNBLQFX5�LQHXHXFILT=N\4L�9IJK5�=Nn 7@HXJP36\@X c O�36= a c O"g
nPL�9SYV=>7@\ZHXJKHIl�9 FIL�YZ=NJP9IL�9 9I36\ZH@o

• n 7 G 36\4xQHXJP36\ M�Q 36\4MNL ΨT

• nPLPUsFG76MWJPLQ\VH ~∇ΨT

• nRQ lQ\4LQF UsJPL nP3bxC7@nPL EL x�36\49XHXFX=NJKHIL UsF � x�L L�9G9ILQ\VHXJPLQnKnPLQ5�LQ\ZH 7@= DE7�NNn 76xQJPLQ\ MNL
ΨT

F
EL = −1

2

∆ΨT

ΨT
+ V

[ `8F o$` ]
D Q 3BNNHXJK5�JP9G7@HXJP36\�nKJK\4lC7@JKFIL�FIL�YZ=NJPLQFXH LQ\ NNnK=49"MNL�x�L�9"YZ=>7@\VHXJKHIl�9CghnPL�9"MNlQFXJKjkl�L�9"MNL x�L�9
MNLQFX\NJ�
QFIL�9"9X=NJKjs7@\VH"nPL�9 N>7@FG7@5 
QHXFIL�9 MW= 
Z769XHXFI3�M F DE7�5�lQHX243bMNL�MNL�f;LbM HI36\ \4l�x�L�9 d
9IJKHIL�=N\4L-YZ=>7@\VHXJKHIl 9X=ANANNnPlQ5�LQ\ZHG7@JKFILsg/O;9G7�jk36JKFTn 7"MNlQFXJKjkl�L MN36=N?NnPL MNL

ΨT
9X=NJKjs7@\VHTnPL�9

N>7@FG7@5 
QHXFIL�9 O
3BNNHXJK5�JP9ILQF F DE7 G 36\4xQHXJP36\�M�Q L�9I9G7@J
ΨT

lQHG7@\VH nPLWNNFI3bMW=NJKH MNL MNLQ=Wu�MNlvd
HILQFX5�JK\>7@\ZHI9@[ M47@\49-nPL xC769-5�36\43@d x�36\ �3Us=NFG7@HXJP36\N\4LQn g4nPL xC769<5�=NnKHXJ d x�36\ �3Us=NFG7@HXJP36\N\4LQn
lQHG7@\ZH;=N\4L@UklQ\4lQFG7@nKJP9G7@HXJP36\�HXFXJKjZJ 7@nPL&] nPL�9SMNlQFXJKjkl�L�9 MNL�x�LQHXHILKG 36\4xQHXJP36\ g 9 N>7@HXJ 7@nPL�9"36=
9I=NJKj67@\ZH�=N\�N>7@FG7@5 
QHXFILsg 9&Q LHmBL�xQHX=4LQ\ZH N>7@F MNlQFXJKj67@HXJP36\49
9X=4x�x�L�9I9IJKjkL�9�MNL�9 x�36nP36\N\4L�9
36=�MNL�9enKJ_Us\4L�9�MNL n 7"587@HXFXJPx�L;x�36FXFIL�9 Nh36\4M47@\ZH<7@=�MNlQHILQFX5�JK\>7@\ZH F/a Q =N\\NB36JK\VHeMNL jZ=4L
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lk) = ∂mi (eJl(~rk|...)Φl(~rk) + eJl(~rk|...)∂mi Φl(~rk)

[ `8Ff`sq ]

∂xm
i

(Ψ↓
ik) = ∂xm

i
(e
Jl(~rN↑+k|...))Φl(~rN↑+k) + eJl(~rk |...)∂xm

i
Φl(~rk)

[ `8Ff`Wp ]
X�3�Uk36\49�587@JK\ZHILQ\>7@\VH-x�365�5�LQ\VH�xC7@nPxQ=NnPLQF�x�L�9eMNlQHILQFX5�JK\>7@\VHI9-7�jkL�x n 7 G 36FX5�=NnPL `8F t8F t8F
R�FILQ\436\49LNB36=NF#x�LQn 7,nPL�xC769#MNL
n 7�587@HXFXJPx�L

Ψ↑ NB36=NF n 76YZ=4LQnKnPL�n 7,x�36nP36\N\4L k 7,lQHIl
MNlQFXJKjkl�L<o




Ψ↑
11 . . . ∂xm

i
(Ψ↑

1k) . . .FFF FFF FFF FFF
Ψ↑
j1 . . . ∂xm

i
(Ψ↑

jk) . . .FFF FFF FFF FFF




[ `8Ff`st ]

^"7�NANhLQnP36\49
YZ=4L�x�LQHXHIL�MNlQFXJKjkl�L�L�9XH MWJnmBlQFILQ\ZHIL�9X=NJKj67@\ZH�YV=4L
j
L�9XH 36= \436\)lbUV7@nPLvd

5�LQ\ZH�n 7�j67@nPLQ=NF MNL�nRQ lQnPL�xQHXFI36\ 9I=NJKj67@\ZH�nPL�YZ=4LQn�n 7 G 36\4xQHXJP36\
ΨT

L�9XH�MNlQFXJKjkl�L\NB36=NF
36?NHILQ\NJKFenPL^UsFG76MWJPLQ\VH F DE7 5�lQHX243bMNLSL�9XH�9XHXFXJPxQHILQ5�LQ\ZHen 7 5��Q5�L Nh36=NFTHI36=49enPL�9e7@=NHXFIL�9
MNlQHILQFX5�JK\>7@\ZHI9 F

f;36=49 =NHXJKnKJP9GLQFI36\49 n 7 G 36FX5�=NnPL�o

det(M + δM)

det(M)
= det(Id +M−1δM)

[ `8Ff`so ]

7CjkL�x

M = Ψ↑ [ `8Ff`�e ]
LQH

δM =




0 0 . . . −Ψ↑
1k + ∂xm

i
Ψ↑

1k . . . 0

0 0 . . . −Ψ↑
2k + ∂xm

i
Ψ↑

2k . . . 0FFF FFF FFF FFF FFF
0 0 . . . −Ψ↑

N↑k
+ ∂xm

i
Ψ↑
N↑k

. . . 0




[ `8Ff`$` ]

^;LbUV7@FIMN36\49�x�365�5�LQ\ZH 9�Q LHm L�xQHX=4LQ\VH�nPL�9�9XJK5 NNnKJ �>xC7@HXJP36\49 MW= xC7@nPxQ=Nn F D L�9�lQnPlQ5�LQ\ZHI9
MNL
δM

\DQ lQHG7@\VH-MWJnm lQFILQ\VHI9<MNL �ClQFI3�YZ=4L 9X=NFe=N\4LSx�36nP36\N\4LsgknPL NNFI3ZMW=NJKH
M−1δM

L�9XH

pCqsy



MNL n 7 G 36FX5�L\o

P =




0 0 . . . P1k . . . 0

0 0 . . . P2k . . . 0FFF FFF FFF FFF FFF FFF
FFF FFF FFF FFF FFF FFF
FFF FFF FFF FFF FFF FFF
0 0 . . . PN↑k . . . 0




[ `8Ff`sr ]

Dm7
587@HXFXJPx�L
Q = Id+ P

MNLQjbJPLQ\VH;MN36\4x\o

Q =




1 0 . . . P1k . . . 0

0 1 . . . P2k . . . 0FFF FFF F F F FFF FFF FFF
FFF FFF FFF

Pkk + 1

FFF FFF
FFF FFF FFF FFF F F F FFF
0 0 . . . PN↑k . . . 1




[ `8Ff`=c ]

LQH nPL�MNlQHILQFX5�JK\>7@\VH
det(Q)

o

det(Q) = Pkk + 1
[ `8Ff`$d ]

a;=NHXFILQ5�LQ\VH MWJKHCg nPL�xC7@nPxQ=Nn�MNL
det(Q)

LQH�MN36\4x8MNL
det(M + δM)

9IL�FIl�9X=N5�L87@=
xC7@nPxQ=NnmMNL n 7
YV=>7@\ZHXJKHIl

Pkk

Pkk =
∑

m=1,N↑

Ψ↑,−1
km δMmk

[ `8Ff`sy ]

DEL@NB36JK\VH xQnPl�YZ=NJm\436=49 7�JK\4xQJKHIl O�=NHXJKnKJP9ILQF;n 7 G 36FX5�=NnPL
L�9XHSn 7 G 36FX5�L 9XJK5 NNnPL MNL#n 7
587@HXFXJPx�L

P
YZ=NJANBLQFX5�LQH�MNL xC7@nPxQ=NnPLQF�HXF 
�9�G 76xQJKnPLQ5�LQ\VH�nPL MNlQHILQFX5�JK\>7@\ZH F O<LQHXHIL G 36FX5�L

9IJK5 NNnPL L�9XH NB3s9I9XJK?NnPL N>7@FIx�L�YZ=4L�\436=49�7Cjk36\49�5�=NnKHXJ_NNnKJPl�=N\4L�587@HXFXJPx�L
δM

7CjkL�x
=N\4L
9ILQ=NnPL x�36nP36\N\4L \436\�\V=NnKnPL O8MWFI36JKHIL
MNL n 78587@HXFXJPx�L

M−1 F f;36=49"jkLQFXFI36\49WNNnK=49
HG7@FIM Nh36=NF;nPL#xC7@nPxQ=Nn MNL�9SMNlQFXJKjkl�L�9"9X=NJKj67@\ZHS=N\ N>7@FG7@5 
QHXFIL�YZ=4L#\436=49;36?NHXJPLQ\4MWFI36\49
lbUV7@nPLQ5�LQ\ZH
=N\4L8587@HXFXJPx�L O�n 7 G 36FX5�L�9XJK5 NNnPL8LQ\ 5�=NnKHXJ_NNnKJ 7@\ZH<O UV7@=4xI24L,MNL

M−1

=N\4L#587@HXFXJPx�L�7�jkL�x =N\4L�9ILQ=NnPL nKJ_Us\4L \436\�\Z=NnKnPL F

pspCq
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f;36=49 MNLQjk36\49 MNlQFXJKjkLQF;MNLQ=Wu G 36JP9-nPLWNNFI3ZMW=NJKHSMNL�9 MNlQHILQFX5�JK\>7@\ZHI9;MNL�9 MNLQ=Wu,5870d
HXFXJPx�L�9 o

Ψ↑Ψ↓

D Q Lvu-NNFIL�9I9IJP36\ NhLQ=NH 9GL MNl�x�365 Nh3s9ILQF;LQ\�HXFI36JP9^N>7@FXHXJPL�9SMWJP9GxQHXJK\4xQHIL�9@o

∂2ΨT

∂x2
i

= S1 + S2 + S3
[ `8F rsq ]

• S1
L�9XH�nPL\NNFI3bMW=NJKH MNL�9�MNlQHILQFX5�JK\>7@\VHI9�3�� xI2>76YZ=4L8587@HXFXJPx�L,7�=N\4L�x�36nP36\N\4L

MNlQFXJKjkl�L =N\4LPG 36JP9
• S2

L�9XH nPL NNFI3bMW=NJKH#MNL�9 MNlQHILQFX5�JK\>7@\VHI9�M�Q =N\4L
587@HXFXJPx�L�MN36\VH#MNLQ=Wu x�36nP36\N\4L�9
MWJP9XHXJK\4x�L�9E9G36\VHEMNlQFXJKjkl�L�9E=N\4L�G 36JP9DN>7@F n 7-587@HXFXJPx�L�\436\ 7@nKHIlQFIl�L�MNL�9 NNJK\�3BNANB3s9Il

• S3
L�9XH nPL NNFI3bMW=NJKH#MNL�9 MNlQHILQFX5�JK\>7@\VHI9�M�Q =N\4L
587@HXFXJPx�L�MN36\VH =N\4L 5��Q5�L�x�3@d

nP36\N\4L�L�9XH;MNlQFXJKjkl�L�MNLQ=Wu G 36JP9SMNL#9X=NJKHILLN>7@FSn 7�587@HXFXJPx�L�\436\�7@nKHIlQFIl�L�MNL#9 NNJK\
3BNANh3s9Gl


@032'": !2 �#4
S1

DJQ Lvu-NNFIL�9G9XJP36\ MNL
S1
L�9XH n 7�9X=NJKj67@\ZHIL\o

S1 = 2
∑

k=1,N↑

∑
l=1,N↓

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . ∂xm

i
(Ψ↑

1k) . . .FFF FFF FFF FFF
Ψ↑
j1 . . . ∂xm

i
(Ψ↑

jk) . . .FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1) . . . ∂xm

i
(Ψ↓

1l) . . .FFF FFF FFF FFF
Ψ↓
j(N↑+1) . . . ∂xm

i
(Ψ↓

jl) . . .FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣
[ `8F rWp ]

] nV9�Q 7�UsJKHmMW=LNNFI3ZMW=NJKH MNL�9EMNlQFXJKjkl�L�9 9XJK5 NNnPL�9EMNL�9mMNlQHILQFX5�JK\>7@\VHI9 =AN�LQHEMN3&M \ F O�2>76YZ=4L
MNlQHILQFX5�JK\>7@\ZH�MNL
9 NNJK\ =AN x�365 NB36FXHG7@\VH#=N\4L�MNlQFXJKjkl�L�M47@\49 =N\4L�x�36nP36\N\4L�L�9IH"5�=Nn d
HXJ_NNnKJPl N>7@F�xI2>76YZ=4L�MNlQHILQFX5�JK\>7@\ZH,MNL 9 NNJK\�MN3�M \ x�365 Nh36FXHG7@\ZH8=N\4L MNlQFXJKjkl�L F O<L�9
YZ=>7@\VHXJKHIl�9 36\ZH#MNlji O�lQHIl
xC7@nPxQ=NnPl�L�9 xQJ d MNL�9I9X=49PNB36=NF;nPLgUsFG76MWJPLQ\ZH F f;36=49 7@HXHXJKFI36\49 nPL
nPL�xQHILQ=NF;9X=NF nPLPG 76xQHILQ=NFSMNLQ=Wu,MNLQjs7@\VHSnPL�9S9I365�5�L�9 F

pspsp



Rm36=NF"xC7@nPxQ=NnPLQF
S1
gNJKn \436=49 G 7@=NHSMN36\4x#36?NHILQ\NJKF nPL�9 NNFI3ZMW=NJKHI9 o

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . ∂xm

i
(Ψ↑

1k) . . .FFF FFF FFF FFF
Ψ↑
j1 . . . ∂xm

i
(Ψ↑

jk) . . .FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1) . . . ∂xm

i
(Ψ↓

1l) . . .FFF FFF FFF FFF
Ψ↓
j(N↑+1) . . . ∂xm

i
(Ψ↓

jl) . . .FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣

f"36=49 N>7@FXHI36\49 MN36\4x MNL�9 lQnPlQ5�LQ\ZHI9 MNL"n 7
MNlQFXJKjkl�L 9XJK5 NNnPL F D 36FI9IYZ=4L"\436=49 x�36\49XJPMNlvd
FI36\49�g8N>7@FSLvuWLQ5 NNnPLsg4nPL�9 HILQFX5�L�9

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . ∂xm

i
(Ψ↑

1k) . . .FFF FFF FFF FFF
Ψ↑
j1 . . . ∂xm

i
(Ψ↑

jk) . . .FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1) . . . Ψ↓

1NeFFF F F F FFF
Ψ↓
N↓1

. . . Ψ↓
N↓Ne

∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . Ψ↑

1N↑FFF F F F FFF
Ψ↑
N↑1 . . . Ψ↑

N↑N↑

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1) . . . ∂xm

i
(Ψ↓

1l) . . .FFF FFF FFF FFF
Ψ↓
j(N↑+1) . . . ∂xm

i
(Ψ↓

jl) . . .FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣

f"36=49 MNlQFXJKjk36\49#7@nP36FI9 M47@\49 nPLgNNFILQ5�JPLQF"HILQFX5�L
n 7
l
1�3�4 x�36nP36\N\4L�MNL�n 7�587@HXFXJPx�L
MNL

9TNNJK\
MN3&M \�LQH�M47@\49 nPL-9IL�x�36\4M
HILQFX5�Lsg6n 7
k
1�3�4Tx�36nP36\N\4L F f;36=49T36?NHILQ\436\49�?NJPLQ\
MNLQ=Wu

G 36JP9 nPLPNNFI3bMW=NJKH jk36=NnK= F

pspCt




@032'": !2 �#4
S2

DJQ Lvu-NNFIL�9G9XJP36\ MNL
S2
L�9XHLo

S2 = 2
∑

k<l

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. . . ∂xm
i

(Ψ↑
1k) . . . ∂xm

i
(Ψ↑

1l) . . .FFF FFF FFF FFF FFF
. . . ∂xm

i
(Ψ↑

jk) . . . ∂xm
i

(Ψ↑
jl) . . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

|Ψ↓|

+ 2|Ψ↑|
∑

k<l

∣∣∣∣∣∣∣∣∣∣∣∣

. . . ∂xm
i

(Ψ↓
1k) . . . ∂xm

i
(Ψ↓

1k) . . .FFF FFF FFF FFF FFF
. . . ∂xm

i
(Ψ↓

jk) . . . ∂xm
i

(Ψ↓
jl) . . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣[ `8F rst ]
O<LQHXHIL G 36JP9Xd xQJ MNLQ=Wu8x�36nP36\N\4L�9<MWJP9XHXJK\4xQHIL�9�36\ZH<lQHIl;MNlQFXJKjkl�L�9�M47@\49�n 7 5��Q5�LS587@HXFXJPx�L F
R 36=NF nPL�9 5��Q5�L�9 FG7@JP9I36\49 YZ=4LgNh36=NF nPL
xC7@nPxQ=Nn�MNL

S1
gh\436=49#7�jk36\49#lbUV7@nPLQ5�LQ\ZH#=N\

G 76xQHILQ=NF t MNLQjs7@\VH"nPL�9;9I365�5�L�9"xC7@FSnPL�9"9I365�5�L�9 Nh36FXHILQ\ZH 9X=NF;MNL�9"x�36nP36\N\4L�9
k
LQH
l

HILQnmYV=4L
k < l

FAl \ LHm LQHCgANB36=NF 36?NHILQ\NJKF o
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. . . ∂xm
i

(Ψ↑
1k) . . . ∂xm

i
(Ψ↑

1l) . . .FFF FFF FFF FFF FFF
. . . ∂xm

i
(Ψ↑

jk) . . . ∂xm
i

(Ψ↑
jl) . . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
f"36=49^NB36=Njk36\49 9I36JKHSMNlQFXJKjkLQFSn 7�x�36nP36\N\4L

l
MNL n 7 587@HXFXJPx�L\o

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. . . ∂xm
i

(Ψ↑
1k) . . . Ψ↑

1l . . .FFF FFF FFF FFF FFF
. . . ∂xm

i
(Ψ↑

jk) . . . Ψ↑
jl . . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

pspCo



9G36JKH MNlQFXJKjkLQFSn 7
x�36nP36\N\4L
k
MNL n 7
587@HXFXJPx�L<o

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. . . Ψ↑
1k . . . ∂xm

i
(Ψ↑

1l) . . .FFF FFF FFF FFF FFF
. . . Ψ↑

jk . . . ∂xm
i

(Ψ↑
jl) . . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
X�3�Uk36\49e587@JK\ZHILQ\>7@\VH x�365�5�LQ\VH<\436=49exC7@nPxQ=NnP36\49<x�L�9eMNlQHILQFX5�JK\>7@\ZHI9 F RTFILQ\436\49 NB36=NF
x�LQn 7 nPL xC769eMNL n 7"587@HXFXJPx�L

Ψ↑ NB36=NF�n 76YV=4LQnKnPL nPL�9ex�36nP36\N\4L�9 k LQH l 36\ZH�lQHIl MNlQFXJKjkl�L�9Wo



. . . ∂xm
i

(Ψ↑
1k) . . . ∂xm

i
(Ψ↑

1l) . . .FFF FFF FFF FFF FFF
. . . ∂xm

i
(Ψ↑

jk) . . . ∂xm
i

(Ψ↑
jl) . . .FFF FFF FFF FFF FFF




[ `8F rso ]

f"36=49 =NHXJKnKJP9ILQFI36\49Sn 7 G 36FX5�=NnPL `8F t8F t o

det(M + δM)

det(M)
= det(Id +M−1δM)

7CjkL�x

M = Ψ↑ [ `8F r�e ]
LQH

δM =




0 . . . −Ψ↑
1k + ∂xm

i
Ψ↑

1k . . . 0 . . . −Ψ↑
1l + ∂xm

i
Ψ↑

1l . . . 0

0 . . . −Ψ↑
2k + ∂xm

i
Ψ↑

2k . . . 0 . . . −Ψ↑
2l + ∂xm

i
Ψ↑

2l . . . 0FFF FFF FFF FFF FFF
FFF FFF FFF FFF FFF
FFF FFF FFF FFF FFF
0 . . . −Ψ↑

N↑k
+ ∂xi

Ψ↑
N↑k

. . . 0 . . . −Ψ↑
N↑l

+ ∂xi
Ψ↑
N↑l

. . . 0




[ `8F r$` ]

O<LQHXHIL G 36JP9 d xQJ ghnPL�9 lQnPlQ5�LQ\VHI9#MNL
δM

9I36\ZH MWJnm lQFILQ\VHI9�MNL �ClQFI3,9X=NF MNLQ=Wu�x�36nP36\N\4L�9Cg

pspbe



nPLPNNFI3bMW=NJKH
M−1δM

L�9XHS7@nP36FI9 MNL#n 7 G 36FX5�L\o

P =




0 0 . . . P1k . . . 0 . . . P1l . . . 0

0 0 . . . P2k . . . 0 . . . P2l . . . 0FFF FFF FFF FFF FFF FFF
FFF FFF FFF FFF FFF FFF
FFF FFF FFF FFF FFF FFF
FFF FFF FFF FFF FFF FFF
0 0 . . . PN↑k . . . 0 . . . PN↑l . . . 0




[ `8F rsr ]

Dm7
587@HXFXJPx�L
Q = Id+ P

MNLQjbJPLQ\VH;MN36\4x\o

Q =




1 0 . . . P1k 0 P1l . . . 0

0 1 . . . P2k 0 P2l . . . 0FFF
1

FFF
0

FFF FFF
FFF

Pkk + 1 0 Pkl

FFF
FFF FFF FFF

1

FFF FFF
FFF FFF

Plk 0 Pll + 1

FFF
FFF FFF FFF

0

FFF
1 0

0 0 . . . PN↑k 0 PN↑l . . . 1




[ `8F r=c ]

LQH nPL�MNlQHILQFX5�JK\>7@\VH
det(Q)

o

det(Q) = (Pkk + 1)(Pll + 1) − PlkPkl
[ `8F r$d ]

DEL�xC7@nPxQ=Nn MNL
det(Q)

LQH;MN36\4x�MNL
det(M + δM)

\4l�x�L�9I9XJKHIL 7@nP36FI9;YZ=>7@HXFIL�YZ=>7@\VHXJ d
HIl�9

Pkl, Plk, Pll, Pkk
F O<L�9�YV=>7@\ZHXJKHIl�9�9G36\VH�\4l�x�L�9G9G7@JKFIL�9LNB36=NF#nPL�xC7@nPxQ=Nn<MNL�n 7�MNlvd

FXJKjkl�L�MN36=N?NnPL�9X=NJKj67@\ZH�nPL�9 x�36nP36\N\4L�9
l
LQH
k
F O<LbNBLQ\4M47@\VHCg \436=49�xG24LQFIxI2436\49<O xC7@n d

xQ=NnPLQF�nPL�9�MNlQFXJKjkl�L�9�MN36=N?NnPL�9 Nh36=NF�HI36=NHIL�98nPL�9<N>7@JKFIL�9
(l, k)

7�jkL�x
1 ≤ l < k ≤

N↑
[�FIL�9 NBL�xQHXJKjkLQ5�LQ\VH

N↓
] F ] nhL�9IH�MN36\4x"JK\V=NHXJKnPL MNL;FIL�xC7@nPxQ=NnPLQF O�xG2>76YV=4L G 36JP9�nPL NNFI3@d

MW=NJKH;M�Q =N\4L#x�36nP36\N\4L
l
7�jkL�x#n 7 587@HXFXJPx�L

M
F

psp�`



f;36HI36\49

R =




−Ψ↑
11 + ∂xm

i
Ψ↑

11 . . . −Ψ↑
1k + ∂xm

i
Ψ↑

1k . . . 0 . . . −Ψ↑
1l + ∂xm

i
Ψ↑

1l . . .

−Ψ↑
21 + ∂xm

i
Ψ↑

21 . . . −Ψ↑
2k + ∂xm

i
Ψ↑

2k . . . 0 . . . −Ψ↑
2l + ∂xm

i
Ψ↑

2l . . .FFF FFF FFF FFF
FFF FFF FFF FFF
FFF FFF FFF FFF

−Ψ↑
N↑1

+ ∂xm
i

Ψ↑
N↑1

. . . −Ψ↑
N↑k

+ ∂xm
i

Ψ↑
N↑k

. . . 0 . . . −Ψ↑
N↑l

+ ∂xm
i

Ψ↑
N↑l

. . .




[ `8F rsy ]
R 36=NF
36?NHILQ\NJKF�n 7,HI36HG7@nKJKHIl�MNL8x�L�9�MNlQHILQFX5�JK\>7@\VHI9Cg nPL�9 YV=>7@\ZHXJKHIl�9�\4l�x�L�9G9G7@JKFIL�9�9G36\VH
MN36\4x�nRQ LQ\49GLQ5�?NnPL MNL�9�lQnPlQ5�LQ\ZHI9 MNL

R
F ^;LQ587@FIYV=436\49 YV=4L�nPL�9�lQnPlQ5�LQ\VHI9 9X=NF,n 7

MWJ 7�Uk36\>7@nPL MNL
P
9I36\VH,nPL�9,lQnPlQ5�LQ\VHI9 NhLQFX5�LQHXHG7@\ZH MNL xC7@nPxQ=NnPLQF�nPL�9,lQnPlQ5�LQ\ZHI9�MW=

UsFG76MWJPLQ\ZH8x�365�5�L,5�36\VHXFIl xQJ d MNL�9I9X=49 F�l \ NNFG7@HXJPYZ=4Lsg�Nh36=NF�xC7@nPxQ=NnPLQF�nPL�9�lQnPlQ5�LQ\ZHI9
MNL�x�LQHXHIL\N>7@FXHXJPL t MW= Dm7�NNn 76xQJPLQ\$7@JK\49XJ�YV=4L8nPL�9�lQnPlQ5�LQ\VHI9
MW=�UsFG76MWJPLQ\VH [ LQH�MN36\4x
lbUV7@nPLQ5�LQ\ZHSnPL�9 lQnPlQ5�LQ\ZHI9;MNL#n 7gN>7@FXHXJPL p ]vgN\436=49^NNFI3bx�l�MN36\49SMNL n 7
9G36FXHIL\o

• \436=49 xC7@nPxQ=NnP36\49Sn 7 587@HXFXJPx�L R
• \436=49 xC7@nPxQ=NnP36\49SnPLPNNFI3bMW=NJKH D = MR

• \436=49 587@\NJ_NN=NnP36\49#nPL�9 x�3bL
�8xQJPLQ\VHI9#MNL
n 7�587@HXFXJPx�L D NB36=NF 36?NHILQ\NJKF#nPLgUsFG70d
MWJPLQ\VH�LQH nPL�9 N>7@FXHXJPL�9 p LQH t MW=$DE7�NNn 76xQJPLQ\ F [;=4LQnPYZ=4L�9G36JPLQ\VH
nPL�9�x�36nP36\N\4L�9
k
LQH
l
MNL�n 7�587@HXFXJPx�Lsg nPL�MNlQHILQFX5�JK\>7@\ZH
MNL

Q
L�9XH�MN36\N\4l\N>7@F�nPL�9KG 36FX5�=NnPL�9

9X=NJKjs7@\VHIL�9 F R 36=NF nPL�9;MNlQFXJKjkl�L�9S9XJK5 NNnPL�9 MNL#n 7
x�36nP36\N\4L
k
o

det(Q) = (Dkk) + 1
[ `8Fkc6q ]

LQH^Nh36=NFSnPL�9 MNlQFXJKjkl�L�9SMN36=N?NnPL�9;MNL�9 x�36nP36\N\4L�9
k
LQH
l

det(Q) = (Dkk + 1)(Dll + 1) −DlkDkl

[ `8Fkcbp ]


@032'": !2 �#4
S3

^;7�NANBLQnP36\49-n 7�\436HG7@HXJP36\
∂2
xm

i

YZ=NJBMNl�9XJ_Us\4L n 7 MNlQFXJKjkl�L MN36=N?NnPL 9X=NJKj67@\ZH-n 7�x�3b36F d
MN36\N\4l�L

m
MNL#nRQ lQnPL�xQHXFI36\

i
F

pspCr



DE7gG 36FX5�=NnPLKNB36=NF
S3
L�9XHLo

S3 =
∑

k=1,N↑

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . ∂2

xm
i

(Ψ↑
1k) . . . . . .FFF FFF FFF FFF FFF

Ψ↑
j1 . . . ∂2

xm
i

(Ψ↑
jk) . . . . . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

×|Ψ↓|

+
∑

k=1,N↓
|Ψ↑|×

∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1) . . . ∂2

xm
i

(Ψ↓
1k) . . . . . .FFF FFF FFF FFF FFF

Ψ↓
j(N↑+1) . . . ∂2

xm
i

(Ψ↓
jk) . . . . . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣[ `8Fkc6t ]
i;\4L x�36nP36\N\4L#L�9XH-FILQ5 NNn 76x�l�LKN>7@F-=N\4L MNlQFXJKjkl�L#MN36=N?NnPL F f"36=49-FILbNNFILQ\436\49 nPL 5��Q5�L
NNFXJK\4xQJ_NBL�YV=4L�M47@\49�n 7 N>7@FXHXJPL�x�36\49G76xQFIl�L,7@= UsFG76MWJPLQ\VH Nh36=NF xC7@nPxQ=NnPLQF�n 7�587@HXFXJPx�L
δM

MW=�MNlQHILQFX5�JK\>7@\ZHS=AN NB36=NF n 76YV=4LQnKnPL#=N\4L x�36nP36\N\4L
k
7
lQHIl MNlQFXJKjkl�L�MNLQ=Wu<G 36JP9Lo




Ψ↑
11 . . . ∂2

xm
i

(Ψ↑
1k) . . . . . .FFF FFF FFF FFF FFF

Ψ↑
j1 . . . ∂2

xm
i

(Ψ↑
jk) . . . . . .FFF FFF FFF FFF FFF




[ `8Fkc6o ]


 \�7�NANNnKJPYV=4L n 7 G 36FX5�=NnPL `8F t8F t o

det(M + δM)

det(M)
= det(Id +M−1δM)

7CjkL�x

M = Ψ↑ [ `8Fkc1e ]
LQH

δM =




0 0 . . . −Ψ↑
1j + ∂2

xm
i

Ψ↑
1j . . . 0

0 0 . . . −Ψ↑
2j + ∂2

xm
i

Ψ↑
2j . . . 0FFF FFF FFF FFF FFF

0 0 . . . −Ψ↑
N↑j

+ ∂2
xm

i
Ψ↑
N↑j

. . . 0




[ `8FkcB` ]

psp&c



O<365�5�LLNNFIl�x�l�MNLQ5�5�LQ\VHCghnPLPNNFI3ZMW=NJKH
M−1δM

L�9XH;MNL n 7gG 36FX5�L o

P =




0 0 . . . P1k . . . 0

0 0 . . . P2k . . . 0FFF FFF FFF FFF FFF FFF
FFF FFF FFF FFF FFF FFF
FFF FFF FFF FFF FFF FFF
0 0 . . . PN↑k . . . 0




[ `8Fkc6r ]

Dm7
587@HXFXJPx�L
Q = Id+ P

MNLQjbJPLQ\VH;MN36\4x\o

Q =




1 0 . . . P1k . . . 0

0 1 . . . P2k . . . 0FFF FFF F F F FFF FFF FFF
FFF FFF FFF

Pkk + 1

FFF FFF
FFF FFF FFF FFF F F F FFF
0 0 . . . PN↑k . . . 1




[ `8Fkc$c ]

LQH nPL�MNlQHILQFX5�JK\>7@\VH
det(Q)

o

det(Q) = Pkk + 1
[ `8FkcBd ]

R 36=NF�xG2>76YV=4LSMNlQFXJKjkl�LSMN36=N?NnPLsgV9GLQ=NnNnPL x�3ZL
�8xQJPLQ\ZH
Pkk

L�9XHT\4l�x�L�9G9G7@JKFIL F OWQ L�9XHJNB36=NF d
YZ=436J \436=49 \4L xC7@nPxQ=NnPLQFI36\49"YZ=4L nPL�9 lQnPlQ5�LQ\VH

Pkk
MNL n 7
587@HXFXJPx�L

P = M−1δM

Pjj =

N↑∑

k=1

Ψ↑,−1
jk δMkj

[ `8Fkc6y ]

psp�d
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ΨT
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cp


�	
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f;36HI36\49
Ψcp

x�LQHXHIL#MNlQFXJKjkl�L F 
 \ 7�n 7 G 36FX5�=NnPL\o

Ψcp =
∑

j=1,N↑

∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . Ψ↑

1N↑FFF F F F FFF
∂Ψ↑

j1

∂cp
. . .

∂Ψ↑
jN↑

∂cpFFF F F F FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣

|Ψ↓|

|Ψ↑|
∑

j=1,N↓

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1) . . . Ψ↓

1NeFFF F F F FFF
∂Ψ↓

l(N↑+1)

∂cp
. . .

∂Ψ↓

lNe

∂cpFFF F F F FFF
Ψ↓
N↓1 . . . Ψ↓

N↓Ne

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣[ `8Ffdsq ]
iS\ N>7@FG7@5 
QHXFIL@NhLQ=NH �QHXFILKNNFIl�9GLQ\VH;9I=NF^NNnK=49XJPLQ=NFI9 nKJ_Us\4L�9 MNL#n 7 587@HXFXJPx�L F ] n U�7

7@nP36FI9LNNnK=49XJPLQ=NFI9�MNlQHILQFX5�JK\>7@\ZHI9gO�xC7@nPxQ=NnPLQF F ] 9I36nP36\49�LQ\ =N\ LQH#xC7@nPxQ=NnP36\49#nPL F f"36=49
NB3s9ILQFI36\49mYV=4L n 7

j
1�3�4 nKJ_Us\4L�L�9XH MNlQFXJKjkl�Le9X=NJKjs7@\VHEnPL N>7@FG7@5 
QHXFIL

cp
f"36=49m7�NANNnKJPYZ=436\49

n 7@G 36FX5�=NnPL `8F o=c-F O<LQHXHILWG 36JP9<\436=49<JK\VHILQFXjkLQFXHXJP9G9I36\49 =N\4L"nKJ_Us\4Lsg
δM

L�9XH�5�=NnKHXJ_NNnKJPlLO
UV7@=4xG24L<o

det(M + δM)

det(M)
= det(Id + δMM−1)

a 7@\49 x�L xC769 d n OWg>\436=49"\436=49"JK\VHIlQFIL�9G9I36\49 7@= NNFI3bMW=NJKH
δMM−1 [ LQH"\436\

M−1δM
x�365�5�L Nh36=NF8nRQ JK\VHILQFXjkLQFI9XJP36\ M�Q =N\4L�x�36nP36\N\4L&] F f"36=49�7�NANNnKJPYZ=436\49�n 7 G 36FX5�=NnPL MNL
?>769GL#7�jkL�x<o

M = Ψ↑ [ `8FfdWp ]
LQH

δM =




0 . . . 0FFF F F F FFF

−Ψ↑
1j +

∂Ψ↑
j1

∂cp
. . . −Ψ↑

N↑j
+

∂Ψ↑
jN↑

∂cpFFF F F F FFF




[ `8Ffdst ]

pspCy



DEL�9"lQnPlQ5�LQ\ZHI9 MNL
δM

\DQ lQHG7@\VH MWJnm lQFILQ\VHI9 MNL �ClQFI3�YZ=4L 9X=NFS=N\4L nKJ_Us\4Lsg nPL@NNFI3bMW=NJKH
δMM−1 L�9XH;MNL n 7gG 36FX5�L o

P =




0 0 . . . 0 . . . 0

0 0 . . . 0 . . . 0FFF FFF FFF FFF FFF FFF
P1j P2j

FFF FFF FFF
PN↑jFFF FFF FFF FFF FFF FFF

0 0 . . . . . . . . . 0




[ `8Ffdso ]

Dm7
587@HXFXJPx�L
Q = Id+ P

MNLQjbJPLQ\VH;MN36\4x\o

Q =




1 0 . . . 0 . . . 0

0 1 . . . 0 . . . 0FFF FFF F F F FFF FFF FFF
P1j P2j

FFF
Pjj + 1

FFF
PN↑jFFF FFF FFF FFF F F F FFF

0 0 . . . 0 . . . 1




[ `8Ffd�e ]

LQH nPL�MNlQHILQFX5�JK\>7@\VH
det(Q)

o

det(Q) = Pjj + 1
[ `8Ffd$` ]

a;=NHXFILQ5�LQ\VH MWJKHCg nPL�xC7@nPxQ=Nn�MNL
det(Q)

LQH�MN36\4x8MNL
det(M + δM)

9IL�FIl�9X=N5�L87@=
xC7@nPxQ=NnmMNL n 7
YV=>7@\ZHXJKHIl

Pjj

Pjj =

N↑∑

k=1

δMjkΨ
↑,−1
kj

[ `8Ffdsr ]
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ΨT

f;36=49<\DQ 7�jk36\49 N>769<?BL�9I36JK\�MNL;n 7�MNlQFXJKjkl�L"MW= UsFG76MWJPLQ\VH 9X=NJKjs7@\VH-=N\ N>7@FG7@5 
QHXFIL F
f"lC7@\N5�36JK\49CgV\436=49�7@=NFI36\49�?BL�9I36JK\\N>7@Fen 7 9X=NJKHIL MNLSn 7 MNlQFXJKjkl�L N>7@FXHXJPLQnKnPL;9X=NJKj67@\ZH�=N\

pCtsq



N>7@FG7@5 
QHXFIL�MW=�
V769XHXFI3&M MNL n 7
MNlQFXJKjkl�L#9TN>7@HXJ 7@nPL#9XJK5 NNnPL\o



Ψ↑
11 . . . ∂xm

i
(Ψ↑

1k) . . .FFF FFF FFF FFF
∂Ψ↑

j1

∂cp
. . .

∂∂xm
i

(Ψ↑

jk
)

∂cp
. . .FFF FFF FFF FFF

Ψ↑
j1 . . . ∂xm

i
(Ψ↑

jk) . . .FFF FFF FFF FFF




[ `8Ffd=c ]

f"36=49gN>7@FXHI36\49�MNL�n 7 G 36\4xQHXJP36\
Ψcp

LQH \436=49 NNFI3Zx�l�MN36\49�x�365�5�L�M47@\49
n 7 N>7@FXHXJPL
xQJ d MNL�9G9X=49#LQ\ JK\VHILQFXjkLQFXHXJP9G9G7@\VH nPL�9#x�36nP36\N\4L�9KNB36=NF�36?NHILQ\NJKF#nPL�9#YZ=>7@\VHXJKHIl�9�jk36=NnK=4L�9 F
O<LQHXHILKG 36JP9 d xQJ gW\436HXFILKG 36\4xQHXJP36\ MNL#FIlHG lQFILQ\4x�L \DQ L�9IH NNnK=49

Ψ↑
587@JP9

Ψ↑
cp

7�jkL�x

Ψ↑
cp =




Ψ↑
11 . . . Ψ↑

1N↑FFF F F F FFF
∂Ψ↑

j1

∂cp
. . .

∂Ψ↑
jN↑

∂cpFFF F F F FFF




f"36=49 7�jk36\49 JPxQJBLHm L�xQHX=4l =N\�7@?N=49 MNL n 7@\AUV7�UkL LQH M�Q l�xQFXJKHX=NFILKNh36=NF 9XJK5 NNnKJ �>LQF nRQ Lvubd
NB3s9Il F$l \�LHmBLQHCgs\436=49 N>7@FXnP36\49eMNL |Ψ↑

cp |
x�365�5�L nPL MNlQHILQFX5�JK\>7@\VH-MNL n 7 587@HXFXJPx�L;MNL�9

lQnPL�xQHXFI36\49 MNL"9 NNJK\�=AN�MN36\ZH-\436=49-7@=NFXJP36\49-MNlQFXJKjkl"=N\4L;nKJ_Us\4L"9I=NJKj67@\ZH�nPL N>7@FG7@5 
QHXFIL
cp
F ] n G 7@=4MWFG7 ?NJPLQ\%9 �NF
7�NANNnKJPYZ=4LQF�x�LQn 7 O HI36=NHIL�9
nPL�9
nKJ_Us\4L�9�YV=NJ x�365 NB36FXHILQ\VH�x�L

N>7@FG7@5 
QHXFIL
cp
F

f;36=49S7�NANNnKJPYZ=436\49 n 7 G 36FX5�=NnPL `8F t8F t8F
det(M + δM)

det(M)
= det(Id+M−1.δM)

7CjkL�x

M =




Ψ↑
11 . . . Ψ↑

1N↑FFF F F F FFF
∂Ψ↑

j1

∂cp
. . .

∂Ψ↑

jN↑

∂cpFFF F F F FFF




[ `8Ffd$d ]

pCtWp



LQH

δM =




0 . . . ∂xm
i

(Ψ↑
1k) . . .FFF FFF FFF FFF

0 . . .
∂∂xm

i
(Ψ↑

jk
)

∂cp
. . .FFF FFF FFF FFF

0 . . . ∂xm
i

(Ψ↑
jk) . . .FFF FFF FFF FFF




[ `8Ffdsy ]

DEL MNlQHILQFX5�JK\>7@\VH
det(M)

L�9XH�xC7@nPxQ=NnPl M47@\49�n 7 N>7@FXHXJPL NNFIl�x�l�MNLQ\ZHIL F c�7@JP9 Nh36=NF
7�NANNnKJPYZ=4LQF<n 7PG 36FX5�=NnPLsgZ\436=49�7�jk36\49-lbUV7@nPLQ5�LQ\ZH<?BL�9I36JK\8M�Q JK\ZjkLQFI9ILQF-nPL�9�587@HXFXJPx�L

Ψ↑
cp

LQH
Ψ↓
cp

F a �4\ MNLe\4L N>769m=NHXJKnKJP9ILQF =N\4LeJK\ZjkLQFI9XJP36\�jbJ 7SnPL NNJKjk36H MNL � 7@=49I9mLQ\
N3

↑
[�FIL�9 N F

N3
↓
] x�3��NHILQ=49IL�LQ\#HILQ5 N49Cg�\436=49 7Cjk36\49mxG2436JP9XJ:NB36=NFEl�x�36\4365�JP9ILQF MW=#HILQ5 N49 MNLexC7@nPxQ=Nn

M�Q =NHXJKnKJP9GLQF�n 7 G 36FX5�=NnPL�MNL,`Z24LQFX587@\Wd c 36FXFXJP9I36\ � pbe:`��YF O<L�xI2436J u L�9IH�JK\4MWJP9 NBLQ\49G7@?NnPL
7@=$jb= MW=$\4365�?NFIL,JK5 Nh36FXHG7@\ZH�MNL�MNlQHILQFX5�JK\>7@\ZHI9 O�xC7@nPxQ=NnPLQF F `ZJ<nRQ JK\ZjkLQFI9XJP36\ N>7@F
NNJKjk36H�MNL � 7@=49I9gN 
�9IL NhLQ=$M47@\49
nPL�9
HILQ5 N49�MNL�xC7@nPxQ=Nn M47@\49
nPL�xC769
MW= 
V769XHXFI3&M
x�365�5�=N\ gBnPL�\4365�?NFIL JK5 Nh36FXHG7@\ZH#MNL�MNlQHILQFX5�JK\>7@\ZHI9@O8xC7@nPxQ=NnPLQF M47@\49"nPL xC769"MNL�n 7
G 36\4xQHXJP36\�5�=NnKHXJ d�
V769XHXFI3�M'FILQ\4M�9I36\�=49 7�UkLKNNFI36?NnPlQ587@HXJPYV=4L F

� � %'� ��4:��7&%'�(� �#0A� 2 0�� �,�B;  #2'4��D>.4/��;�03��?G&��,���B% 7&�(�
Rm3s9I36\49

A
=N\4LT587@HXFXJPx�LexC7@FXFIl�Lsg

u
LQH
v
MNLQ=Wu"jkL�xQHILQ=NFI9 F DE7 G 36FX5�=NnPL�MNLe`Z24LQFX587@\Wd

c�36FXFXJP9I36\ � pbe:`�� NhLQFX5�LQHeM�Q JK\ZjkLQFI9ILQFen 7 587@HXFXJPx�L
A+u⊗v LQ\8x�36\N\>7@JP9G9G7@\VH�nRQ JK\VjkLQFI9IL

MNL
A
F ^"7�NANhLQnP36\49�YV=4L

δA = u ⊗ v
L�9XH#n 7,587@HXFXJPx�L�MN36\VH�nRQ lQnPlQ5�LQ\ZH

δAij
L�9XH nPL

NNFI3bMW=NJKH
uivj

F
X�3CUk36\49Sx�365�5�LQ\ZH;\436=49S36?NHILQ\436\49 \436HXFIL#Lvu8NNFIL�9I9XJP36\�o

(A+ u⊗ v)−1 = (1 +A−1.u⊗ v)−1.A−1

= (1 −A−1.u⊗ v +A−1.u⊗ v.A−1.u⊗ v − . . .).A−1

= A−1 −A−1.⊗ c.A−−1(1 − λ+ λ2 − . . .)

= A−1 − (A−1.u)⊗(v.A−1)
1+λ

7CjkL�x

λ ≡ v.A−1.u
[ `8F ysq ]

pCtst



a;JK\49XJ gNLQ\ NB3s9G7@\ZH
z ≡ A−1.u

[ `8F yWp ]

w ≡ (A−1)T .v
[ `8F yst ]

λ = v.z
[ `8F yso ]


 \ 36?NHXJPLQ\VH@o
(A+ u⊗ v)−1 = A−1 − z ⊗ w

1 + λ

[ `8F y�e ]

� � �!2 %'"=08�&%'�(� �!4 2'0 �Y�(��;  !2 4 �!4��D>.4/��;�03��?G&��,����%'7���� � �#�3����4 �!�1� �!2 �/;�4
f;36=49 9G36=N2>7@JKHI36\49SxC7@nPxQ=NnPLQF nRQ JK\ZjkLQFI9IL�MNL n 7 587@HXFXJPx�L o

M =




Ψ↑
11 . . . Ψ↑

1N↑FFF F F F FFF
∂Ψ↑

l1
∂cp

. . .
∂Ψ↑

lN↑

∂cpFFF F F F FFF




[ `8F y$` ]

O N>7@FXHXJKF#MNL
Ψ↑,−1 F f"36=49#7�jk36\49#l�xG2>7@\AUkl�n 7 l 1�3�4 nKJ_Us\4L F f;36=49#7�NANNnKJPYZ=436\49#MN36\4x

n 7 G 36FX5�=NnPL�MNL�`Z24LQFX587@\Wd c 36FXFXJP9G36\�7CjkL�x\o

M = Ψ↑ [ `8F ysr ]

u =




−Ψ↑
l1 +

∂Ψ↑

l1
cp

−Ψ↑
l2 +

∂Ψ↑

l2
cpFFF

FFF




[ `8F y=c ]

v =




0FFF
0

1 → lmeligne

0FFF




[ `8F y$d ]

pCtso
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�

ΨT

& 	�� � "����/	�� ��" � " � �%�)��
 
�	

��"�&(�)�����

f;36=49"=NHXJKnKJP9ILQFI36\49 n 7�\436HG7@HXJP36\
∂2
xm

i

NB36=NF MNl�9IJ_Us\4LQF"n 7�MNlQFXJKjkl�L�9X=NJKjs7@\VH nPLgN>70d
FG7@5 
QHXFIL

cp
MNL n 7
MNlQFXJKjkl�L#MN36=N?NnPL 9I=NJKj67@\ZH n 7
x�3Z36FIMN36\N\4l�L�9

m
MNL nRQ lQnPL�xQHXFI36\

i
F DE7

MNlQFXJKjkl�L�9 9I=NJKj67@\ZH�=N\ N>7@FG7@5 
QHXFIL MW= 
Z769XHXFI3�M MW=,DE7�NNn 76xQJPLQ\�L�9XH�n 7�9I365�5�L 9X=NF<nPL�9
lQnPL�xQHXFI36\49

i
MNLSn 7�MNlQFXJKjkl�L"9X=NJKj67@\ZH-nPL N>7@FG7@5 
QHXFIL

cp
MNL�9<MNlQFXJKjkl�L�9 MN36=N?NnPL�9-9X=NJKjs7@\VH

nPL�9 HXFI36JP9 x�3Z36FIMN36\N\4l�L�9"MNL�9 lQnPL�xQHXFI36\49 F

∆lΨT =
∑

i=1,Nel

∂2
x1

i
ΨT + ∂2

x2
i
ΨT + ∂2

x3
i
ΨT

[ `8F ysy ]

pCt�e



Dm7 MNlQFXJKjkl�L 9X=NJKj67@\ZHTnPL N>7@FG7@5 
QHXFIL
cp
MNL<n 7 MNlQFXJKjkl�L MN36=N?NnPL 9X=NJKjs7@\VHTn 7"x�3b36FIMN36\N\4l�L

m
MNL nRQ lQnPL�xQHXFI36\

i
7gNB36=NF G 36FX5�=NnPL<o

∂2
xm

i
Ψ

=
∑

j=1,N↑

∑

k=1,N↑

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . ∂2

xm
i

(Ψ↑
1k) . . . . . .FFF FFF FFF FFF FFF

∂Ψ↑
j1

∂cp
. . .

∂∂2
xm

i
(Ψ↑

jk
)

∂cp
. . . . . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

|Ψ↓|
[ `8FKpCqsq ]

+
∑

j=1,N↓

∑

k=1,N↓

|Ψ↑|

∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1) . . . ∂2

xm
i

(Ψ↓
1k) . . . . . .FFF FFF FFF FFF FFF

∂Ψ↓

j(N↑+1)

∂cp
. . .

∂∂2
xm

i
(Ψ↓

jk
)

∂cp
. . . . . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣

[ `8FKpCqWp ]

+
∑

j=1,N↑

∑

k=1,N↓

∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . Ψ↑

1N↑FFF F F F FFF
∂Ψ↑

j1

∂cp
. . .

∂Ψ↑

jN↑

∂cpFFF F F F FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1) . . . ∂2

xm
i

(Ψ↓
1k) . . . . . .FFF FFF FFF FFF FFF

Ψ↓
j(N↑+1) . . . ∂2

xm
i

(Ψ↓
jk) . . . . . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣

[ `8FKpCqst ]

+
∑

j=1,N↓

∑

k=1,N↑

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . ∂2

xm
i

(Ψ↑
1k) . . . . . .FFF FFF FFF FFF FFF

Ψ↑
j1 . . . ∂2

xm
i

(Ψ↑
jk) . . . . . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1) . . . Ψ↓

1NeFFF F F F FFF
∂Ψ↓

j(N↑+1)

∂cp
. . .

∂Ψ↓

jNe

∂cpFFF F F F FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣

[ `8FKpCqso ]

+2
∑

j=1,N↑

∑

1≤k<l≤N↑

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. . . ∂xm
i

(Ψ↑
1k) . . . ∂xm

i
(Ψ↑

1l) . . .FFF FFF FFF FFF FFF
. . .

∂∂xm
i

(Ψ↑

jk
)

∂cp
. . .

∂∂xm
i

(Ψ↑

jl
)

∂cp
. . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

|Ψ↓|
[ `8FKpCq�e ]

+2
∑

j=1,N↓

∑

1≤k<l≤N↓

|Ψ↑|

∣∣∣∣∣∣∣∣∣∣∣∣

. . . ∂xm
i

(Ψ↓
1k) . . . ∂xm

i
(Ψ↓

1k) . . .FFF FFF FFF FFF FFF
. . .

∂∂xm
i

(Ψ↓

jk
)

∂cp
. . .

∂∂xm
i

(Ψ↓

jl
)

∂cp
. . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣

[ `8FKpCq$` ]
pCt$`



+2
∑

j=1,N↑

∑

1≤k<l≤N↓

∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . Ψ↑

1N↑FFF F F F FFF
∂Ψ↑

j1

∂cp
. . .

∂Ψ↑
jN↑

∂cpFFF F F F FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣

. . . ∂xm
i

(Ψ↓
1k) . . . ∂xm

i
(Ψ↓

1l) . . .FFF FFF FFF FFF FFF
. . . ∂xm

i
(Ψ↓

jk) . . . ∂xm
i

(Ψ↓
jl) . . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣

[ `8FKpCqsr ]

+2
∑

j=1,N↓

∑

1≤k<l≤N↑

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. . . ∂xm
i

(Ψ↑
1k) . . . ∂xm

i
(Ψ↑

1l) . . .FFF FFF FFF FFF FFF
. . . ∂xm

i
(Ψ↑

jk) . . . ∂xm
i

(Ψ↑
jl) . . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1) . . . Ψ↓

1k . . .FFF FFF FFF FFF
∂Ψ↓

j(N↑+1)

∂cp
. . .

∂Ψ↓

jk

∂cp
. . .FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣

[ `8FKpCq=c ]

+
∑

j=1,N↑

∑

k=1,N↑

∑

l=1,N↓

∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
1(N↓+1) . . . ∂xm

i
(Ψ↑

1k) . . .FFF FFF FFF FFF
∂Ψ↑

j(N↓+1)

∂cp
. . .

∂∂xm
i

(Ψ↑

jk
)

∂cp
. . .FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
11 . . . ∂xm

i
(Ψ↓

1l) . . .FFF FFF FFF FFF
Ψ↓
j1 . . . ∂xm

i
(Ψ↓

jl) . . .FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

[ `8FKpCq$d ]

+
∑

j=1,N↓

∑

k=1,N↓

∑

l=1,N↑

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . ∂xm

i
(Ψ↑

1l) . . .FFF FFF FFF FFF
Ψ↑
j1 . . . ∂xm

i
(Ψ↑

jl) . . .FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1) . . . ∂xm

i
(Ψ↓

1k) . . .FFF FFF FFF FFF
∂Ψ↓

j(N↑+1)

∂cp
. . .

∂∂xm
i

(Ψ↓

jk
)

∂cp
. . .FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣

[ `8FKpCqsy ]

[ `8FKpspCq ]

l u-NNnKJPxQJKHI36\49
x�LQHXHIL<G 36FX5�=NnPL F DEL�9 9G365�5�L�9�9I36\ZH UsFI36=ANBl�L�9gN>7@F@N>7@JKFIL F D L�9 N>7@JKFIL�9
[ `8FKpCqsq g `8FKpCqWp ]vgK[ `8FKpCqst g `8FKpCqso ]vgK[ `8FKpCq�e g `8FKpCq$` ]vgK[ `8FKpCqsr g `8FKpCq=c ]vgL[ `8FKpCq$d g `8FKpCqsy ] F aS=
9GLQJK\�M�Q =N\4L 5��Q5�LPN>7@JKFILsgN\436=49S7Cjk36\49 nPL�9 5��Q5�L�9 H U/NBL�9 MNL MNlQFXJKjkl�L�9;9 N>7@HXJ 7@nPL�9 36=
9I=NJKj67@\ZH =N\ N>7@FG7@5 
QHXFIL,587@JP9�9IUZ5�lQHXFXJPYZ=4L�9�9X=NJKjs7@\VH�nPL,9 NNJK\ F `ZJ Nh36=NF
=N\4L N>7@JKFIL
(i, j)

gBJKnmU 78M47@\49"nPL�HILQFX5�L�MNLQ=Wu�MNlQFXJKjkl�L�9"9TN>7@HXJ 7@nPL�9"M47@\49"n 78587@HXFXJPx�L�MNL�9 9 NNJK\49
=AN�LQH =N\4L-MNlQFXJKjkl�L 9 N>7@HXJ 7@nPL M47@\49 n 7;587@HXFXJPx�L-MNL�9T9 NNJK\49TMN3�M \ gk7@nP36FI9TM47@\49 nPL<HILQFX5�L
j
gWJKnhU,7@=NFG7�=N\4L MNlQFXJKjkl�L 9X=NJKj67@\ZH nPLWN>7@FG7@5 
QHXFIL#M47@\49-n 7 587@HXFXJPx�L MNL�9 9 NNJK\49-=AN�LQH
MNLQ=Wu�MNlQFXJKjkl�L�9S9TN>7@HXJ 7@nPL�9SM47@\49 n 7
587@HXFXJPx�L�MNL#9 NNJK\49 MN3&M \ F

pCtsr



`Z=NF<n 7 NNFILQ5�J�
QFIL nKJ_Us\4L M47@\49-nRQ Lvu8NNFIL�9I9XJP36\ [ `8FKpCqsq ]vgWn 7LNNFILQ5�J�
QFIL 9G365�5�L NB36FXHIL
9I=NFenPL;\4365�?NFIL MNLSnKJ_Us\4L�9-MNL;n 7#587@HXFXJPx�L MNL"9 NNJK\49�=AN F O�2>76YZ=4LSnKJ_Us\4L

j
L�9XH<MNlQFXJKjkl�L

9I=NJKj67@\ZH nPL N>7@FG7@5 
QHXFIL
cp
F :<JPLQ\ 9 �NFCgBnPL�9 nKJ_Us\4L�9#\4L�x�36\VHILQ\>7@\VH N>769 nPL N>7@FG7@5 
QHXFIL

cp
7@=NFI36\ZH�=N\4L�MNlQFXJKjkl�L�\V=NnKnPL F DE7�9IL�x�36\4MNL�9G365�5�L Nh36FXHIL�9X=NF�nPL,\4365�?NFIL

k
MNL

x�36nP36\N\4L�9TMNL<n 7;587@HXFXJPx�L MNL-9 NNJK\49 =AN F O�2>76YV=4L-x�36nP36\N\4L 9ILQFG7"MNlQFXJKjkl�L-9 N>7@HXJ 7@nPLQ5�LQ\ZH
=N\4L G 36JP9 F f;36=49<7@HXHXJKFI36\49enRQ 7@HXHILQ\ZHXJP36\�9X=NF�n 7PG 36FX5�LSMW=�x�3ZL
�8x�LQ\ZH

jk
MNL n 7 587@HXFXJPx�L

MNLS9 NNJK\�=AN g/O nRQ JK\VHILQFI9IL�xQHXJP36\,MNL n 7 MNlQFXJKjkl�L;9X=NJKjs7@\VHenPL N>7@FG7@5 
QHXFIL;LQHeMNL n 7 MNlQFXJKjkl�L
9TN>7@HXJ 7@nPL F O<LQnK=NJ d xQJ;L�9XH�MNlQFXJKjkl�L 9X=NJKj67@\ZH�nPL N>7@FG7@5 
QHXFIL

cp
LQH�9I=NJKj67@\ZH�n 7�MNlQFXJKjkl�L

9TN>7@HXJ 7@nPL F O<L H U-NBL MNL#MNlQHILQFX5�JK\>7@\VHI9;\DQ 7 N>769 lQHIl LQ\4x�36FIL�xC7@nPxQ=NnPl F
Rm36=NF n 7
9GL�x�36\4MNL nKJ_Us\4L\[ `8FKpCqWp ]vgNn 7 MNL�9IxQFXJ_NNHXJP36\ L�9XH JPMNLQ\ZHXJPYV=4L#LQ\,FILQ5 NNn 76AC7@\ZH

n 7 587@HXFXJPx�L�=AN N>7@F n 7
587@HXFXJPx�L#MN3&M \ F
a 7@\49en 7 HXFI36JP9XJ�
Q5�L nKJ_Us\4Lg[ `8FKpCqst ]vgkn 7PNNFILQ5�J�
QFIL;9I365�5�L^NB36FXHIL 9X=NF�nPL�9�nKJ_Us\4L�9eMNL

n 7 587@HXFXJPx�L MNL 9TNNJK\49 =AN F O�2>76YV=4L nKJ_Us\4L L�9IH MNlQFXJKjkl�L 9X=NJKj67@\ZH nPLPN>7@FG7@5 
QHXFIL
cp
F DE7

9GL�x�36\4MNL�9I365�5�L@Nh36FXHIL�9X=NF nPL�9"x�36nP36\N\4L�9;MNL�n 7
587@HXFXJPx�L�MNL�9 NNJK\49SMN3&M \ F O�2>76YZ=4L
x�36nP36\N\4L�L�9XH MNlQFXJKjkl�L�9 N>7@HXJ 7@nPLQ5�LQ\ZH;MNLQ=Wu G 36JP9 F

a 7@\49 n 7SYV=>7@HXFXJ�
Q5�L<nKJ_Us\4LK[ `8FKpCqso ]vg�n 7 NNFILQ5�J�
QFIL-9I365�5�L Nh36FXHIL<9X=NF nPL�9EnKJ_Us\4L�9 MNL
n 7�587@HXFXJPx�L�MNL�9 NNJK\49SMN3&M \ F O�2>76YZ=4L#nKJ_Us\4L L�9XHSMNlQFXJKjkl�L 9X=NJKjs7@\VHSnPLLN>7@FG7@5 
QHXFIL

cp
F

Dm7
9IL�x�36\4MNL 9I365�5�LPNB36FXHIL 9X=NF nPL�9 x�36nP36\N\4L�9 MNL n 7 587@HXFXJPx�L#MNL 9 NNJK\49-=AN F O�2>76YZ=4L
x�36nP36\N\4L�L�9XH MNlQFXJKjkl�L�9 N>7@HXJ 7@nPLQ5�LQ\ZH;MNLQ=Wu G 36JP9 F

a 7@\49"n 7�xQJK\4YV=NJ�
Q5�L nKJ_Us\4L [ `8FKpCq�e ]vghn 7\NNFILQ5�J�
QFIL
9I365�5�L NB36FXHIL 9I=NFSnPL�9"nKJ_Us\4L�9
MNL
n 7�587@HXFXJPx�L�MNL�9 NNJK\49 =AN F O�2>76YZ=4L�nKJ_Us\4L
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L�9XH�MNlQFXJKjkl�L�9X=NJKjs7@\VH�nPL N>7@FG7@5 
QHXFIL

cp
F Dm7�9IL�x�36\4MNL;9I365�5�L NB36FXHILS9I=NF�nPL�9�x�36nP36\N\4L�9<MNL n 7#587@HXFXJPx�LSMNL;9 NNJK\49e=AN F/a LQ=Wu

x�36nP36\N\4L�9�MWJP9XHXJK\4xQHIL�9
k
LQH
l
9I36\VHe9IJK5�=NnKHG7@\4lQ5�LQ\VH<MNlQFXJKjkl�L�9�=N\4L G 36JP9 F f;36=49�7@HXHXJKFI36\49

nRQ 7@HXHILQ\ZHXJP36\�9X=NFEnPLJG 76xQHILQ=NF t MNLQjs7@\VHmnPL�9m9I365�5�L�9 LQ\�76x�x�36FIM�7�jkL�x<nRQ JK\4lbUV7@nKJKHIl<9XHXFXJPxQHIL
k < l

F O<365�5�L NB36=NFSnPL�xC769;MW=�Dm7�NNn 76xQJPLQ\ g>JKnmU�78MNLQ=Wu�587@\NJ�
QFIL�9 MNL�MNlQFXJKjkLQF"nPL�9
x�36nP36\N\4L�9

k
LQH
l
o@MNlQFXJKjkLQFTn 7"x�36nP36\N\4L

k
7�NNF 
�9�7Cjk36JKF�MNlQFXJKjkl<n 7;x�36nP36\N\4L
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MNlQFXJKjkLQF

n 7 x�36nP36\N\4L
j
7�NNF 
�9e7Cjk36JKFeMNlQFXJKjkl n 7 x�36nP36\N\4L

k
F ] n4L�9XH�MN36\4x \4l�x�L�9I9 7@JKFIL MNL x�365 NNHILQF

xG2>76YV=4L�587@HXFXJPx�L�7�jkL�x�MNLQ=Wu�x�36nP36\N\4L�9SMNlQFXJKjkl�L�9"MNLQ=Wu G 36JP9 F O<365�5�L#M47@\49Sn 7
nKJ_Us\4L
[ `8FKpCqsq ]vgVnPL�9�x�3bL
�8xQJPLQ\VHI9
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LQH
jl
g/O nRQ JK\VHILQFI9IL�xQHXJP36\,MNL n 7 MNlQFXJKjkl�L;9X=NJKjs7@\VH�n 7 nKJ_Us\4L�9

LQH�MNL�9�MNlQFXJKjkl�L�989X=NJKj67@\ZH�nPL�9�x�36nP36\N\4L�9CgT9I36\ZH�nPL�9�MNlQFXJKjkl�L�9�MNL�9�x�3ZL
�8x�LQ\ZHI98MNL�n 7
587@HXFXJPx�L MNL 9 NNJK\49 MN3&M \�9X=NJKjs7@\VH nPLWN>7@FG7@5 
QHXFIL

cp
LQH<n 7 x�3b36FIMN36\N\4l�L 9 N>7@HXJ 7@nPL F O<L

pCt=c



H U/NBL MNL#MNlQHILQFX5�JK\>7@\ZHI9S\DQ 7 N>769SLQ\4x�36FIL#lQHIl#xC7@nPxQ=NnPl F
DE7 MNL�9IxQFXJ_NNHXJP36\�MNLSn 7 9XJ uWJ�
Q5�L;nKJ_Us\4L [ `8FKpCq$` ]�L�9XH-JPMNLQ\ZHXJPYV=4LKO x�LQnKnPL MNLSn 7�nKJ_Us\4L

NNFIl�x�l�MNLQ\ZHIL�LQ\�JK\ZHILQFXjkLQFXHXJP9I9G7@\ZH;nPL�9 587@HXFXJPx�L�9S=AN�LQHSMN3�M \ F
a 7@\49�n 7#9GLbNNHXJ�
Q5�LSnKJ_Us\4L [ `8FKpCqsr ]vgVn 7LNNFILQ5�J�
QFIL;9G365�5�L NB36FXHILS9X=NF�nPL�9enKJ_Us\4L�9<MNL

n 7�587@HXFXJPx�L�MNL
9 NNJK\49 =AN F O�2>76YZ=4L
nKJ_Us\4L
j
L�9XH MNlQFXJKjkl�L�9X=NJKjs7@\VH nPLgN>7@FG7@5 
QHXFIL

cp
F

Dm7�9IL�x�36\4MNL�9I365�5�L\NB36FXHIL89X=NF�nPL�9�x�36nP36\N\4L�9
MNL�n 7�587@HXFXJPx�L�MNL�9 NNJK\49#=AN F!a LQ=Wu
x�36nP36\N\4L�9 MWJP9XHXJK\4xQHIL�9

k
LQH
l
9I36\ZH�9XJK5�=NnKHG7@\4lQ5�LQ\ZH MNlQFXJKjkl�L�9�=N\4L G 36JP9 F R 36=NF�nPL�9

5��Q5�L�9SFG7@JP9I36\49 YZ=DQ 7@=AN>7@FG7�js7@\VHCg =N\ G 76xQHILQ=NF t 9IL HXFI36=NjkL#MNLQjs7@\VH nPL�9S9I365�5�L�9 F
DE7 MNL�9IxQFXJ_NNHXJP36\8MNL-n 7;2V=NJKHXJ�
Q5�LSnKJ_Us\4LL[ `8FKpCq=c ] L�9XHTJPMNLQ\VHXJPYZ=4L O"x�LQnKnPL MNL-n 7"nKJ_Us\4L

NNFIl�x�l�MNLQ\ZHIL�LQ\�JK\ZHILQFXjkLQFXHXJP9I9G7@\ZH;nPL�9 587@HXFXJPx�L�9S=AN�LQHSMN3�M \ F
a 7@\49mnRQ 7�js7@\VH d MNLQFX\NJ�
QFIL<nKJ_Us\4LP[ `8FKpCq$d ]vgCn 7 NNFILQ5�J�
QFIL�9I365�5�L Nh36FXHIL�9X=NFEnPL�9EnKJ_Us\4L�9

MNL
n 7�587@HXFXJPx�L�MNL�9 NNJK\49 =AN F O�2>76YZ=4L�nKJ_Us\4L
j
L�9XH�MNlQFXJKjkl�L�9X=NJKjs7@\VH�nPL N>7@FG7@5 
QHXFIL

cp
F Dm7�9IL�x�36\4MNL�9I365�5�L\NB36FXHIL�9X=NF#nPL�9�x�36nP36\N\4L�9�MNL8n 7,587@HXFXJPx�L�MNL�9 NNJK\49�MN3&M \ F

O�2>76YZ=4L#x�36nP36\N\4L#L�9IH MNlQFXJKjkl�L�MNLQ=Wu G 36JP9 F
DE7�MNL�9IxQFXJ_NNHXJP36\�MNL n 7
MNLQFX\NJ�
QFIL#nKJ_Us\4L<[ `8FKpCqsy ] L�9XH JPMNLQ\VHXJPYZ=4L O�n 7 nKJ_Us\4LLNNFIl�x�lvd

MNLQ\ZHIL#LQ\�JK\ZHILQFXjkLQFXHXJP9I9G7@\VH"nPL�9 587@HXFXJPx�L�9S=AN�LQHSMN3�M \ F

a nRQ LvuWx�LbNNHXJP36\�MNL�9-MNlQHILQFX5�JK\>7@\ZHI9SLvu8NNnKJPxQJKHILQ5�LQ\VH JK\4MWJPYZ=4l�9 xQJ d MNL�9I9X=49CgZHI36=49-nPL�9
7@=NHXFIL�9�MNlQHILQFX5�JK\>7@\VHI9,36\VH�MNlji O lQHIl�xC7@nPxQ=NnPl�9<NNFIl�x�L�MNLQ5�5�LQ\ZH F ] nSLQ\�FIL�9XHIL�MN36\4x
LQ\4x�36FIL�MNLQ=Wu,H U/NBL�9 O
xC7@nPxQ=NnPLQF@o

• D L�9 MNlQHILQFX5�JK\>7@\VHI9 MNL n 7gG 36FX5�L o
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . ∂2

xm
i

(Ψ↑
1k) . . . . . .FFF FFF FFF FFF FFF

∂Ψ↑
j1

∂cp
. . .

∂∂2
xm

i
(Ψ↑

jk
)

∂cp
. . . . . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

[ `8FKpspsp ]

YV=NJ 9GL xC7@nPxQ=NnPLQ\VH;LQ\�7�NANNnKJPYV=>7@\ZHSn 7 G 36FX5�=NnPL `8F t8F t

det(M + δM)

det(M)
= det(Id+M−1.δM)

pCt$d



7�jkL�x\o

M =




Ψ↑
11 . . . Ψ↑

1N↑FFF F F F FFF
∂Ψ↑

j1

∂cp
. . .

∂Ψ↑

jN↑

∂cpFFF F F F FFF




[ `8FKpspCt ]

δM =




0 . . . Ψ↑ − Ψ↑
1k + ∂2

xm
i

(Ψ↑
1k) . . . . . .FFF FFF FFF FFF FFF

0 . . . −∂Ψ↑

jk

∂cp
+

∂∂2
xm

i
(Ψ↑

jk
)

∂cp
. . . . . .FFF FFF FFF FFF FFF




[ `8FKpspCo ]

• D L�9 MNlQHILQFX5�JK\>7@\VHI9 MNL n 7gG 36FX5�L o
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. . . ∂xm
i

(Ψ↑
1k) . . . ∂xm

i
(Ψ↑

1l) . . .FFF FFF FFF FFF FFF
. . .

∂∂xm
i

(Ψ↑

jk
)

∂cp
. . .

∂∂xm
i

(Ψ↑

jl
)

∂cp
. . .FFF FFF FFF FFF FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

[ `8FKpspbe ]

YV=NJ 9GL xC7@nPxQ=NnPLQ\VH;LQ\�7�NANNnKJPYV=>7@\ZHSn 7 G 36FX5�=NnPL `8F t8F t
det(M + δM)

det(M)
= det(Id+M−1.δM)

7�jkL�x\o

M =




Ψ↑
11 . . . Ψ↑

1N↑FFF F F F FFF
∂Ψ↑

j1

∂cp
. . .

∂Ψ↑

jN↑

∂cpFFF F F F FFF




[ `8FKpsp�` ]

δM =




0 ∂xm
i

(Ψ↑
1k) 0 ∂xm

i
(Ψ↑

1l) . . .FFF FFF FFF FFF FFF
0 −∂Ψ↑

jk

∂cp
+

∂∂xm
i

(Ψ↑

jk
)

∂cp
. . . −∂Ψ↑

jl

∂cp
+

∂∂xm
i

(Ψ↑

jl
)

∂cp
. . .FFF FFF FFF FFF FFF




[ `8FKpspCr ]

pCtsy
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f;36=49 MNlQFXJKjk36\49 n 7 G 36\4xQHXJP36\ M�Q 36\4MNL�9X=NJKjs7@\VH nPL�9PN>7@FG7@5 
QHXFIL�9
c1
LQH
c2
F O<LQHXHIL

MNlQFXJKjkl�L�7�Lvu476xQHILQ5�LQ\VH;n 7�5��Q5�L#9XHXFX=4xQHX=NFIL YZ=4L n 7
MNlQFXJKjkl�L#MN36=N?NnPL 9 N>7@HXJ 7@nPL#MNL"n 7
G 36\4xQHXJP36\$M�Q 36\4MNL F c�7@JP9 x�LQHXHIL<G 36JP9 d xQJ g 7@= nKJPLQ=$M�Q JK\VHILQFXjkLQFXHXJKF�MNL�9
x�36nP36\N\4L�9Cgm\436=49
JK\ZHILQFXjkLQFXHXJP9I9I36\49#MNL�9 nKJ_Us\4L�9 F `Z=NJKj67@\ZH n 78FILQ587@FIYZ=4L�YZ=4L�\436=49#7CjZJP36\49KG 7@JKHILgNNFIl�x�lvd
MNLQ5�5�LQ\ZHCgZx$Q L�9IHeMN36\4x n 7 5�=NnKHXJ_NNnKJPxC7@HXJP36\,MNL

δM
OPUV7@=4xG24LSMNL

M
M47@\49�n 7WG 36FX5�=NnPL

`8F t8F t o
det(M + δM)

det(M)
= det(Id + δMM−1)

YZ=NJ�NBLQFX5�LQHSMNL xC7@nPxQ=NnPLQF;9XJK5 NNnPLQ5�LQ\ZHSnPL#MNlQHILQFX5�JK\>7@\ZH
det(M + δM)

F
DE7�MNlQFXJKjkl�L#MN36=N?NnPL@NhLQ=NH 9IL MNl�x�365 NB3s9ILQFSLQ\ o N>7@FXHXJPL�9@o

Ψc1,c2 = D1
c1,c2

+D2
c1,c2

+D3
c1,c2

[ `8FKpsp&c ]

• D1
c1,c2

L�9IH x�365 NB3s9Il,MNL�9�MNlQHILQFX5�JK\>7@\VHI9�MNL�9 NNFI3bMW=NJKHI9�MNL�587@HXFXJPx�L�987�UV7@\ZH
xI2>76xQ=N\4L�=N\4L nKJ_Us\4L#MNlQFXJKjkl�L#9X=NJKjs7@\VHSnRQ =N\ MNL�9 MNLQ=Wu N>7@FG7@5 
QHXFIL�9

• D2
c1,c2

L�9IH<x�365 NB3s9Il MNL�9 MNlQHILQFX5�JK\>7@\VHI9;MNL�9 NNFI3bMW=NJKHI9 M�Q =N\4L 587@HXFXJPx�L#7�UV7@\ZH
MNLQ=Wu�nKJ_Us\4L�9eMWJP9XHXJK\4xQHIL�9�MNlQFXJKjkl�L�9e9X=NJKjs7@\VH�nPL�9 N>7@FG7@5 
QHXFIL�9 N>7@Fen 7 587@HXFXJPx�L MNL
9 NNJK\�3BNANB3s9Il \436\ 7@nKHIlQFIl�L

• D3
c1,c2

L�9IH<x�365 NB3s9Il MNL�9 MNlQHILQFX5�JK\>7@\VHI9;MNL�9 NNFI3bMW=NJKHI9 M�Q =N\4L 587@HXFXJPx�L#7�UV7@\ZH
=N\4L 9ILQ=NnPL nKJ_Us\4L MNlQFXJKjkl�L#MNLQ=Wu G 36JP9 9X=NJKjs7@\VH nPL�9 N>7@FG7@5 
QHXFIL�9 N>7@F n 7�587@HXFXJPx�L
MNL 9 NNJK\ 3BNANB3s9Il \436\ 7@nKHIlQFIl�L

pCosq




@032'": !2 �#4
D1
c1,c2

�

DJQ Lvu-NNFIL�9G9XJP36\ MNL
D1
c1,c2

L�9XHLo

D1
c1,c2

=
∑

j=1,N↑

∑
k=1,N↓

∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . Ψ↑

1N↑FFF F F F FFF
∂Ψ↑

j1

∂c1
. . .

∂Ψ↑
jN↑

∂c1FFF F F F FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1)

. . . Ψ↓
1NeFFF F F F FFF

∂Ψ↓

k(N↑+1)

∂c2
. . .

∂Ψ↓

kNe

∂c2FFF F F F FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣

+
∑

j=1,N↑

∑
k=1,N↓

∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . Ψ↑

1N↑FFF F F F FFF
∂Ψ↑

j1

∂c2
. . .

∂Ψ↑
jN↑

∂c2FFF F F F FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1) . . . Ψ↓

1NeFFF F F F FFF
∂Ψ↓

k(N↑+1)

∂c1
. . .

∂Ψ↓

kNe

∂c1FFF F F F FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣[ `8FKpsp�d ]
DEL�9 9G365�5�L�9#NB36FXHILQ\VHT9X=NF nPL�9mnKJ_Us\4L�9

j
LQH
k
YZ=4L�nRQ 36\
MNlQFXJKjkL<9X=NJKjs7@\VH =N\gN>7@FG7@5 
QHXFIL F

O<L�9"MNlQFXJKjkl�L�9WNhLQ=NjkLQ\ZH lQjkLQ\VHX=4LQnKnPLQ5�LQ\VH �QHXFIL�\V=NnKnPL�9 F O<L�9"MNlQHILQFX5�JK\>7@\VHI9 36\ZH"MNljiTO
lQHIl�xC7@nPxQ=NnPl�9SxQJ d MNL�9I9X=49 F

pCoWp




@032'": !2 �#4
D2
c1,c2

�

DJQ Lvu-NNFIL�9G9XJP36\ MNL
D2
c1,c2

L�9XHLo

D2
c1,c2

= 2
∑

j=1,N↑

∑
k=1,N↑,j2 6=j1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . Ψ↑

1N↑FFF F F F FFF
∂Ψ↑

j1

∂c1
. . .

∂Ψ↑
jN↑

∂c1FFF F F F FFF
∂Ψ↑

1k1
∂c2

. . .
∂Ψ↑

kN↑

∂c2FFF F F F FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

|Ψ↓|

+2
∑

j=1,N↓

∑
k=1,N↓,j2 6=j1 |Ψ↑|

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1) . . . Ψ↓

1NeFFF F F F FFF
∂Ψ↓

j(N↑+1)

∂c1
. . .

∂Ψ↓

jNe

∂c1FFF F F F FFF
∂Ψ↓

k(N↑+1)

∂c2
. . .

∂Ψ↓

kNe

∂c2FFF F F F FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣[ `8FKpspCy ]
a 7@\49<=N\4L;587@HXFXJPx�Lsgb36\,MNlQFXJKjkL MNLQ=Wu8nKJ_Us\4L�9-MWJP9XHXJK\4xQHIL�9

j
LQH
k
=N\4L G 36JP9<9X=NJKjs7@\VH-nPL�9

N>7@FG7@5 
QHXFIL�9 F f"36=49;7Cjk36\49 NB36=NFSnPL�9;5��Q5�L#FG7@JP9I36\49"YZ=4LKNNFIl�x�l�MNLQ5�LQ\VH =N\ G 76xQHILQ=NF
t MNLQjs7@\VH;nPL�9 9I365�5�L�9 F R 36=NF;xC7@nPxQ=NnPLQF

D2
c1,c2

gN36\ 7�NANNnKJPYV=4L#n 7 G 36FX5�=NnPL `8F t8F t o

det(M + δM)

det(M)
= det(Id + δM.M−1)

7CjkL�x\o
M = Ψ↑ [ `8FKpCtsq ]

δM =




0 . . . 0FFF F F F FFF

−Ψ↑
j1 +

∂Ψ↑
j1

∂c1
. . . −Ψ↑

1N↑
+

∂Ψ↑
jN↑

∂c1FFF F F F FFF

Ψ↑
k1 +

∂Ψ↑

k1
∂c2

. . . −Ψ↑
kN↑

∂Ψ↑

kN↑

∂c2FFF F F F FFF




[ `8FKpCtWp ]

pCost




@032'": !2 �#4
D3
c1,c2

�

DJQ Lvu-NNFIL�9G9XJP36\ MNL
D3
c1,c2

L�9XHLo

D3
c1,c2

=
∑

j=1,N↑

∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . Ψ↑

1N↑FFF F F F FFF
∂2Ψ↑

j1

∂c1c2
. . .

∂2Ψ↑
jN↑

∂c1c2FFF F F F FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣

|Ψ↓|

+
∑

j=1,N↓
|Ψ↑|

∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
1(N↑+1) . . . Ψ↓

1NeFFF F F F FFF
∂2Ψ↓

j(N↑+1)

∂c1c2
. . .

∂2Ψ↓

jNe

∂c1c2FFF F F F FFF

∣∣∣∣∣∣∣∣∣∣∣∣∣[ `8FKpCtst ]
O�2>76YZ=4L
nKJ_Us\4L
MNL
587@HXFXJPx�L�L�9XH MNlQFXJKjkl�L�MNLQ=Wu G 36JP9 9X=NJKjs7@\VH nPL�9PN>7@FG7@5 
QHXFIL�9 F R 36=NF
xC7@nPxQ=NnPLQF

D3
c1,c2

gN36\ 7�NANNnKJPYV=4L#n 7 G 36FX5�=NnPL `8F t8F t o

det(M + δM)

det(M)
= det(Id + δM.M−1)

7CjkL�x\o
M = Ψ↑ [ `8FKpCtso ]

δM =




0 . . . 0FFF F F F FFF

−Ψ↑
j1 +

∂2Ψ↑
j1

∂c1c2
. . . −Ψ↑

1N↑
+

∂2Ψ↑

jN↑

∂c1c2FFF F F F FFF




[ `8FKpCt�e ]
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1-243658769S:-36=>7@?hAC787@\4M�c JPxG24LQn O-71m 7@FILQn

Dm7@?h36FG7@HI36JKFIL#MNL�O�2NJK5�JPL�LQH RT2VUW9XJPYZ=4L�[;=>7@\VHXJPYZ=4L�9Cg O<f"^"`Vd ]_^"`ba"c�O i;\NJKjkLQFI9XJKHIl
MNL 1E36=NnP36=49GLsg>wNFG7@\4x�L F

� �!7�����0A"$�

a \4LbM H U/NBL�3�G4LQnPL�xQHXFI36\NJPx�HXFXJ 7@n/M<7CjkLHG�=N\4xQHXJP36\
9X=NJKHG7@?NnPL G 36FEYZ=>7@\VHX=N5'c 36\ZHIL<O-7@FXnP3
xC7@nPxQ=Nn 7@HXJP36\49<3�GB5�36nPL�xQ=Nn 7@F<9XUW9XHILQ5�9 JP9 NNFIL�9ILQ\VHIL�M F ] \�x�36\ZHXFG769XH M JKHX2�HX24L 9XHG7@\4M47@FIM

Z769XHXFI3�M-d_`Zn 7@HILQF!G 36FX5 ?N=NJKnKH!M JKHX2 7 =N\NJPYZ=4LJUsnP36?>7@n 
V769XHXFI3&M HILQFX5�g0JKHEJP9.NNFI3BNh3s9GL�M#HI3
JK\ZHXFI3ZMW=4x�LS5�=NnKHXJ_NNnPL 
V769XHXFI3&M G 76xQHI36FI9�7@HXHG76xI24L�M�HI3 JK\4MWJKjbJPMW=>7@n>5�36nPL�xQ=Nn 7@F-36FX?NJKHG7@nP9 F
`Z=4xG2 7 G 36FX5 7@nKnP3�M 9�HI3 MNL�9GxQFXJK?hL � � � � ��� � " ���,HX24L�nP3ZxC7@n LQnPL�xQHXFI36\NJPx x�36FXFILQn 7@HXJP36\49

pCo�e



3bx�xQ=NFXJK\AU�JK\�js7@FXJP36=49 LQ\VjbJKFI36\N5�LQ\VHI9 [
1s
d x�36FIL#36FX?NJKHG7@nP9�g

3d
d 587�Us\4LQHXJPx�36FX?NJKHG7@nP9�gWnP3@d

xC7@nKJ �CL�M�H M�3@d x�LQ\VHILQF
σ
d 36FX?NJKHG7@nP9CgWMNLQnP3ZxC7@nKJ �CL�M

π
d 36FX?NJKHG7@nP9CgN7@HI365�JPx"nP36\4LWN>7@JKFI9CgWLQHIx F ] F

1.M�3�FILQ587@F �s7@?NnPL@NB36JK\VHI9 769I9I3bxQJ 7@HIL�M M JKHX2�HX24L�=49IL�3�G�7�5�=NnKHXJ d�
V769XHXFI3&M G 36FX5 7@FIL
HX24LgNB3s9I9XJK?NJKnKJKH U�3�G<?hLQHXHILQF MNL�9IxQFXJK?NJK\AU�HX24L
\43bM47@nT9XHXFX=4xQHX=NFIL�3�GeHX24L M-7�jkLHG =N\4xQHXJP36\
7@\4M�HX24LWNB3s9I9XJK?NJKnKJKH U�3�G MNL �4\NJK\AU�7@\4M NNFILvd 3BNNHXJK5�J ��JK\AU�nP3ZxC7@n 7@\4M " � � � ����� � ����� �-x�36F d
FILQn 7@HIL�M
=N\NJKHI9#G 36F ?N=NJKnPMWJK\AU#x�365 NNnPLvu�HXFXJ 7@n8M<7CjkLHG�=N\4xQHXJP36\49JG�FI365 9XJK5 NNnPL N>7@FXHI9 F 1-24L
NNFG76xQHXJPxC7@n>769TNhL�xQHI9�769I9G3ZxQJ 7@HIL�M M JKHX2
HX24L x�365 NN=NHG7@HXJP36\83�GhHX24L-JK\VHXFXJPxC7@HIL MNLQFXJKjs7@HXJKjkL�9
3�G HX24L#5�=NnKHXJ d�
V769XHXFI3&M HXFXJ 7@n.G�=N\4xQHXJP36\ 7@FIL@NNFIL�9ILQ\VHIL�M JK\ MNLQHG7@JKn F `b365�L#JKnKnK=49XHXFG7@HXJKjkL
7�NANNnKJPxC7@HXJP36\49<G 36F87�nKJ_Us2VH�7@\4M 7�5�36FIL�24LC7�jbU%7@HI365 [ 
 7@\4M O�=(]vge7@\4M G 36F�HX24L
NB36HILQ\VHXJ 7@n�LQ\4LQF UsU�xQ=NFXjkL�7@\4M 9 NBL�xQHXFI3s9Ix�3BNNJPx�x�36\49XHG7@\ZHI9�3�G<HX24L I;w 5�36nPL�xQ=NnPL87@FIL
MWJP9GxQ=49I9IL�M F 
 =NFT\V=N5�LQFXJPxC7@nhxC7@nPxQ=Nn 7@HXJP36\49e9X243&M)HX2>7@H�HX24L x�365 NN=NHG7@HXJP36\>7@n 3�jkLQFX24LC76M
769G9I3ZxQJ 7@HIL�M M JKHX2,HX24L"=49IL;3�GmHX24LS5�=NnKHXJ d�
V769XHXFI3�M G 36FX5 xC7@\�?hL	�kLbNNH-=N\4MNLQF-x�36\ZHXFI36n
7@\4M�HX2>7@H HX2NJP9 \4LbM�M<7CjkLHG�=N\4xQHXJP36\ x�36\VHG7@JK\49 JK\4MNL�L�M 9G365�L�JK\ZHILQFIL�9XHXJK\AU�\4LbM NN2VUZd
9IJPx�9 F

� ��
 � � � ���
	 " 	 �������

a-H HX24L�24LC7@FXH#3�G-YV=>7@\ZHX=N5 c�36\VHIL8O-7@FXnP3 [ ["c O^]"9XJK5�=Nn 7@HXJP36\49#3�G-LQnPL�xQHXFI36\NJPx
UsFI36=N\4Mbd 9IHG7@HIL NNFI3BNhLQFXHXJPL�9 JP9 HX24L�=49IL�3�GB7SHXFXJ 7@n8M-7�jkLHG =N\4xQHXJP36\ g

ΨT
g�M 2NJPxI2�7�NANNFI3�uWJ d

587@HIL�9;HX24L =N\ �b\43�M \ M<7CjkLHG�=N\4xQHXJP36\ g
Ψ0
F 1-24L�FI36nPLLNNn 7CUkL�M ?ZU

ΨT
JP9 587@\ZUVd G 36nPM F

w JKFI9XHCg>JKHSJP9;=49IL�M�HI38JK5 NNnPLQ5�LQ\VH HX24LLV ] 5 NB36FXHG7@\4x�L
`W7@5 NNnKJK\AUBZ 9XHXFG7@HILbUsU�x�365�5�36\
HI3�7@\VU ��� � �	� � "Ec�36\VHIL�O-7@FXnP3�9GxI24LQ5�L [ LQJKHX24LQF"xQn 769I9IJPxC7@n 36F"YV=>7@\ZHX=N5 ] F a"9 M<LQnKn d
�b\43�M \ g47�N>7@FXH G 36F-jkLQFXU�9XJK5 NNnPL 9XUW9XHILQ5�9CgWc�36\VHIL�O-7@FXnP3�L�9XHXJK587@HI36FI9 xC7@\�x�36\ZjkLQF UkL
36\NnKU JnG HX24L8FG7@\4MN365�9G7@5 NNnKJK\AU 3�G HX24L�x�36\ �3Us=NFG7@HXJP36\%9 N>76x�L8JP9�5876MNL,L
�8xQJPLQ\VHXnKU
[ �������PgT36\NnKU FILbUsJP36\49�769G9I3ZxQJ 7@HIL�M M JKHX2 7�9XJ_Us\NJ �>xC7@\VH�MNLQ\49XJKH U NNFI36?>7@?NJKnKJKH U�7@FIL�jZJ d
9IJKHIL�M,] F `bL�x�36\4M g HX24L�HXFXJ 7@nKM<7CjkLHG�=N\4xQHXJP36\ JP9�=49IL�M G 36F�FIL�MW=4xQJK\AU�HX24L 9XHG7@HXJP9XHXJPxC7@n
�4=4xQHX=>7@HXJP36\49 3�GTHX24L�HI36HG7@nmLQ\4LQF UsU�L�9XHXJK587@HI36F F 1-2NJP9SJP9S?>769IL�M�36\ HX24L�LvuWJP9XHILQ\4x�L�3�G
7��CLQFI3@d j67@FXJ 7@\4x�L NNFXJK\4xQJ_NNnPL@M 2NJPxG2�9IHG7@HIL�9 HX2>7@HSHX24L�xQnP3s9ILQFSHX24L�HXFXJ 7@n.M-7�jkLHG =N\4xQHXJP36\
JP9 G FI365 HX24L�LvuN76xQH M<7CjkL G�=N\4xQHXJP36\ g HX24L,9X587@nKnPL�9IH HX24L�9IHG7@HXJP9XHXJPxC7@n LQFXFI36FI9�7@FIL F ] \
HX24L�nKJK5�JKHCg

ΨT = Ψ0
HX24L 9IHG7@HXJP9XHXJPxC7@nSLQFXFI36F�LQ\ZHXJKFILQnKU%js7@\NJP9X24L�9 [ �CLQFI3@d js7@FXJ 7@\4x�L&] F

f"36HIL HX2>7@H HX2NJP9��CLQFI3@d js7@FXJ 7@\4x�LKNNFXJK\4xQJ_NNnPL#js7@nKJPM G 36F<HX24L LQ\4LQF UsU,2>769-?BL�LQ\�FIL�x�LQ\VHXnKU
LvuWHILQ\4MNL�M HI3 7@FX?NJKHXFG7@FXU NNFI3BNBLQFXHXJPL�9�� r �YF wmJK\>7@nKnKUkgDG 36FLG LQFX5�JP36\NJPx�9XUb9IHILQ5�9 HX24L�HXFXJ 7@n

pCo$`



M-7�jkLHG =N\4xQHXJP36\ NNn 7CUb9S7@\436HX24LQF x�LQ\ZHXFG7@n FI36nPL FILQn 7@HIL�M�HI3 HX24L LvuWJP9XHILQ\4x�L 3�GmHX24L R 7@=NnKJ
LvuNxQnK=49XJP36\ NNFXJK\4xQJ_NNnPL F a"9PM�LQnKn d �b\43�M \ g HX24LQFIL�MN3bL�9 \436H#LvuWJP9XH#7�9IHG7@?NnPL�7@\4M�Lvu476xQH
["c O 7@n_Uk36FXJKHX2N5�G 36F#G LQFX5�JP36\NJPx 9IUb9XHILQ5�9 [�?BL�xC7@=49IL-3�G>HX24LJG 7@5�36=49#V 9XJ_Us\gNNFI36?NnPLQ5 ZGg
G 36Fe5�36nPL�xQ=NnPL�9<9IL�Lsg ����� �PgZ^SLHG F � t�� ] F ] \<NNFG76xQHXJPx�LsgZHX2NJP9�MWJ �8xQ=NnKH U�JP9exQJKFIxQ=N5�jkLQ\VHIL�M,?VU
=49IJK\AU
7�9XHG7@?NnPL 7@n_Uk36FXJKHX2N5 x�36\49XJP9XHXJK\AU
JK\�9G36nKjZJK\AU
HX24L `bxI2NFTSbMWJK\AUkLQF L�YV=>7@HXJP36\ M JKHX2
HX24L 76MNMWJKHXJP36\>7@n;x�36\49XHXFG7@JK\ZH�HX2>7@H�HX24L 9I36nK=NHXJP36\�2>769�HX24L 9G7@5�L�9XJ_Us\�7698HX24L�HXFXJ 7@n
M-7�jkLHG =N\4xQHXJP36\ F iS\8G 36FXHX=N\>7@HILQnKUkghHX2NJP9;x�36\49XHXFG7@JK\ZH M 2NJPxG2 JK5 NNnKJPL�9"HI38JK5 Nh3s9IL�HI3

Ψ0
HX24L�9 7@5�L
\43ZM47@nT2ZU/NBLQFI9X=NF G 76x�L�9�769

ΨT
gBJK\VHXFI3bMW=4x�L�9�7,9I587@nKnT?NJ 769CgBHX24L�9I3@d xC7@nKnPL�M

V �NuNL�Mbd \43bMNLHZ\[ w fK]<LQFXFI36F F 1-2NJP9 LQFXFI36FSJP9 JK\ UkLQ\4LQFG7@n 7 jkLQFXU�9X587@nKnDG�FG76xQHXJP36\ 3�G HX24L
HI36HG7@n LQ\4LQF UsU �>\4LQjkLQFXHX24LQnPL�9I9�g>JKH"xC7@\ nPLC76M HI3�=N\4MNL�9XJKFG7@?NnPLgNN2ZUb9XJPxC7@n x�36\49IL�YZ=4LQ\4x�L�9
M 24LQ\�x�36\49XJPMNLQFXJK\AU�HX24L-jkLQFXU�9X587@nKn4LQ\4LQF UsU�MWJnm LQFILQ\4x�L�9JM�L"7@FIL-JK\VHILQFIL�9XHIL�M8JK\ [ LQnPL�xvd
HXFI36\$7 ��\NJKHXJPL�9CgmJP36\NJ ��7@HXJP36\�NB36HILQ\VHXJ 7@nP9CgE?NJK\4MWJK\AU�LQ\4LQF UsJPL�9�gELQHIx F ] F f;36HIL87@nP9G3�HX2>7@H
JKH xC7@\�?hL 9X243�M \�HX2>7@H"HX24L �NuWL�Mbd \43bMNL�LQ\4LQF UsU JP9"7@\�=ANANBLQF;?B36=N\4M�3�GeHX24L�Lvu476xQH
LQ\4LQF UsU [�js7@FXJ 7@HXJP36\>7@nDNNFXJK\4xQJ_NNnPLsg � o�� ] F

f;3&M#g JK\�jbJPLbM 3�G�HX24LgNNFG76xQHXJPxC7@nTJK5 Nh36FXHG7@\4x�L�3�G-7@nKn HX24L�9GL NB36JK\VHI9�gB7@\�JK\ZHILQ\49IL
76xQHXJKjbJKH U82>769e?BL�LQ\�MNLQjkLQnP3BNANBL�M�HI3�M<7@FIMN9 MNLQjbJP9XJK\AU ?hLQHXHILQF�HXFXJ 7@n(M-7�jkLHG =N\4xQHXJP36\49S769 d
9G3ZxQJ 7@HIL�M M JKHX2�9X587@nKnPLQF 9XHG7@HXJP9XHXJPxC7@n �4=4xQHX=>7@HXJP36\49g[�HI3
MNL�xQFILC769IL HX24L x�365 NN=NHG7@HXJP36\>7@n
LHm 36FXH#7@\4M,h@36F HI3�HXFILC7@H n 7@F UkLQF 9IUb9XHILQ5�9H]S7@\4M 9X587@nKnPLQF �NuNL�Mbd \43ZMNL�LQFXFI36FI9\[�?BLQHXHILQF
x�36\ZHXFI36n 3�G-HX24L�YZ=>7@nKJKH U 3�G HX24L8FIL�9X=NnKHI9 ] F 1-24L\UkLQ\4LQFG7@n Us=NJPMWJK\AU�JPMNLC7�HI3 JK5 NNFI3�jkL
HXFXJ 7@n.M<7�jkLHG =N\4xQHXJP36\49 JP9 HI3�JK\4x�36F NB36FG7@HIL#JK\ZHI3�HX24LQ5 769 5�=4xG2 NN2ZUb9XJPx�9"769 NB3s9I9XJK?NnPL F
] \�76MNMWJKHXJP36\ g0HX24L G 36FX5 3�GNHX24L�HXFXJ 7@n-M<7CjkLHG�=N\4xQHXJP36\49 5�=49XH 7@?49G36nK=NHILQnKU ?hLTJK\ NNFG76xQHXJPx�L
769 x�365 N>76xQHe769!NB3s9I9XJK?NnPLP[�HX24L G =N\4xQHXJP36\ g@JKHI9 �4FI9XHT7@\4M 9GL�x�36\4M MNLQFXJKjs7@HXJKjkL�9�7@FIL<HI3"?hL
xC7@nPxQ=Nn 7@HIL�M�7@H-LC76xI2�c�36\VHIL#O-7@FXnP3
9XHILbN(] F w JK\>7@nKnKUkgW36\�HI3BN�3�G HX2>7@HCgbJKH<JP9eJK\ UkLQ\4LQFG7@n
76MWjs7@\VHG7�UkL�36=49"HI3�3BNNHXJK5�J �CL�?ZU�5�JK\NJK5�J ��7@HXJP36\ 3�G�HX24L�LQ\4LQF UsU�36FSHX24L�js7@FXJ 7@\4x�L�7@nKn
36F 9G365�LKN>7@FXHS3�G HX24LPN>7@FG7@5�LQHILQFI9"7�NANBLC7@FXJK\AU�JK\�HX24L HXFXJ 7@nDM-7�jkLHG =N\4xQHXJP36\ F

1-24L-5�3s9XHT9XHG7@\4M47@FIM G 36FX5'=49GL�M NNFIL�9GLQ\VHXnKUgG 36F HX24L-HXFXJ 7@nAM-7�jkLHG =N\4xQHXJP36\ g �b\43�M \
769 HX24L�`Zn 7@HILQF d�
V769XHXFI3&M G 36FX5�gNJP9^M FXJKHXHILQ\ 769

ΨT = eJ(r1,...,rN )
Ndet∑

k=1

ckDetk({Φ↑
i })Detk({Φ

↓
i })

[ r8FKp ]

N
?BLQJK\AU�HX24L�\Z=N5�?BLQF�3�G;LQnPL�xQHXFI36\49Cg

Ndet
HX24L�\V=N5�?BLQF�3�GSHILQFX5�9 JK\$HX24L85�=NnKHXJ d

MNLQHILQFX5�JK\>7@\ZH�Lvu8N>7@\49XJP36\ g�7@\4M {Φσ
i }(σ =↑, ↓) 7�9ILQH�3�G 5�36nPL�xQ=Nn 7@F�36FX?NJKHG7@nP9 F ] \

pCosr



HX2NJP9 Lvu8NNFIL�9I9XJP36\ HX24L<NNFILHG 76xQHI36F
eJ
JP9��Z\43&M \ 769�HX24L 
V769IHXFI3�MpG 76xQHI36F F ] HI9�FI36nPL�JP9

HI3$JK5 NB3s9IL�HX24L Lvu476xQH�?hLQ2>7CjZJP36F 3�G HX24L M<7CjkLHG�=N\4xQHXJP36\ JK\ HX24L
[rij → 0]

d nKJK5�JKH
[ LQnPL�xQHXFI36\Wd LQnPL�xQHXFI36\$xQ=49 N x�36\4MWJKHXJP36\(]�7@\4M gE7@nP9I3NgBHI3�JK\4x�36F NB36FG7@HIL�9I365�L�H M�3@d ?B3ZMWU
[ LQnPL�xQHXFI36\Wd LQnPL�xQHXFI36\ 7@\4M)LQnPL�xQHXFI36\Wd \V=4xQnPLQ=49 ]87@\4M$HX2NFIL�Lvd ?h3bMWU9[ LQnPL�xQHXFI36\Wd LQnPL�xQHXFI36\Wd
\Z=4xQnPLQ=49 ]-x�36FXFILQn 7@HXJP36\49g[�HI3�MNL�9IxQFXJK?hL HX24L ?BL�9XH 769 NB3s9I9XJK?NnPL"HX24L 9X2>7�NBL 3�GmHX24L�O<36=Wd
nP365�?)2436nPLsg�� e � ] F 1-24L,MNLQHILQFX5�JK\>7@\VHG7@n N>7@FXH�JP9
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↑
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)FFF FFF FFF
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φ
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k
↑
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φ
k
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↓
1

(rN↑+1|ri 6=rN↑+1)
φ
k
↓
1
(rN↑+1) . . . e

J
k
↓
1

(rN |ri 6=rN )φ
k
↓
1

(rN )

FFF FFF FFF

e
J

k
↓
N↓

(rN↑+1|ri 6=rN↑+1)

φ
k
↓

N↓

(rN↑+1) . . . e
J

k
↓
N↓

(rN |ri 6=rN )

φ
k
↓

N↓

(rN )

∣∣∣∣∣∣∣∣∣∣∣
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[ r8F r ]
] \,HX2NJP9 Lvu8NNFIL�9I9XJP36\�HX24L 9ILQH 3�G 36FX?NJKHG7@nP9 {φkσ

i
} g σ =↑, ↓ 3�G�7 UsJKjkLQ\ x�365 Nh36\4LQ\ZHS3�G

HX24L 9I=N5 JP9 7
9I=N?49ILQH 3�G 9XJ �CL
Nσ

3�G HX24LWG�=NnKn 9ILQH 3�G HX24L 76xQHXJKjkL#5�36nPL�xQ=Nn 7@FS36FX?NJKHG7@nP9
=49GL�M F 1-24LS5�36nPL�xQ=Nn 7@F 
Z769XHXFI3�M9G =N\4xQHXJP36\49

Jk(rj |ri 6= rj)
7@FIL 7@FX?NJKHXFG7@FXU [ 9X5�3b36HX2(]

G =N\4xQHXJP36\49<3�G � ���sLQnPL�xQHXFI36\NJPx"x�3Z36FIMWJK\>7@HIL�9
(r1, . . . , rN )

F w>36F<x�36\ZjkLQ\NJPLQ\4x�Lsg/M<L 2>7CjkL
76MN3BNNHIL�M�HX24LPG 36nKnP3&M JK\AU8\436HG7@HXJP36\

Jk(rj |ri 6= rj) ≡ Jk(rj |r1, . . . , ri 6= rj , . . . , rN )
[ r8Fkc ]

^;LQ587@F �;HX2>7@HEJK\#HX24LTnKJP9XHE3�G47@F Us=N5�LQ\VHI9 3�GWHX24LT5�36nPL�xQ=Nn 7@F 
V769IHXFI3�M 9mHX24L!V FILHG LQFILQ\4x�LHZ
LQnPL�xQHXFI36\ [�24LQFILsg0n 7@?hLQnKnPL�M M JKHX2

j
]vg�M 2NJPxI2
JP9mHX24LeLQnPL�xQHXFI36\
3Zx�xQ=ANZUZJK\AU HX24Le5�36nPL�xQ=Nn 7@F

36FX?NJKHG7@n 7@HXHG76xI24L�M HI3 HX24L 
V769XHXFI3&M#gE2>769�?BL�LQ\�N>7@FXHXJPxQ=Nn 7@FXJ �CL�M�G�FI365 HX24L
(N − 1)

pbeVq



FILQ587@JK\NJK\AU V LvubHILQFX\>7@nnZ LQnPL�xQHXFI36\49 F 1-2NJP9�MWJP9XHXJK\4xQHXJP36\ JP9,JK\VHXFI3bMW=4x�L�M ?hL�xC7@=49GL M�L
JK5 NB3s9IL HI3�7@nKn 5�36nPL�xQ=Nn 7@F	
V769XHXFI3�M 9

Jk
HI3�?hL 9XUb5�5�LQHXFXJPx =N\4MNLQF HX24L LvuNxI2>7@\AUkL�3�G

7@\ZU N>7@JKF 3�G ��� " � � � � �4LQnPL�xQHXFI36\49 F 1-2NJP9 NNFI3BNhLQFXH U,xC7@\ ?hL Lvu8NNFIL�9I9IL�M�769 G 36nKnP3�M 9

Jk(rj |r1, . . . , rl, . . . , rm, . . . , rN) = Jk(rj |r1, . . . , rm, . . . , rl, . . . , rN) ∀l 6= j and ∀m 6= j[ r8Ffd ]
f"3�M#g HX24L�LQnPLQ5�LQ\VHG7@FXU ?N=NH#5�3s9IH#JK5 Nh36FXHG7@\ZH@NB36JK\VH#HI3�FILQ587@F ��JP9#HX2>7@H�36=NFLNNFI3@d
NB3s9IL�M G 36FX5 [ r8F r ];9XHXJKnKn 36?hLQUW9"HX24L�R 7@=NnKJ�LvuNxQnK=49XJP36\ NNFXJK\4xQJ_NNnPL F 1E3�jkLQFXJnG�U HX2NJP9PM�L
i =49XH�\4L�L�M$HI3 xG24L�x��$HX2>7@H�HX24L M-7�jkLHG =N\4xQHXJP36\ xG2>7@\AUkL�9�JKHI9�9IJ_Us\ M 24LQ\%HYM<3 LQnPL�xvd
HXFI36\49�2>7�jbJK\AU HX24L�9G7@5�L�9 NNJK\�7@FIL�LvuNxI2>7@\AUkL�M F 5 JKHX2436=NH�nP3s9G9�3�G UkLQ\4LQFG7@nKJKH Ukg�nPLQH
=49 x�36\49XJPMNLQF HX2>7@H HX24L H M�3�LQnPL�xQHXFI36\49 HI3�?BL�LvuNxI2>7@\AUkL�M 7@FIL HX24L
LQnPL�xQHXFI36\49 p 7@\4M
t 3�G 9TNNJK\ ↑ F 5 24LQ\ MN36JK\AU HX24L�LvuNxI2>7@\AUkLsgmHX24L �4FI9XH
7@\4M 9IL�x�36\4M x�36nK=N5�\49�3�GS7@nKn
↑ d MNLQHILQFX5�JK\>7@\ZHI9;7@FIL LvuWxG2>7@\AUkL�M�7@\4M�HX24L"9IJ_Us\49 3�GEHX24L�9IL MNLQHILQFX5�JK\>7@\VHI9S7@FIL xG2>7@\WdUkL�M F ] \,7@nKnB36HX24LQF x�36nK=N5�\49CgD[ x�36nK=N5�\49 3�G ↑ d MNLQHILQFX5�JK\>7@\VHI9;LvuWx�LbNNH x�36nK=N5�\49 p 7@\4M
t 7@\4M 7@nKnex�36nK=N5�\49�3�G ↓ d MNLQHILQFX5�JK\>7@\VHI9 ]vg LQnPL�xQHXFI36\49 p 7@\4M t 2>7�jkL8HX24L�9XHG7@HX=49�3�G
LvuWHILQFX\>7@n LQnPL�xQHXFI36\49 F f"3�M#g ?BL�xC7@=49IL,3�G HX24L�9XUZ5�5�LQHXFXU�NNFI3BNhLQFXH Ukg l Y F [ r8Ffd ]vgTHX2NJP9
LvuNxI2>7@\AUkL nPLC7CjkL�9-HX24LPM<7CjkLHG�=N\4xQHXJP36\�=N\4xG2>7@\AUkL�M F w JK\>7@nKnKUkgN769 MNL�9XJKFIL�M gbHX24L"3�jkLQFG7@nKn
9IJ_Us\�3�G HX24LKM-7�jkLHG =N\4xQHXJP36\ JP9SxI2>7@\AUkL�M M 24LQ\ 9 NNJK\Wd nKJ �kL#LQnPL�xQHXFI36\49;7@FIL�LvuWxG2>7@\AUkL�M F

Xe7@FXJP36=49 G 36FX5�9 G 36F<HX24L"5�36nPL�xQ=Nn 7@F 
V769IHXFI3�M HILQFX5�9-xC7@\,?hL;=49IL�M F ] \�HX2NJP9 M�36F �
M<L"2>7�jkL LQ5 NNnP3CUkL�M�9XJK5 NNnPL NB36nKUZ\4365�J 7@n�G 36FX5�9<3�GmHX24LSFILQ\436FX587@nKJ �CL�M,JK\ZHILQFILQnPL�xQHXFI3@d
\NJPx�MWJP9XHG7@\4x�L�9Cg

r̃
(k)
ij

7@\4M�LQnPL�xQHXFI36\Wd \Z=4xQnPLQ=49 MWJP9XHG7@\4x�L�9
r̃
(k)
iα

r̃
(k)
ij ≡ rij

1 + bkrij

r̃
(k)
iα ≡ riα

1 + bαkriαM 24LQFIL�n 7@HXJK\�JK\4MWJPx�L�9
i, j

7@FIL =49GL�M G 36F LQnPL�xQHXFI36\49 7@\4M�HX24L � FIL�L �,JK\4MNLvu
α
JP9 =49GL�M

G 36F \V=4xQnPLQJ F
1-24L 5�36nPL�xQ=Nn 7@F	
V769IHXFI3�M JP9^M FXJKHXHILQ\�769

Jk(ri|rj 6= ri) =
1

2

∑

j 6=i

∑

α

[sk(r̃ij)−pkα(r̃iα)−pkα(r̃jα)+g(1)
kα r̃

2
iαr̃

2
jα+g

(2)
kα (r̃2

iα+r̃2
jα)r̃

2
ij ]

[ r8F y ]
M 24LQFIL

sk(r) =
1

Nnucl
(e

(1)
k r + e

(2)
k r2 + e

(3)
k r3 + e

(4)
k r4)

pbe4p



pkα(r) =
1

Nnucl
(f

(1)
kα r + f

(2)
kα r

2 + f
(3)
kα r

3 + f
(4)
kα r

4)

M 24LQFIL
Nnucl

MNLQ\436HIL�9EHX24Le\V=N5�?hLQF 3�GN\V=4xQnPLQJ F ] \#HX24L�9GL�Lvu-NNFIL�9G9XJP36\49CgCHX24LeYV=>7@\ZHXJKHXJPL�9
{bk, bαk, e(l)k , f

(l)
kα, g

(l)
kα}

NNn 7CU HX24L�FI36nPL 3�GgN>7@FG7@5�LQHILQFI9 F w436F�7 UsJKjkLQ\ 5�36nPL�xQ=Nn 7@F

Z769XHXFI3�M#g>HX24LQFIL�7@FIL

7 + 5Nnucl

9X=4xG2 N>7@FG7@5�LQHILQFI9 F
f;3&M#gS7�G LbM JK5 Nh36FXHG7@\ZH FILQ587@F �W9 7@FIL JK\ 36FIMNLQF F w JKFI9XHCg 769 7@nKFILC76MWU ?NFXJPL
�4U

MWJP9GxQ=49I9IL�M�JK\�HX24L"JK\ZHXFI3ZMW=4xQHXJP36\ gWHX24LWNN2VUW9XJPxC7@nBFI36nPLWNNn 7�UkL�M,?ZU8HX24L;5�36nPL�xQ=Nn 7@F 
V769 d
HXFI3&MLQ 9#JP9�FG7@HX24LQF�xQnPLC7@F F.l 76xG2 FILHG LQFILQ\4x�L�LQnPL�xQHXFI36\ 3bx�xQ=ANVUbJK\AU�7 UsJKjkLQ\ 5�36nPL�xQ=Nn 7@F
36FX?NJKHG7@n JK\ZHILQFG76xQHI9\M JKHX2)HX24L�x�365 NNnPLQHIL�9GLQH
3�G"HX24L

(N − 1)
FILQ587@JK\NJK\AU LvubHILQFX\>7@n

LQnPL�xQHXFI36\49 F 1-24LS\>7@HX=NFILS3�G HX2NJP9eJK\ZHILQFG76xQHXJP36\�7@\4M�JKHI9�FILbNNFIL�9GLQ\VHG7@HXJP36\,jZJ 7�7�
V769XHXFI3&M
HILQFX5+JP9 xQnPLC7@FXnKU�jkLQFXU,MNLbNBLQ\4MNLQ\VH;36\�HX24L#H U-NhL 3�G 5�36nPL�xQ=Nn 7@FS36FX?NJKHG7@nE3bx�xQ=ANNJPL�M�?VU
HX24L�FILHG LQFILQ\4x�L LQnPL�xQHXFI36\ F w>36F Lvu47@5 NNnPLsg

1s
LQnPL�xQHXFI36\49TxQnP3s9IL<HI3;9G365�Le\Z=4xQnPLQ=49 [�n 7@F UkLvd

Z
7@HXHXFG76xQHXJP36\(];MN3�\436H Lvu-NBLQFXJPLQ\4x�L�HX24L 9G7@5�L�nP3ZxC7@n x�36=NnP365�?NJPx
JK\ZHILQFG76xQHXJP36\ 769

3d
LQnPL�xQHXFI36\49e5�3CjbJK\AU JK\87 9X587@nKnNFILbUsJP36\83�GB9 N>76x�L xQFI3�M MNL�M8?VU 587@\VU
LQnPL�xQHXFI36\49 [�n 7@F UkL
LQnPL�xQHXFI36\Wd LQnPL�xQHXFI36\�FILbNN=NnP9IJP36\(] F 1-2NJP9<JP9 7@nP9I3�HX24L;xC769GL M 24LQ\,x�36\49XJPMNLQFXJK\AU
nP36\4LvdRN>7@JKF
LQnPL�xQHXFI36\49 M 2NJPxG2%7@FIL�3�G;7@HI365�JPx�\>7@HX=NFIL,36F

π
d LQnPL�xQHXFI36\49
JK\Vjk36nKjkL�M JK\%7�5�=NnKHXJ_NNnPL

?B36\4M M 2NJPxI2 xC7@\ ?hL
587@JK\NnKU�JK\Zjk36nKjkL�M ?BLQHYM�L�LQ\ HYM�3�7@HI365�9#36F�xQJKFIxQ=Nn 7@HXJK\AU 3�jkLQF
7�FXJK\AU�[ 7@FI36587@HXJPx8x�365 NB36=N\4MN9 ]#7@\4M 9I3�36\ F a 9IL�x�36\4M FILQ587@F ��JP9 HX2>7@H�HI3�?N=NJKnPM
7 NNFI3BNBLQFXnKU�7@\ZHXJP9XUZ5�5�LQHXFXJ �CL�M M<7�jkLHG =N\4xQHXJP36\ x�36\49XHXFX=4xQHIL�M G�FI365 G�=NnKnKU�x�36FXFILQn 7@HIL�M
LQnPLQ5�LQ\ZHG7@FXU ?NnP3bx��W9<[�24LQFILsg HX24L NNFI3bMW=4xQH

Jiφi
MNLbNhLQ\4MWJK\AU�Lvu-NNnKJPxQJKHXnKU 36\ � ��� LQnPL�xvd

HXFI36\NJPx�x�3b36FIMWJK\>7@HIL�9 ] JP9�JK\ UkLQ\4LQFG7@n�\436H HXFG76xQHG7@?NnPL\G FI365�7�x�365 NN=NHG7@HXJP36\>7@n^NB36JK\VH
3�GTjbJPLbM MW=4L�HI3�HX24L

N !
NNFI36?NnPLQ5 x�365�JK\AU G FI365 HX24L ↑ d-7@\4M ↓ d 7@\VHXJP9XUb5�5�LQHXFXJ �CLQFI9 FI"LQFILsg HX24L N>7@FXHXJPxQ=Nn 7@F G 36FX5 3�G"36=NF�HXFXJ 7@n^M<7�jkLHG =N\4xQHXJP36\ 7@\4M g 5�36FIL�9 NBL�xQJ �>xC7@nKnKUkg

HX24L�9IUZ5�5�LQHXFXU 7@5�36\AU�HX24L�LvuWHILQFX\>7@neLQnPL�xQHXFI36\49�7@nKnP3�M 9�HI3�Lvu-NNFIL�9G9 HX24L87@\VHXJP9XUb5
d
5�LQHXFXJ �CLQFI9
769#9XHG7@\4M47@FIM$`Zn 7@HILQF�MNLQHILQFX5�JK\>7@\VHI9 nKJ �kL8JK\ HX24L�=49X=>7@nexC769GL M 24LQFIL�HX24L
LQ5�LQ5�LQ\ZHG7@FXU%?NnP3bx��$JP987 NNFI3bMW=4xQH83�G#36\4LvdRN>7@FXHXJPxQnPL G =N\4xQHXJP36\49 F a"9I9I3bxQJ 7@HIL�M M JKHX2
HX2NJP9-FILQ587@F �BgbnPLQH-=49-\436HIL;HX2>7@H-JKH M�36=NnPM,2>7CjkL ?hL�LQ\,5�36FILPNN2ZUb9XJPxC7@nBHI3
x�36\49XJPMNLQF 7
9TNNJK\Wd MNLbNhLQ\4MNLQ\ZHTJK\VHILQFG76xQHXJP36\�?BLQHYM<L�LQ\ HX24L<FILHG LQFILQ\4x�L-LQnPL�xQHXFI36\�3�Gh7 UsJKjkLQ\�9 NNJK\�7@\4M
LvuWHILQFX\>7@nBLQnPL�xQHXFI36\49<3�G HX24L"9G7@5�L;7@\4M�3BNANB3s9XJKHILS9 NNJK\ F iS\8G 36FXHX=N\>7@HILQnKUkgbJK\VHXFI3bMW=4xQJK\AU
9I=4xI2 7�9XHXFX=4xQHX=NFIL M�36=NnPM 2>7�jkL nPL�M�HI38=N\VHXFG76xQHG7@?NnPLgG 36FX5 G 36FSHX24L�HXFXJ 7@n.M-7�jkLHG =N\4xvd
HXJP36\ F w JK\>7@nKnKUkg 7�n 769XH�FILQ587@F � x�36\4x�LQFX\49�HX24L<G 76xQH�HX2>7@H�7@nKnP3�M JK\AU�HX24L836FX?NJKHG7@nP9 HI3
MNLbNBLQ\4M 36\ HX24L\NB3s9XJKHXJP36\49�3�G HX24L�36HX24LQF�LQnPL�xQHXFI36\49�769�MN36\4L824LQFIL�JP9�\436H�\4LbM F a
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�4FI9IHLoAUkLQ5�JK\>7@nP9CgAN8G 7 ��7@\ M<7CjkLHG�=N\4xQHXJP36\49 F : 76x����>3�M HXFXJ 7@nDM<7CjkLHG�=N\4xQHXJP36\49 F
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�$�" �����
��& +�� �������)+���"�!���� ����� � � � 
 �)� ��"�$ � "%��
 � 	���! �����
�

a 5�=NnKHXJPMNLQHILQFX5�JK\4LQ\VHG7@nT?>76x����>3�M [ :-wJ]�HXFXJ 7@n.M<7CjkLHG�=N\4xQHXJP36\�xC7@\�?BL 36?NHG7@JK\4L�M
G FI365 HX24L�9XHG7@\4M47@FIM)`Zn 7@HILQF d�
V769XHXFI3&M�G 36FX5�g l Y F [ r8F o ]vgE?ZU 76MNMWJK\AU HI3 HX24L�x�3b36FIMWJ d
\>7@HIL�9

ri

3�G HX24LPN>7@FXHXJPxQnPL�9 JK\�HX24L�`Zn 7@HILQF"7 ?>76x����>3�M MWJP9 NNn 76x�LQ5�LQ\ZH;MNLbNBLQ\4MWJK\AU836\
HX24L�x�3Z3bMWJK\>7@HIL�9 3�G�7@nKnDN>7@FXHXJPxQnPL�9

ri → ri + ξi(r1, . . . , rN )
[ r8FKpCq ]

R�2VUW9XJPxC7@nKnKUkg HX2NJP9�?>76x � �>3&M MWJP9 NNn 76x�LQ5�LQ\VH JP9�9X=ANANB3s9IL�M HI3$FILbNNFI3ZMW=4x�L�HX24L NBLQF d
HX=NFX?>7@HXJP36\%3�G;HX24L �>3&M 3�G N>7@FXHXJPxQnPL�9�7@FI36=N\4M%7 UsJKjkLQ\ N>7@FXHXJPxQnPL F i;9XJK\AU�HX24L,9G7@5�L
\436HG7@HXJP36\49"769S7@?B3CjkLsgNHX24L#:-w M<7CjkLHG�=N\4xQHXJP36\�xC7@\�?BLPM FXJKHXHILQ\ 769 G 36nKnP3�M 9

ΨT = eJ(r1,...,rN )
Ndet∑

k=1

ck

∣∣∣∣∣∣∣∣∣∣

φ
k
↑
1
(r1 + ξ1(r1, . . . , rN )) . . . φ

k
↑
1
(rN↑

+ ξN↑
(r1, . . . , rN ))FFF FFF FFF

φ
k
↑
N↑

(r1 + ξ1(r1, . . . , rN )) . . . φ
k
↑
N↑

(rN↑
+ ξN↑

(r1, . . . , rN ))

∣∣∣∣∣∣∣∣∣∣

×

∣∣∣∣∣∣∣∣∣∣

φ
k
↓
1
(rN↑+1 + ξN↑+1(r1, . . . , rN )) . . . φ

k
↓
1
(rN + ξN (r1, . . . , rN ))FFF FFF FFF

φ
k
↓
N↓

(rN↑+1 + ξN↑+1(r1, . . . , rN )) . . . φ
k
↓
N↓

(rN + ξN (r1, . . . , rN ))

∣∣∣∣∣∣∣∣∣∣[ r8FKpsp ]
O<365 N>7@FXJK\AU l YZ9 F [ r8F r ]�7@\4M [ pbe$e ]�7@nKnP3�M 98HI3 9IL�L�HX24L�MWJnmBLQFILQ\4x�L�98?hLQH M�L�LQ\ 243�M
HX24L LQnPL�xQHXFI36\NJPx�x�36FXFILQn 7@HXJP36\49,7@FIL JK\VHXFI3bMW=4x�L�M F ] \�HX24L ?>76x � �>3&M xC769GLsg�HX24L�nP3bxC7@n
MWJP9TNNn 76x�LQ5�LQ\VH

ξ
G 36F#7 UsJKjkLQ\�LQnPL�xQHXFI36\ JP9 JK\4MNLbNBLQ\4MNLQ\VH�36\�HX24L
36FX?NJKHG7@n�3bx�xQ=ANNJPL�M F

] \ x�36\ZHXFG769XHCg JK\ HX24L�5�=NnKHXJ d�
V769IHXFI3�M xC769IL8HX24L�x�36=ANNnKJK\AU M JKHX2$36HX24LQF LQnPL�xQHXFI36\49 JP9
9IHXFI36\AUsnKU MNLbNhLQ\4MNLQ\ZH#36\�HX24L�36FX?NJKHG7@nT3bx�xQ=ANNJPL�M g 7\NB36JK\VHPM 2NJPxI2�JP9 x�LQ\VHXFG7@nTJK\�36=NF
7�NANNFI3k76xG2 F a;\436HX24LQF NB36JK\VH�JP9�HX2>7@H�JK\�HX24L 5�=NnKHXJ d�
V769XHXFI3�M xC769IL HX24L N>7@FXHXJP36\N\NJK\AU
3�G
HX24L oBa d 9 N>76x�L�?hLQH M�L�LQ\�MWJnm LQFILQ\VHTFILbUsJP36\49^o67@HI365�JPx<FILbUsJP36\49Cg@?h36\4MWJK\AU FILbUsJP36\49Cg6LQHIx F
JP9 NB3s9I9XJK?NnPL;?VU�=49IJK\AU nP3bxC7@nKJ �CL�M,36FX?NJKHG7@nP9 7@\4M8nP3bxC7@nKJ �CL�M,5�36nPL�xQ=Nn 7@F 
V769XHXFI3&M 9 F wN=NF d
HX24LQFX5�36FILsgbJKH-JP9�\436H<\4L�x�L�9G9G7@FXU�HI3 JK\VHXFI3bMW=4x�L 7 
V769XHXFI3&M HILQFX5 G 36F-LC76xI2,5�36nPL�xQ=Nn 7@F
36FX?NJKHG7@nP9�g>7gNh36JK\ZH M 2NJPxI2 JP9 \436H NB3s9I9XJK?NnPLPM JKHX2�HX24L :-w�G 36FX5 F

pbeVo
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] \ HX2NJP9 9IL�xQHXJP36\ M<L NNFIL�9ILQ\VH HX24L-3BNNHXJK5�J ��7@HXJP36\�9IxI24LQ5�L-LQ5 NNnP3�UkL�M
JK\�HX2NJP9!M�36F � F
a"9 �b\43�M \ gZHI3 MNL �4\4L"7@\�L
�8xQJPLQ\VH NNFI3Zx�L�MW=NFIL G 36F�3BNNHXJK5�J ��JK\AU HX24L N>7@FG7@5�LQHILQFI9-LQ\Wd
HILQFXJK\AU%YZ=>7@\VHX=N5 c 36\ZHIL O-7@FXnP3 M<7CjkLHG�=N\4xQHXJP36\49 JP9,JK\ UkLQ\4LQFG7@n#\436\Wd HXFXJKjbJ 7@n F w436F
Lvu47@5 NNnPLsgAM<L#2>7�jkLLG 36=N\4M,HX2>7@H;HX24L#9XHG7@\4M47@FIM�js7@FXJ 7@\4x�Lvd 5�JK\NJK5�J ��7@HXJP36\ 7@n_Uk36FXJKHX2N5
=49IJK\AU 7�x�36FXFILQn 7@HIL�M,7�NANNFI3k76xG2�3�GEiS5�FXJ_UV7@F � " � � � � pCq
� M-769<JK\49X= �8xQJPLQ\VH-HI3LUkLQH<FILC70d
9G36\>7@?NnPLLN>7@FG7@5�LQHILQFI9 G 36FS36=NF;5�=NnKHXJ d�
V769IHXFI3�M�M<7CjkLHG�=N\4xQHXJP36\49 F 5 L 2>7CjkL�HX24LQFILHG 36FIL
HX=NFX\4L�M�36=NF 7@HXHILQ\VHXJP36\�HI3�HX24L�jkLQFXU�FIL�x�LQ\VHXnKU NNFI3BNB3s9IL�M 5�LQHX243ZM 3�GeiS5�FXJ_UV7@F 7@\4M
x�36nKn 7@?B36FG7@HI36FI9�� psp�� ?>769GL�M 36\�HX24L<=49IL-3�G 7SnKJK\4LC7@F�Lvu8N>7@\49XJP36\�3�G>HX24L-HXFXJ 7@n8M-7�jkLHG =N\4xvd
HXJP36\ M JKHX2NJK\ HX24L
9 N>76x�L
9 N>7@\N\4L�M�?ZU HX24LgM<7CjkLHG�=N\4xQHXJP36\ 7@\4M�JKHI9 �4FI9XH MNLQFXJKjs7@HXJKjkL�9
M JKHX2 FIL�9 NhL�xQH HI3�7@nKn�N>7@FG7@5�LQHILQFI9

ψlinT (p,R) = ψT (p0,R) +

Nopt∑

i=1

(p − p0)i
∂ψT
∂pi

(p0,R)
[ r8FKpCt ]

M 24LQFIL
R ≡ (r1, . . . , rN )

7@\4M
p
JP9�HX24L 9ILQH 3�G�HX24L

Nopt
N>7@FG7@5�LQHILQFI9�HI3�?hL

3BNNHXJK5�J �CL�M F 1-24L�3BNNHXJK587@nWN>7@FG7@5�LQHILQFI9 [�nP3&M�L�9XH�HI36HG7@n;LQ\4LQF UsU3]�7@FIL 36?NHG7@JK\4L�M%?VU
MWJ 7�Uk36\>7@nKU ��JK\AU8HX24L@I"7@5�JKnKHI36\NJ 7@\ M JKHX2NJK\�HX24L nKJK\4LC7@F G =N\4xQHXJP36\>7@nE9 N>76x�L�x�36\49XJP9XHXJK\AU
3�G

Ψ0(R) ≡ ψT (p0,R)
7@\4M)HX24L

Nopt
G =N\4xQHXJP36\49

ψi(R) ≡ ∂ψT

∂pi
(p0,R)

F 1-24L
(Nopt + 1)

d MWJK5�LQ\49XJP36\>7@n.UkLQ\4LQFG7@nKJ �CL�M LQJ_UkLQ\Vjs7@nK=4LLNNFI36?NnPLQ5 JP9 HX2V=49 M FXJKHXHILQ\ 769

H∆p = ES∆p
[ r8FKpCo ]

M 24LQFIL
∆pi = (p − p0)i

G 36F
i = 1

HI3
Nopt

7@\4M
∆p0 = 1

F 1-24L;587@HXFXJ u�LQnPLQ5�LQ\VHI9
7@FIL UsJKjkLQ\�?VU

Hij = 〈ψi|H|ψj〉
7@\4M

Sij = 〈ψi|ψj〉
F ] \ NNFG76xQHXJPx�Lsg HX2NJP9 7�NANNFI3k76xG2

2>769 ?BL�LQ\�JK5 NNnPLQ5�LQ\VHIL�M8?VU =49XJK\AU HX24L 9G7@5�L 9XHXFG7@HILbUsU�769 JK\�HX24L-36FXJ_UsJK\>7@n3M�36F � � psp � g
\>7@5�LQnKU o

J F ]SO-7@nPxQ=Nn 7@HXJP36\�3�G HX24L�587@HXFXJ u LQnPLQ5�LQ\VHI9
Hij

7@\4M
Sij

=49XJK\AU�HX24L@Xe7@FXJ 7@HXJP36\>7@n
c�36\VHIL�O-7@FXnP3*['X"c O^]�7�NANNFI3k76xG2*M JKHX2

ψ2
T (p0,R)

769 NNFI36?>7@?NJKnKJKH U�MNLQ\49XJKH Ukg�HX24L
L�9IHXJK587@HI36FI9 3�GmHX24L"587@HXFXJ u�LQnPLQ5�LQ\ZHI9 36?hLQUbJK\AU�7LV 9XHXFI36\AUBZ �CLQFI3@d js7@FXJ 7@\4x�LPNNFXJK\4xQJ_NNnPL
769 JK\VHXFI3bMW=4x�L�M�JK\ � pCt
�YF

JKJ F ] ^SLQ\436FX587@nKJ ��7@HXJP36\83�GhHX24L x�365 Nh36\4LQ\ZHI9e3�G
∆p

x�36FXFIL�9 NB36\4MWJK\AU HI3 \436\NnKJK\4LC7@F
N>7@FG7@5�LQHILQFI9S?VU,=49XJK\AU�7 FIL�9GxC7@nKJK\AU G 76xQHI36F F

pbe$e



JKJKJ F ]-i;9GL 3�G�7�9XHG7@?NJKnKJ ��7@HXJP36\ NNFI3bx�L�MW=NFIL#HI3�5�JK\NJK5�J �CL�HX24L#LHm L�xQHS3�G HX24L�9XHG7@HXJP9 d
HXJPxC7@nE\436JP9IL F

1-24L NNFIL�x�L�MWJK\AU�9XHILbN49-7@FIL JKHILQFG7@HIL�M�=N\VHXJKnhHX24L"xI2>7@\AUkL"3�GDN>7@FG7@5�LQHILQFI9Cg
∆p

Q 9CgVJP9
\4LbUsnKJ_UsJK?NnPL F ] \�HX2NJP9^NNFI3bx�L�MW=NFIL#36\NnKU�HX24L n 769XH 9XHILbN�2>769 ?BL�LQ\�5�3bMWJ �>L�M 7@\4M�JKH 2>769
?BL�LQ\8MN36\4LS769 G 36nKnP3&M 9 F a"9 NNFI3BNh3s9GL�M�JK\�^SLHG F � psp � 7WNB3s9XJKHXJKjkL x�36\49XHG7@\ZHCg

λ
gkJP9e76MNMNL�M

HI3
HX24L�MWJ 7�Uk36\>7@n.N>7@FXHS3�G HX24LKI"7@5�JKnKHI36\NJ 7@\ 587@HXFXJ u�LvuWx�LbNNH^G 36F HX24L �4FI9XHSLQnPLQ5�LQ\ZH

Hij(λ) ≡ Hij + λδij(1 − δi0)
[ r8FKpbe ]

R�2VUW9XJPxC7@nKnKUkg
λ
xC7@\,?hL"jbJPLbM�L�M�769 7�FILbNN=NnP9XJKjkLPNB36HILQ\VHXJ 7@n 587 �bJK\AU�HX24L"x�365 NB36\4LQ\VHI9

∆pi(λ)
769 9X587@nKne769 MNL�9XJKFIL�M M 24LQ\ HX24L
587�Us\NJKHX=4MNL83�G

λ
JP9 JK\4xQFILC769IL�M F f;3&M#gBnPLQH

=49;MNLQ\436HIL�769
ψlinT (λ)

7@\4M
E(λ)

HX24L@UsFI36=N\4Mbd 9XHG7@HIL�LQJ_UkLQ\49I36nK=NHXJP36\49 3�G HX24L�LQJ_UkLQ\Wd
NNFI36?NnPLQ5 769I9I3bxQJ 7@HIL�M M JKHX2

H(λ)
F I;LQFILsg�M<L NNFI3BNh3s9GL,HI3�=49IL,HX24L M<7CjkLHG�=N\4xQHXJP36\

ψlinT (λ)
769�7�HXFXJ 7@nJM-7�jkLHG =N\4xQHXJP36\�G 36F HX24L�HXFX=4L I 7@5�JKnKHI36\NJ 7@\

H
[ x�36FXFIL�9 Nh36\4MWJK\AU

HI3
λ = 0

] FAa 36JK\AU�HX2>7@HCgWJKH<JP9 LC769IU8HI3
jkLQFXJnG U8HX2>7@H HX24L x�36FXFIL�9 NB36\4MWJK\AU�j67@FXJ 7@HXJP36\>7@n
LQ\4LQF UsUkg

Elin(λ)
gNJP9^UsJKjkLQ\�?ZU

Elin(λ) =
〈ψlinT (λ)|H|ψlinT (λ)〉
〈ψlinT (λ)|ψlinT (λ)〉 = E(λ) − λ

∑Nopt

i=1 ∆p2
i (λ)

1 +
∑Nopt

i=1 ∆p2
i (λ)

[ r8FKp�` ]

1m3 UkLQH HX24L<3BNNHXJK587@nWj67@nK=4L<3�G
λ
HX24Lejs7@FXJ 7@HXJP36\>7@nNLQ\4LQF UsU#JP9m5�JK\NJK5�J �CL�M F ] \ NNFG76xQHXJPx�Lsg

M<L8LQjs7@nK=>7@HIL�HX24L8nPLHG�H d 2>7@\4M 9XJPMNL�3�G l Y F [ r8FKp�` ]WG 36F�MWJnm LQFILQ\VH�j67@nK=4L�9 3�G
λ
M JKHX2$7

x�36FXFILQn 7@HIL�M�7�NANNFI3k76xI2 =49XJK\AU�HX24L JK\NJKHXJ 7@nEMNLQ\49XJKH U�769 FILHG LQFILQ\4x�L�MNLQ\49XJKH U

Elin(λ) =
〈HΨlin

T

Ψlin
T

(
Ψlin

T

Ψ0
)
2
〉Ψ2

0

〈(Ψlin
T

Ψ0
)
2
〉Ψ2

0

.
[ r8FKpCr ]
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1-24L�YZ=>7@\VHXJKHXJPL�9 HI38?hL xC7@nPxQ=Nn 7@HIL�M 7@H;LC76xI2 c�36\VHIL�O-7@FXnP3�9XHILbN 3�G<7\Xe7@FXJ 7@HXJP3@d
\>7@n�c�36\VHIL�O-7@FXnP3 ['X"c O^]"36F#w J uWL�Mbd f"3ZMNL a JnmB=49XJP36\ c�36\VHIL�O-7@FXnP3 [ w fSd a c O^]
9IJK5�=Nn 7@HXJP36\ [ 9GL�Lsg���� � ��� tWp � ]T7@FIL HX24L js7@nK=4L�9e3�GBHX24L HXFXJ 7@n(M<7�jkLHG =N\4xQHXJP36\

ψT
gkJKHI9 �4FI9XH

MNLQFXJKjs7@HXJKjkL�9 ∇ψT
gk7@\4M�JKHI9TDm7�NNn 76xQJ 7@\ ∇2ψT

G 36Fe7 UsJKjkLQ\8LQnPL�xQHXFI36\NJPxSx�36\ �3Us=NFG7@HXJP36\
R ≡ (r1, . . . , rNel

)
[ 36F�7 9ILQH�3�G x�36\ �3Us=NFG7@HXJP36\49 M 24LQ\�7PNB3BNN=Nn 7@HXJP36\�3�G M<7@n �kLQFI9�JP9

pbe:`



x�36\49IJPMNLQFIL�M,] F 5 24LQ\�3BNNHXJK5�J ��JK\AU�HX24L HXFXJ 7@n�M-7�jkLHG =N\4xQHXJP36\�769 MNL�9IxQFXJK?BL�M,JK\ `bL�x F r8F o
HX24L-MNLQFXJKjs7@HXJKjkL�9�3�G

ψT
M JKHX2
FIL�9 NBL�xQH HI3 LC76xG2\N>7@FG7@5�LQHILQFCg ∂ψT

∂cp

gs7@\4M HX24L DE7�NNn 76xQJ 7@\
3�G HX24L�9IL�MNLQFXJKjs7@HXJKjkL�9Cg ∇2 ∂ψT

∂cp

5�=49XHT7@nP9I3;?hL<x�365 NN=NHIL�M F f"36HILeHX2>7@H�7@nKnbHX24L�9IL�YZ=>7@\Wd
HXJKHXJPL�9S?hLQJK\AU8nKJK\4LC7@FSJK\�HX24L@NNFI3ZMW=4xQHI9;3�GTMNLQHILQFX5�JK\>7@\ZHI9WM�L�36\NnKU,\4L�L�M HI3�x�36\49XJPMNLQF
HX24LQJKF xC7@nPxQ=Nn 7@HXJP36\�G 36F�36\4L<NNFI3ZMW=4xQH 3�G MNLQHILQFX5�JK\>7@\ZHI9CgmHX24L\UkLQ\4LQFG7@nKJ ��7@HXJP36\$HI3 7@\
7@FX?NJKHXFG7@FXU,\Z=N5�?BLQFS3�G MNLQHILQFX5�JK\>7@\ZHI9S?BLQJK\AU�HXFXJKjbJ 7@n F 1E3 G 76xQJKnKJKHG7@HIL HX24L#MNLQFXJKjs7@HXJP36\49
HI3gG 36nKnP3�M#g>nPLQH =49 JK\VHXFI3bMW=4x�L�9G365�L \436HG7@HXJP36\49 F

Ψσ
ij ≡ eJi(rj |rk 6=rj)φi(rj)

M 24LQFIL
σ =↑, ↓ F 1-24L�587@HXFXJPx�L�9 Ψσ

ij

M JKnKn;?hL xC7@nKnPL�M `Zn 7@HILQF�587@HXFXJPx�L�9�7@\4M%HX24LQJKF
MNLQHILQFX5�JK\>7@\ZHI9 M JKnKnE?hL MNLQ\436HIL�M�769

Ψσ ≡ det(Ψσ
ij)

w>36FEHX24Le9 7 �kLe3�G4xQn 7@FXJKH ULM<L M JKnKnb9X=ANANB3s9ILTHX2>7@HEHX24L�3Zx�xQ=ANNJPL�M�=AN 7@\4M�MN3�M \
36FX?NJKHG7@nP9
7@FIL-HX24LS9G7@5�LL[ V FIL�9XHXFXJPxQHIL�Mbd H U-NBLHZ xC7@nPxQ=Nn 7@HXJP36\49�?N=NHT=49XJK\AU#MWJnm LQFILQ\VH<36FX?NJKHG7@nP9TJP9T\436H
7 NNFI36?NnPLQ5 ]vgh9G3�HX2>7@HSHX24L@UkLQ\4LQFXJPx�x�365 NB36\4LQ\VHPM 243s9IL#js7@FXJP36=49SMNLQFXJKjs7@HXJKjkL�9 7@FIL#HI3
?BL x�365 NN=NHIL�M xC7@\�?BLKM FXJKHXHILQ\ 769^G 36nKnP3&M 9

Ψ = Ψ↑Ψ↓ [ r8FKp&c ]
:-LHG 36FIL�Lvu-NNnKJPxQJKHXJK\AU�HX24L
js7@FXJP36=49#MNLQFXJKjs7@HXJKjkL�9CgBnPLQH =49PNNFIL�9ILQ\ZH�7@\ LQnPLQ5�LQ\VHG7@FXU�?N=NH
G =N\4M47@5�LQ\VHG7@n.G 36FX5�=Nn 7 M<LKM JKnKn =49IL JK\�HX24LKG 36nKnP3&M JK\AU8HI3 M FXJKHIL#MN3&M \�5�3s9XHS3�G HX24L
Lvu8NNFIL�9I9XJP36\49 F D LQH

M
?hL 7��4\NJKHIL JK\VjkLQFI9XJK?NnPL;587@HXFXJ u87@\4M

δM
7PUkLQ\4LQFG7@n 587@HXFXJ u [�JK\

NNFG76xQHXJPx�Lsg
δM

M JKnKn ?BL#7 V 9X587@nKnnZKNBLQFXHX=NFX?>7@HXJP36\ 3�G
M
FIL�9I=NnKHXJK\AU\G FI365 HX24L#xI2>7@\AUkL

3�GT36\4L#36F H M�38x�36nK=N5�\49;36F nKJK\4L�9 ]<JKH JP9 HXFXJKjbJ 7@n HI3�jkLQFXJnG U�HX2>7@H

det(M + δM) = det(M)det(Id +M−1δM)
[ r8FKp�d ]

M 24LQFIL
Id : Papiermultijastrow.tex, v1.62009/07/0418 : 06 : 43bouabcaExp

JP9 HX24L JPMNLQ\VHXJKH U�587@HXFXJ u F

��������� � � "�$�	�" �)���
��� �
Ψ

1-24L x�365 NN=NHG7@HXJP36\ 3�G
Ψ
JP98MN36\4L 7698=49X=>7@n M-7�U)?ZU)=49XJK\AU 9XHG7@\4M47@FIM nKJK\4LC7@F

7@n_UkLQ?NFG7�HIL�xI2N\NJPYZ=4L�9SHI3�x�365 NN=NHIL�HX24L#MNLQHILQFX5�JK\>7@\VH"3�G HX24L 587@HXFXJPx�L�9
Ψσ
ij

F
pbeVr



������� � � � "�$�	�" �)���
��� � ∇Ψ

D LQH =49 \436HIL

∂i,l ≡
∂

∂xliM 24LQFIL
i
MNLQ\436HIL�9�HX24L LQnPL�xQHXFI36\�JK\4MNLvu FX=N\N\NJK\AU@G�FI365

i = 1
HI3
Nσ
gk7@\4M

l
HX24LS9 N>76x�L

JK\4MNLvu g
x1 ≡ x, x2 ≡ y, x3 ≡ z

F i"9XJK\AU�HX24L�9IL \436HG7@HXJP36\49 M<L#2>7CjkL

∂i,lΨ =

N↑∑

k=1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . Ψ↑

1k−1 ∂i,lΨ
↑
1k Ψ↑

1k+1 . . . Ψ↑
1N↑FFF FFF FFF FFF FFF FFF

Ψ↑
j1 . . . Ψ↑

jk−1 ∂i,lΨ
↑
jk Ψ↑

j k+1 . . . Ψ↑
jN↑FFF FFF FFF FFF FFF FFF

Ψ↑
N↑1 . . . Ψ↑

N↑k−1 ∂i,lΨ
↑
N↑k

Ψ↑
N↑ k+1 . . . Ψ↑

N↑N↑

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓

+Ψ↑
N↓∑

k=1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
11 . . . Ψ↓

1k−1 ∂i,lΨ
↓
1k Ψ↓

1k+1 . . . Ψ↓
1N↓FFF FFF FFF FFF FFF FFF

Ψ↓
j1 . . . Ψ↓

jk−1 ∂i,lΨ
↓
jk Ψ↓

jk+1 . . . Ψ↓
jN↓FFF FFF FFF FFF FFF FFF

Ψ↓
N↓1 . . . Ψ↓

N↓k−1 ∂i,lΨ
↓
N↓k

Ψ↓
N↓k+1 . . . Ψ↓

N↓N↓

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

[ r8FKpCy ]

1m3#LQjs7@nK=>7@HIL HX24L MNLQHILQFX5�JK\>7@\ZHI9 M<L x�36\49XJPMNLQF�HX24L G 36nKnP3&M JK\AU�MNL�x�365 NB3s9XJKHXJP36\�3�GBHX24L
587@HXFXJPx�L�9;x�36FXFIL�9 NB36\4MWJK\AU8HI3
HX24L#MNLQHILQFX5�JK\>7@\ZHI9 ↑ 7@\4M ↓

Mσ + δMσ
k =




Ψσ
11 . . . Ψσ

1k−1 ∂i,lΨ
σ
1k Ψσ

1k+1 . . . Ψσ
1NσFFF FFF FFF FFF FFF FFF

Ψσ
j1 . . . Ψσ

jk−1 ∂i,lΨ
σ
jk Ψσ

jk+1 . . . Ψσ
jNσFFF FFF FFF FFF FFF FFF

Ψσ
Nσ1 . . . Ψσ

Nσk−1 ∂i,lΨ
σ
Nσk

Ψσ
Nσk+1 . . . Ψσ

NσNσ




[ r8F tsq ]
M 24LQFIL

Mσ JP9-HX24L�`Zn 7@HILQF 587@HXFXJ u g Ψσ
ij

g47@\4M
δMσ

k

7@VYNhLQFXHX=NFX?NJK\AUBZ 587@HXFXJ u�2>7�jbJK\AU
36\NnKU�HX24L

k
d HX2 x�36nK=N5�\ MWJnm LQFILQ\VH G�FI365 �CLQFI3 o

(δMσ
k )j ≡ −Ψσ

jk + ∂i,lΨ
σ
jk j = 1, Nσ .

[ r8F tWp ]

pbe/c



1-24L#587@HXFXJ u
Id+ [Mσ]−1δMσ

k

2>769 HX2Z=49 HX24LPG 36nKnP3�M JK\AU�9XHXFX=4xQHX=NFIL

Id+ [Mσ]−1δMσ
k =




1 0 . . . (P σk )1 . . . 0 0

0 1 . . . (P σk )2 . . . 0 0FFF FFF FFF FFF FFF FFF FFF
FFF FFF FFF

1 + (P σk )k

FFF FFF FFF
FFF FFF FFF FFF FFF FFF FFF
0 0 . . . (P σk )Nσ−1 . . . 1 0

0 0 . . . (P σk )Nσ . . . 0 1




[ r8F tst ]

M 24LQFIL#HX24L jkL�xQHI36F
(P σk )

JP9 MNL �4\4L�M 769

(P σk )m =

Nσ∑

j=1

[Ψσ]−1
mj(δM

σ
k )j m = 1, Nσ.

[ r8F tso ]

f"3�M#g 7�NANNnKUZJK\AU G 36FX5�=Nn 7 l Y F [ r8FKp�d ]^M�LKUkLQH

det(Mσ + δMσ
k ) = Ψσ[1 + (P σk )k]

[ r8F t�e ]
7@\4M g �4\>7@nKnKUkgNHX24L#Lvu8NNFIL�9I9XJP36\�3�G HX24L#MNLQFXJKj67@HXJKjkL�3�G

Ψ
JP9^UsJKjkLQ\ ?VU

∂i,lΨ = Ψ{
N↑∑

k=1

[1 + (P ↑
k )k] +

N↓∑

k=1

[1 + (P ↓
k )k]}.

[ r8F t$` ]

a"9�9GL�LQ\ HX2NJP9 Lvu-NNFIL�9G9XJP36\ FIL�YZ=NJKFIL�9�HX24L�x�365 NN=NHG7@HXJP36\)3�G HX24L�`Zn 7@HILQF 587@HXFXJ u LQnPLvd
5�LQ\ZHI9�7@\4M
HX24LQJKFeMNLQFXJKjs7@HXJKjkL�9Cgk7@\4M87@nP9G3 HX24L-JK\VjkLQFI9IL 3�GhHX24L;`Zn 7@HILQFT587@HXFXJPx�L�9JM 2NJPxG2
7@FIL�x�365 NN=NHIL�M JK\�9XHG7@\4M47@FIM�JK5 NNnPLQ5�LQ\VHG7@HXJP36\83�G ["c O 7@n_Uk36FXJKHX2N5�9^[ 9IL�Lsg ��� � � � tWp � ] F

��������� � � "�$�	�" �)���
��� � ∇2
Ψ

1-24L#9IL�x�36\4M�MNLQFXJKjs7@HXJKjkL�9S3�G
Ψ
xC7@\�?hLPM FXJKHXHILQ\�769

∂2
i,lΨ = (∂2

i,lΨ
↑)Ψ↓ + Ψ↑∂2

i,lΨ
↓ + 2∂i,lΨ

↑∂i,lΨ
↓ [ r8F tsr ]

pbe:d



1-24L �4FI9XH-MNLQFXJKjs7@HXJKjkL�9Cg
∂i,lΨ

σ 7@FIL x�365 NN=NHIL�M�769 NNFIL�9ILQ\ZHIL�M�JK\,HX24LWNNFIL�x�L�MWJK\AU�9IL�xvd
HXJP36\ F 1-24L \4LbM HILQFX5�9Cg

∂2
i,lΨ

σ gNxC7@\ ?hLPM FXJKHXHILQ\ 769

∂2
i,lΨ

σ =

Nσ∑

k=1

Nσ∑

m=1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψσ
11 . . . ∂i,lΨ

σ
1k . . . ∂i,lΨ

σ
1m . . . Ψσ

1NσFFF FFF FFF FFF FFF FFF
Ψσ
j1 . . . ∂i,lΨ

σ
jk . . . ∂i,lΨ

σ
jm . . . Ψσ

jNσFFF FFF FFF FFF FFF FFF
Ψσ
Nσ1 . . . ∂i,lΨ

σ
Nσk

. . . ∂i,lΨ
σ
Nσm

. . . Ψσ
NσNσ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣[ r8F t=c ]
M 24LQFIL8HX24L�MNLQFXJKjs7@HXJKjkL�9 7�NANBLC7@F�36\NnKU�JK\ x�36nK=N5�\49

k
7@\4M

m
F DELQH�=49�MWJP9IHXJK\AUs=NJP9X2

HX24L�xC769IL�9 x�36FXFIL�9 NB36\4MWJK\AU�HI3
k = m

7@\4M
k 6= m

F

• O-769IL k = m
] \�HX2NJP9;xC769ILPM 24LQFIL#HX24L#x�36nK=N5�\

k = m
JP9 UsJKjkLQ\�?ZU�HX24L#jkL�xQHI36F

∂2
i,lΨ

σ
jk

M JKHX2
j = 1, Nσ

M�L�7@FIL
JK\ 7,9XJKHX=>7@HXJP36\ 7@?49I36nK=NHILQnKU�9XJK5�JKn 7@F HI3 M 2>7@HKM�L
2>7CjkL
HXFILC7@HIL�M
?BLHG 36FIL G 36FeHX24L �4FI9XH-MNLQFXJKj67@HXJKjkL F 1-24L NhLQFXHX=NFX?NJK\AU
587@HXFXJ u

δMσ HI3�x�36\49IJPMNLQF<JP9�HX24L
587@HXFXJ u�2>7CjZJK\AU�769 =N\NJPYV=4L \436\ �CLQFI38x�36nK=N5�\ HX24LWG 36nKnP3�M JK\AU8jkL�xQHI36F

(δMσ
k )j ≡ −Ψσ

jk + ∂2
i,lΨ

σ
jk j = 1, Nσ .

[ r8F t$d ]
7@\4M�HX24L j67@nK=4L#3�G HX24L#9IL�x�36\4M�MNLQFXJKjs7@HXJKjkL#JP9 UsJKjkLQ\�?VU

∂2
i,lΨ

σ = Ψσ
Nσ∑

k=1

[1 + (P σk )k]
[ r8F tsy ]

M 24LQFIL
(P σk )k =

Nσ∑

j=1

[Ψσ]−1
kj (δMσ

k )j
[ r8F osq ]

• O-769IL k 6= m
1-2NJP9�xC769IL�nPLC76MN9�HI3�7�\4LbM 9XJKHX=>7@HXJP36\ M 24LQFIL�HX24L\NBLQFXHX=NFX?NJK\AU�587@HXFXJ u

δMσ
kmx�36\49IJP9XHI9 \43&M 3�GNHYM<3S\436\Zj67@\NJP9I2NJK\AU"x�36nK=N5�\49

k
7@\4M

m
FILbNNFIL�9ILQ\VHIL�M�?VU HX24LejkL�xQHI36FI9

−Ψσ
jk + ∂i,lΨ

σ
jk

7@\4M −Ψσ
jm + ∂i,lΨ

σ
jm

FAa L �4\NJK\AU,769 ?hLHG 36FIL HX24L jkL�xQHI36FI9
P σk

7@\4M

P σm
769^G 36nKnP3&M 9

(P σk )n =

Nσ∑

j=1

[Ψσ]−1
nj (δMσ

k )j

pbeVy



(P σm)n =

Nσ∑

j=1

[Ψσ]−1
nj (δMσ

m)j
[ r8F oWp ]

HX24LKG 36nKnP3&M JK\AU89XHXFX=4xQHX=NFILKG 36F HX24L 587@HXFXJ u
Id+ [Mσ]−1δMσ

km

JP9S36?NHG7@JK\4L�M

Id+[Mσ]−1δMσ
km =




1 . . . (P σk )1 . . . 0 . . . (P σm)1 . . . 0FFF FFF FFF FFF FFF
0 . . . 1 + (P σk )k . . . 0 . . . (P σm)k . . . 0FFF FFF FFF FFF FFF
0 . . . (P σk )m . . . 0 . . . 1 + (P σm)m . . . 0FFF FFF FFF FFF FFF
0 . . . (P σk )Nσ . . . 0 . . . (P σm)Nσ . . . 1




[ r8F ost ]
1-24LeMNLQHILQFX5�JK\>7@\VHm3�GWHX2NJP9 587@HXFXJ u JP9�UsJKjkLQ\#?ZU

[(1+P σk )k][(1+P
σ
m)m]−(P σm)k(P

σ
k )m

7@\4M g �4\>7@nKnKUkgNHX24L js7@nK=4L 3�G HX24L#9GL�x�36\4M�MNLQFXJKj67@HXJKjkL�xC7@\�?hLPM FXJKHXHILQ\�769

∂2
i,lΨ

σ =

Nσ∑

k=1

Nσ∑

m=1

Ψσ{[1 + (P σk )k)(1 + (P σm)m] − (P σm)k(P
σ
k )m}

[ r8F oso ]
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 � ��� " ��� ��
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] \�HX2NJP9m9IL�xQHXJP36\ M�L<LQj67@nK=>7@HIL�HX24LeMNLQFXJKjs7@HXJKjkL-3�G
Ψ
M JKHX2 FIL�9 NhL�xQHmHI3;7 N>7@FG7@5�LQHILQF

cp
7�NANhLC7@FXJK\AU JK\ HX24L-Lvu-NNFIL�9G9XJP36\ 3�GB7S5�36nPL�xQ=Nn 7@F 
Z769XHXFI3�M$HILQFX5�g

Ji
F I"LQFILsg1M�L-9X2>7@nKn

36\NnKU�x�36\49IJPMNLQFeHX24LSxC769GL M 24LQFIL HX2NJP9 N>7@FG7@5�LQHILQF<?hLQnP36\AUk9<36\NnKU�HI3�7#9IJK\AUsnPL�
V769XHXFI3&M
[�\43�x�365�5�36\ N>7@FG7@5�LQHILQF G 36F-MWJP9IHXJK\4xQH�
V769XHXFI3&M 9 ] F f"36HIL HX2>7@HCgNx�365�5�36\�
V769XHXFI3&M 9
xC7@\ ?BL 7@HXHG76xI24L�M HI3$9ILQjkLQFG7@n#MWJnm LQFILQ\VH�5�36nPL�xQ=Nn 7@F 36FX?NJKHG7@nP9 F^a LQ\436HXJK\AU

∂cp
HX24L

MNLQFXJKjs7@HXJKjkLKM JKHX2�FIL�9TNhL�xQH HI3
cp
M<L 2>7�jkL

∂ciΨ =

N↑∑

k=1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . Ψ↑

1j . . . Ψ↑
1N↑FFF FFF FFF

∂cpΨ
↑
k1 . . . ∂cpΨ

↑
kj . . . ∂cpΨ

↑
kN↑FFF FFF FFF

Ψ↑
N↑1

. . . Ψ↑
N↑j

. . . Ψ↑
N↑N↑

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓

p�`sq



+Ψ↑
N↓∑

k=1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↓
11 . . . Ψ↓

1j . . . Ψ↓
1N↓FFF FFF FFF

∂cpΨ
↓
k1 . . . ∂cpΨ

↓
kj . . . ∂ciΨ

↓
kN↓FFF FFF FFF

Ψ↓
N↓1

. . . Ψ↓
N↓j

. . . Ψ↓
N↓N↓

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

[ r8F o�e ]

a"9
9IL�LQ\ g HX2NJP9�Lvu-NNFIL�9G9XJP36\ JP9�9IJK5�JKn 7@F HI3�HX2>7@H�36?NHG7@JK\4L�M G 36F HX24L UsFG76MWJPLQ\ZH�3�G
Ψ
g

l Y F [ r8F t$` ]vgkLvuNx�LbNNHTHX2>7@H�HX24L MNLQFXJKjs7@HXJKjkL�9�3bx�xQ=NF�36\�36\4L nKJK\4L 7@\4M
\436H�36\�7"x�36nK=N5�\ F
] H JP9 HX2Z=49S9XJK5 NNnPL HI3�jkLQFXJnG U�HX2>7@H HX24L#9G7@5�L MNLQFXJKjs7@HXJP36\ 7�NANNnKJPL�9CgAM<LLUkLQH

∂cpΨ = Ψ{
N↑∑

k=1

[1 + (P ↑
k )k] +

N↓∑

k=1

[1 + (P ↓
k )k]}.

[ r8F o$` ]

M JKHX2
(P σk )k =

Nσ∑

j=1

[Ψσ]−1
kj (δMσ

k )j
[ r8F osr ]

7@\4M

(δMσ
k )j = −Ψσ

jk + ∂cpΨ
σ
jk j = 1, Nσ

[ r8F o=c ]
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 � � ∇2
Ψ
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1-24L�MNLQFXJKj67@HXJKjkL 3�G ∇2(Ψ↑Ψ↓)
M JKHX2%FIL�9TNhL�xQH�HI3 7 
Z769XHXFI3�MLQ 9 N>7@FG7@5�LQHILQF

cp
xC7@\8?hL MNL�x�365 NB3s9IL�M�JK\�7 9GLQFXJPL�9e3�G LQnPLQ5�LQ\VHG7@FXU�HILQFX5�9 F c�3s9XH�3�GBHX24L�9IL HILQFX5�9T2>7CjkL
?BL�LQ\%7@nKFILC76MWU MNLQFXJKjkL�M$JK\$HX24L NNFILQjbJP36=49�9IL�xQHXJP36\49 F 1-24L�FILQ587@JK\NJK\AU HILQFX5�9
HI3�?hL
x�365 NN=NHIL�M%7@FIL�HX24L UsFG76MWJPLQ\VH87@\4M$DE7�NNn 76xQJ 7@\%3�G;HX24L�MNLQFXJKjs7@HXJKjkL�3�G

Ψσ gm\>7@5�LQnKU

∇∂Ψσ

∂cp

7@\4M ∇2 ∂Ψσ

∂cp

F

p�`Wp



�	�A032  .08�&%'�(� � � ∇∂Ψσ

∂cp

i;9XJK\AU�HX24L#\436HG7@HXJP36\49 JK\VHXFI3bMW=4x�L�M 7@?B3CjkL#HX24LKUsFG76MWJPLQ\VH"3�G
Ψσ JP9^M FXJKHXHILQ\ 769

∂i,lΨ
σ =

Nσ∑

k=1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψσ
11 . . . Ψσ

1k−1 ∂i,lΨ
σ
1k Ψσ

1k+1 . . . Ψσ
1NσFFF FFF FFF FFF FFF FFF

Ψσ
j1 . . . Ψσ

jk−1 ∂i,lΨ
σ
jk Ψσ

jk+1 . . . Ψσ
jNσFFF FFF FFF FFF FFF FFF

Ψσ
Nσ1 . . . Ψσ

Nσk−1 ∂i,lΨ
σ
Nσk

Ψσ
Nσk+1 . . . Ψσ

NσNσ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣[ r8F o$d ]
7@\4M�HX24L MNLQFXJKj67@HXJKjkL@M JKHX2�FIL�9 NBL�xQH HI3�HX24L�
V769XHXFI3&MLQ 9 N>7@FG7@5�LQHILQF

cp
769

∂cp∂i,lΨ
σ =

Nσ∑

j=1

Nσ∑

k=1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψσ
11 . . . ∂i,lΨ

σ
1k . . . Ψσ

1NσFFF FFF
∂cpΨ

σ
j1 . . . ∂cp∂i,lΨ

σ
jk . . . ∂cpΨ

σ
jNσFFF FFF

Ψσ
Nσ1 . . . ∂i,lΨ

σ
jk . . . Ψσ

NσNσ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

[ r8F osy ]

1m3 x�365 NN=NHIL�HX24L�\4LbM MNLQHILQFX5�JK\>7@\VHI9�7�NANhLC7@FXJK\AU�JK\ HX2NJP9 Lvu-NNFIL�9G9XJP36\ g HX24L\G =N\4M470d
5�LQ\ZHG7@nDG 36FX5�=Nn 7Wg l Y F [ r8FKp�d ]vg>JP9 =49IL�M M JKHX2

Mσ =




Ψσ
11 . . . Ψσ

1k . . . Ψσ
1NσFFF FFF

∂cpΨ
σ
j1 . . . ∂cpΨ

σ
jk . . . Ψσ

jNσFFF FFF
Ψσ
Nσ1 . . . Ψσ

jk . . . Ψσ
NσNσ




[ r8F eVq ]

7@\4M

δMσ =




0 . . . −Ψσ
1k + ∂i,lΨ

σ
1k . . . 0FFF FFF

0 . . . −∂cpΨσ
jk + ∂cp∂i,lΨ

σ
jk . . . 0FFF FFF

0 . . . −Ψσ
jk + ∂i,lΨ

σ
jk . . . 0




[ r8F e4p ]

I"3�M HI3�xC7@nPxQ=Nn 7@HIL"HX24L"MNLQHILQFX5�JK\>7@\VH 3�G
M
2>769-7@nKFILC76MWU�?hL�LQ\ NNFIL�9ILQ\VHIL�M F f"3�M#gZHI3

LQ5 NNnP3�U l Y F [ r8FKp�d ] M<L 7@nP9G3�\4L�L�M�HI3
LQjs7@nK=>7@HIL HX24L;JK\ZjkLQFI9IL 3�G
M
F 1m3�7�jk36JPM�x�3s9XHXnKU

p�`st



N3
σ

LQjs7@nK=>7@HXJP36\49<=49XJK\AU�9XHG7@\4M47@FIM�5�LQHX243bMN9 M<L NNFI3BNB3s9IL HI3�LQ5 NNnP3CU�HX24L `Z24LQFX587@\Wd
c�36FXJP9I36\ G 36FX5�=Nn 7 F � pbe � D LQH =49;MNLQ\436HIL

A
7@\ JK\VjkLQFI9XJK?NnPL�587@HXFXJ u�7@\4M

u
7@\4M

v
HYM�3

jkL�xQHI36FI9�gNHX2NJP9 G 36FX5�=Nn 7�JP9 M FXJKHXHILQ\ 769

(A+ u⊗ v)−1 = A−1 − z ⊗ w

1 + λ

[ r8F eVt ]
M 24LQFIL

λ ≡ (v,A−1u), z ≡ A−1u, and w ≡ (A−1)T v

I"LQFILsgBHI3�xC7@nPxQ=Nn 7@HIL�HX24L
JK\ZjkLQFI9IL�3�G-587@HXFXJ u
M

M�L�7�NANNnKU�HX24L�`Z24LQFX587@\Wd c 36FXJP9G36\
G 36FX5�=Nn 7 M JKHX2�HX24L HYM<3�jkL�xQHI36FI9

ui = −Ψσ
li +

∂Ψσ
li

cl

[ r8F eVo ]
7@\4M

vi = δil
[ r8F e$e ]

�	�A032  .08�&%'�(� � � ∇2
i
∂Ψσ

∂cp

1E38x�365 NN=NHIL ∇2
i
∂Ψσ

∂cp

JKH JP9SLC769XU�HI3�xG24L�x���HX2>7@H M<L#\4L�L�M HI3�LQj67@nK=>7@HIL�HX24L HYM<3
H U/NBL�9 3�GTMNLQHILQFX5�JK\>7@\VH

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψσ
11 . . . ∆i(Ψ

σ
1k) . . . Ψσ

1NσFFF FFF
∂cpΨ

σ
j1 . . . ∂cp∆i(Ψ

σ
jk) . . . ∂cpΨ

σ
jNσFFF FFF

Ψσ
Nσ1 . . . ∆i(Ψ

σ
jk) . . . Ψσ

NσNσ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

[ r8F e:` ]

7@\4M
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψσ
11 . . . ∂i,lΨ

σ
1k . . . Ψσ

1NσFFF FFF FFF
∂cpΨ

σ
j1 . . . ∂cp∂i,lΨ

σ
jk . . . ∂cpΨ

σ
jNσFFF FFF FFF

Ψσ
Nσ1 . . . ∂i,lΨ

σ
jk . . . Ψσ

NσNσ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

[ r8F eVr ]

7@\4M M<L�587 �kL�=49IL
24LQFIL�7@nP9I3�3�G-36=NFPG =N\4M47@5�LQ\VHG7@n G 36FX5�=Nn 7�x�365�?NJK\4L�M�M JKHX2 HX24L
`Z24LQFX587@\Wd c�36FXJP9I36\ G 36FX5�=Nn 7 F
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a;9e7 �4FI9IHe7�NANNnKJPxC7@HXJP36\�3�GBHX24L-5�=NnKHXJ d�
V769XHXFI3&M M<7�jkLHG =N\4xQHXJP36\<M<L 2>7�jkL;x�36\49XJPMNLvd
FIL�M�7@HI365�JPxS9XUb9IHILQ5�9 F fS=N5�LQFI36=49�9XHX=4MWJPL�9�36\87@HI365�9T=49XJK\AU�["c O HIL�xI2N\NJPYZ=4L�9�2>7CjkL
?BL�LQ\gNNFIL�9ILQ\VHIL�M
JK\ HX24Len 769IHmH M�LQ\VH U
UkLC7@FI9 [ 9GL�Lsg�G 36F Lvu47@5 NNnPLsg � p�`�� ] F I"LQFILsg�M�L<9X2>7@nKn
x�36\49IJPMNLQF<H M�3�9IUb9XHILQ5�9�gV\>7@5�LQnKU�HX24L 3P

UsFI36=N\4Mbd 9XHG7@HIL 3CubU-UkLQ\�7@HI365 [
1s22s22p4 g

d LQnPL�xQHXFI36\49H]�7@\4M
HX24L 2S
UsFI36=N\4Mbd 9XHG7@HIL;x�3BNANhLQFe7@HI365 [

[Ar]3d104s
g tsy LQnPL�xQHXFI36\49H] F
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1m7@?NnPL y8FKp NNFIL�9ILQ\VHI9�36=NF
FIL�9X=NnKHI9 G 36F�HX24L,3�uWU-UkLQ\)7@HI365 F 1-24L�HI36HG7@n LQ\4LQF UsJPL�9

36?NHG7@JK\4L�M�7@H<HX24L X c O�7@\4M�w f d a c O$nPLQjkLQnP9 M JKHX2�MWJnmBLQFILQ\ZH<HXFXJ 7@n�M<7CjkLHG�=N\4xQHXJP36\49
7@FIL NNFIL�9ILQ\ZHIL�M F 1.M�3,MWJnm LQFILQ\VH xQFXJKHILQFXJ 78HI3�YV=>7@\ZHXJnG�U HX24L�YZ=>7@nKJKH U 3�G�HX24L�HXFXJ 7@n!M<70d
jkLHG =N\4xQHXJP36\49;7@FIL�LQ5 NNnP3CUkL�M�oNHX24L js7@FXJ 7@\4x�L#3�GTHX24L#LQ\4LQF UsUkg

σ2(Energy)
g 7@\4M�HX24L

7@5�36=N\ZHe3�G x�36FXFILQn 7@HXJP36\8LQ\4LQF UsU FIL�x�3CjkLQFIL�M F 1-24L-j67@FXJ 7@\4x�L 3�GhHX24L<LQ\4LQF UsU JP9 MNL �4\4L�M
769 HX24L j67@FXJ 7@\4x�L�3�G HX24L nP3bxC7@nELQ\4LQF UsU�MW=NFXJK\AU�HX24L#9XJK5�=Nn 7@HXJP36\

σ2(Energy) ≡ 〈E2
L〉 − 〈EL〉2

[ r8F e/c ]

M 24LQFIL HX24L�9XUZ5�?h36n 〈. . .〉 MNLQ\436HIL�9 HX24L c�36\VHIL�O-7@FXnP3�7CjkLQFG7�UkL [�24LQFILsgNLQJKHX24LQF X c O
36FTw fSd a c O^] 7@\4M

EL
JP9 HX24L-nP3bxC7@nNLQ\4LQF UsU MNL �4\4L�M�769

EL = HΨT

ΨT

F f;36HIL<HX2>7@HTHX24L
js7@FXJ 7@\4x�L�3�GeHX24L�LQ\4LQF UsU JP9#78\>7@HX=NFG7@n�YZ=>7@\VHXJKH U HI3�JK\ZHXFI3ZMW=4x�L�JK\ 7�["c O G FG7@5�Lvd
M<36F ��9XJK\4x�L�HX24L-9XHG7@HXJP9XHXJPxC7@nWLQFXFI36F JP9 MWJKFIL�xQHXnKU@NNFI3BNB36FXHXJP36\>7@nWHI3SJKH F ] \ N>7@FXHXJPxQ=Nn 7@FCg@HX24L
nP3&M�LQF HX24L�j67@FXJ 7@\4x�L 3�G�HX24L�nP3bxC7@nmLQ\4LQF UsU JP9Cg4HX24LLV xQnP3s9ILQF Z#HX24L�HXFXJ 7@n#M-7�jkLHG =N\4xQHXJP36\
JP9KG�FI365 HX24L�Lvu476xQHKM<7CjkLHG�=N\4xQHXJP36\ F 1-24L�9IL�x�36\4M xQFXJKHILQFXJK=N5 JP9#9XHG7@\4M47@FIM JK\ YZ=>7@\Wd
HX=N5 xI24LQ5�JP9XHXFXU o>1-24L�x�36FXFILQn 7@HXJP36\�LQ\4LQF UsU�JP9SMNL �4\4L�M�769 HX24L#MWJnm LQFILQ\4x�L�?BLQHYM<L�LQ\
HX24L,Lvu476xQH�\436\Wd FILQn 7@HXJKjbJP9XHXJPx�:-36FX\Wd 
 NANBLQ\N24LQJK5�LQF�LQ\4LQF UsU 7@\4M HX24L I 7@FXHXFIL�Lvd w43bx��
LQ\4LQF UsU 36?NHG7@JK\4L�M M JKHX2�7@\$JK\ �4\NJKHIL�36\4LvdRN>7@FXHXJPxQnPL�?>769XJP9
9ILQH [ x�365 NNnPLQHIL,?>769XJP9�9ILQH
nKJK5�JKH;36F V I"7@FXHXFIL�Lvd w43bx���nKJK5�JKH Zj] F

a-H HX24L X c�O nPLQjkLQn g�HX2NFIL�L�MWJnmBLQFILQ\ZHEHXFXJ 7@n/M<7�jkLHG =N\4xQHXJP36\49 2>7�jkLe?hL�LQ\#LQ5 NNnP3�UkL�M F
1-24L �4FI9XH<36\4LSJP9-7#9XHG7@\4M47@FIM I 7@FXHXFIL�Lvd w43bx��\M-7�jkLHG =N\4xQHXJP36\�?N=NJKnKH G FI365 HX24L 7@HI365�JPx
36FX?NJKHG7@nP9�Lvu-NNFIL�9G9IL�M%3CjkLQF,`Zn 7@HILQF d 1�U-NhL 
 FX?NJKHG7@nP9 [ `b1 
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HG7@JK\ZHXJPL�9 HX24L#7@\>7@nKUbHXJPxC7@n j67@FXJ 7@HXJP36\>7@nmLQ\4LQF UsU F 1-24L 9IL�x�36\4M,HXFXJ 7@n�M<7CjkLHG�=N\4xQHXJP36\�2>769
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V769XHXFI3&M
G 76xQHI36F F aSnKn pCy N>7@FG7@5�LQHILQFI9�3�GSHX24L 
V769XHXFI3&M HILQFX5/2>7CjkL�?hL�LQ\)3BNNHXJK5�J �CL�M g�M 2NJKnPL
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%
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[ 9GL�Lsg ��� � � ^SLHG F � p�` � M 24LQFIL�`bxI2N5�JPMWH�7@\4M c�3s9 �k3�M JKH ��2>7�jkL�FIL�x�3CjkLQFIL�M$7@?B36=NH dsq8F
%
3�G HX24L8x�36FXFILQn 7@HXJP36\$LQ\4LQF UsU G 36F�HX24L83�uWU-UkLQ\ 7@HI365 ] F 1-24L83BNNHXJK5�J �CL�M�N>7@FG7@5�Lvd

HILQFI9 G 36F8HX24L UsnP36?>7@n�
V769XHXFI3�M HILQFX5 7@FIL�nKJP9XHIL�M�JK\ 1m7@?NnPL y8F t8F w JK\>7@nKnKUkgeHX24L�n 769XH
HXFXJ 7@n,M<7�jkLHG =N\4xQHXJP36\�JP9�36=NFT5�=NnKHXJ d�
V769IHXFI3�M M<7CjkLHG�=N\4xQHXJP36\ F i;9IJK\AU�7"HXFXJ 7@n d 7@\4Mbd LQFXFI36F
7�NANNFI3k76xG2�JKH�2>7698?hL�LQ\ G 36=N\4M)HX2>7@H836\NnKU$H M�3 MWJnm LQFILQ\VH,7@HI365�JPx�
V769IHXFI3�M 9\M<LQFIL
9I= �8xQJPLQ\VH"HI3�FILbNNFIL�9ILQ\VH"HX24L�7@HI365 F 1-24L �4FI9XH"36\4L�7@HXHG76xI24L�M�HI3�HX24L�JK\N\4LQFX5�3s9XH
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Z769XHXFI3�M Z M 2NJKnPL�HX24L�9IL�x�36\4M$36\4L,7@HXHG76xI24L�M$HI3 HX24L

2s
7@\4M

2p
7@HI365�JPx 36FX?NJKHG7@nP9WM JKnKnE?BL#FILHG LQFXFIL�M HI3,769;HX24L#js7@nPLQ\4x�L 
V769IHXFI3�M F a G HILQF G =NnKn

3BNNHXJK5�J ��7@HXJP36\�3�G4HX24L�HYM<3 7@HI365�JPx 
V769IHXFI3�M$HILQFX5�9^[ pCt N>7@FG7@5�LQHILQFI9TLC76xG2(] HX24L X c�O
LQ\4LQF UsU�36?NHG7@JK\4L�M8JP9<36\NnKU�9XnKJ_Us2VHXnKU8nP3�M�LQF-HX2>7@\�HX24L;LQ\4LQF UsU8FIL�9X=NnKHXJK\AU@G FI365 HX24L;=49IL
3�G�7�x�365�5�36\ 
V769XHXFI3�M F 1-24L js7@FXJP36=49 N>7@FG7@5�LQHILQFI9"36?NHG7@JK\4L�M G 36F HX24L�7@HI365�JPx 
V769 d
HXFI3&M HILQFX5�9S7@FIL"nKJP9XHIL�M�JK\�1m7@?NnPL y8F o8F 1-2NJP9-FIL�9X=NnKH-JP9 3�G x�36=NFI9IL MWJP9G7�NANh36JK\ZHXJK\AU�?N=NH
JKnKnK=49IHXFG7@HIL�9-HX2>7@HCgW7@H<nPLC769XH G 36F<HX24L 3�uWU/UkLQ\�7@HI365�gb587 �ZJK\AU
HX24L MWJnm LQFILQ\4x�L;?BLQHYM<L�LQ\
HX24L�x�36FIL�7@\4M js7@nPLQ\4x�L�FILbUsJP36\49gG 36F�HX24L 
V769XHXFI3�M x�36FXFILQn 7@HXJP36\49�MN3bL�9�\436H nPLC76M HI3
9IJ_Us\NJ �>xC7@\VHSJK5 NNFI3�jZ5�LQ\ZHI9 F

1-2NJP9"x�36\4xQnK=49IJP36\ 7@nP9I3�LvuWHILQ\4MN9 HI3�HX24L �NuNL�Mbd \43bMNL a c O FIL�9I=NnKHI9 F ] \4MNL�L�M g 769
9GL�LQ\�JK\,1m7@?NnPL y8FKp HX24L;w fSd a c�O%FIL�9X=NnKHI9-36?NHG7@JK\4L�M M JKHX2 I"7@FXHXFIL�Lvd w43bx���36F�5�=NnKHXJ d

Z769XHXFI3�M)\43bMNL�9�7@FIL-JPMNLQ\VHXJPxC7@n3M JKHX2NJK\�9IHG7@HXJP9XHXJPxC7@nN=N\4x�LQFXHG7@JK\VHXJPL�9 F 1-2NJP9 FIL�9X=NnKH�9IL�LQ5�9
HI3SJK\4MWJPxC7@HIL<HX2>7@H.G 36FEHX2NJP9 9XJK5 NNnPL-7@HI365�JPx�9XUW9XHILQ5 HX24L�\43bM47@n/NNFI3BNBLQFXHXJPL�9m3�G4HX24L�HXFXJ 7@n
M-7�jkLHG =N\4xQHXJP36\ 7@FIL�\436H�JK5 NNFI3�jkL�M M 24LQ\ JK\ZHXFI3ZMW=4xQJK\AU MWJnm LQFILQ\VH�7@HI365�JPx 
V769XHXFI3&M
HILQFX5�9 F
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1-24L�xC769IL
3�G�HX24L�x�3BNANBLQF�7@HI365 JP9 5�=4xI2 5�36FIL
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JKH�JP9�Lvu-NBL�xQHIL�M%HX2>7@H�LQnPL�xQHXFI36\NJPx�x�36FXFILQn 7@HXJP36\49�587�U MWJnm LQF�MWFG769IHXJPxC7@nKnKU G�FI365 36\4L
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HX24L�HXFXJ 7@n.M-7�jkLHG =N\4xQHXJP36\ g 7@?h36=NH e$e
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3�GTHX24L�x�36FXFILQn 7@HXJP36\ LQ\4LQF UsU�JP9 FIL�x�3�jkLQFIL�M F ] \

9I2>7@F N8x�36\VHXFG769XHCgZ36=NF�5�=NnKHXJ d�
Z769XHXFI3�M9G 36FX5 7@nKnP3�M 9�HI3 FIL�x�3CjkLQF�5�=4xG285�36FILsgk\>7@5�LQnKU
7@?B36=NH cB`
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3�G�HX24L
x�36FXFILQn 7@HXJP36\ LQ\4LQF UsU F 1-2NJP9;FIL�9I=NnKH;JP9"xQnPLC7@FXnKU jkLQFXU 9 7@HXJP9 G 76xQHI36FXU
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V769XHXFI3&M x�36FXFILQn 70d
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?BL�LQ\�x�36\49XJPMNLQFIL�M oW36\4LPG 36F-HX24L
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x�36FIL 36FX?NJKHG7@n g>7@\436HX24LQF G 36F HX24L
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36FX?NJ d

HG7@nP9�7@\4M HX24L�n 769XH#36\4LgG 36F#HX24L
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?ZU�HX24LKG 36nKnP3&M JK\AU8HYM<3@d MNLQHILQFX5�JK\>7@\VHWG 36FX5

ΨT det = [σ2
1sσ

2
2sπ

2
xπ

2
y]σ

2 + [σ2
1sσ

2
2sπ

2
xπ

2
y ]σ

∗2 [ r8F e:d ]
M 24LQFIL�HX24L�5�36nPL�xQ=Nn 7@F 36FX?NJKHG7@nP9

σ1s, σ2s, πx,
7@\4M

πy
2>7CjkL<7;9XHXFI36\AU 7@HI365�JPx<xG2>7@FG76xvd

HILQF x�36FXFIL�9 NB36\4MWJK\AU HI3SHX24L �4=436F�7@HI365 7@\4M
(σ, σ∗)

7@FIL�HX24L�?h36\4MWJK\AU/h67@\ZHXJ d ?h36\4MWJK\AU
js7@nPLQ\4x�L<36FX?NJKHG7@nP9E?N=NJKnKH#G 36FmHX24L�5�3s9XH#N>7@FXH.G FI365 HX24L

1sH
7@\4M

2pFz
7@HI365�JPx<36FX?NJKHG7@nP9 F

] \�w J_Us=NFIL r8FKp HX24L j67@FXJP36=49"O<a `N`NO<w%xQ=NFXjkL�9;36?NHG7@JK\4L�M M JKHX2�HX2NJP9 HXFXJ 7@n.M<7CjkLvd
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O-7@FXnP3 [ w fSd a c O^] HI36HG7@n#UsFI36=N\4Mbd 9XHG7@HIL�LQ\4LQF UsJPL�9WG 36F"HX24L 2S

x�3BNANhLQF#7@HI365 =49XJK\AU
MWJnm LQFILQ\VH;HXFXJ 7@n�M<7CjkLHG�=N\4xQHXJP36\49 7@\4M�\43bM47@n 9XHXFX=4xQHX=NFIL�9 F

c LQHX243bM l \4LQF UsU [ 7 F = F ]
σ2 [ l \4LQF UsUA] O<36FXFILQn 7@HXJP36\ LQ\4LQF UsU

I 7@FXHXFIL�Lvd w43Zx � � pCr � d pCrso$d8F ysrso=c d q
%V l uN76xQH Z \436\Wd FILQn 7@HXJKjbJP9XHXJPx � pCy � d pCr�eVq8Ff`sr=c$c d pCqsq
%

X c�O�o
I 7@FXHXFIL�Lvd w43bx���[�\43 
V769XHXFI3&M 3�G�7@\VU,H U-NBL&] d pCrso$d8F y=c6q [ r ] eVtso [ c ]

0.% ± 0.8%I"7@FXHXFIL�Lvd w43bx�� �'3BNNHXJK5�J �CL�M x�365�5�36\�
V769XHXFI3&M d pCrsosy8F r=c6t [ ` ] `$d=c [ pbe ]
44.2% ± 0.3%I 7@FXHXFIL�Lvd w43Zx � �'3BNNHXJK5�J �CL�M�5�36nPL�xQ=Nn 7@F 
V769XHXFI3�M 9 d pCr�eVq8FKp&c6t$` [ c1e ] pCoWp [ o ]
75.4% ± 0.5%

w fSd a c�O�o
I"7@FXHXFIL�Lvd w43bx���\43bMNL�9 d pCr�eVq8F eVqWp [ y ]

89.6% ± 0.6%
c�36nPL�xQ=Nn 7@F	
Z769XHXFI3�M \43ZMNL�9 d pCr�eVq8F eVq=c [ d ]

90.0% ± 0.5%

pCr=c



������� r8Ff` � 
 NNHXJK5�J �CL�M N>7@FG7@5�LQHILQFI9;3�G HX24LKUsnP36?>7@n 
V769XHXFI3�M HILQFX5
G 36F HX24L 2S

x�3BNANBLQF 7@HI365 F 1-24L�x�36FXFIL�9 NB36\4MWJK\AUSjs7@FXJ 7@HXJP36\>7@nZLQ\4LQF UsU JP9Bd pCrsosy8F r=c6t [ ` ] F
R 7@FG7@5�LQHILQFI9

(e
(1)
σσ , e

(1)
σσ̄ )

[ q8F tWpCososy g q8F e$e/cBd$d ]
(b

(e−e)
σσ , b

(e−e)
σσ̄ )

[ t8FkcB`=c6q=c g p$FKpCqstso�e ]
f (1) q8F r$`sr�e4p
b(e−n) q8F q$`WpCo�e

(e
(2)
σσ , e

(2)
σσ̄ )

[ p$Fkc$c$c1eVo g d q8F yso$dWpCq ]
(e

(3)
σσ , e

(3)
σσ̄ )

[ d q8F qsqWpCy$` g p$F qst�eVqso ]
(e

(4)
σσ , e

(4)
σσ̄ )

[ q8F qsqsqsqsosr g q8F qsqst=c$c ]
f (2) q8F qso=c$c6y
f (3) d q8F qstsyWp&c
f (4) q8F qsqsosq$d

(g
(1)
σσ , g

(1)
σσ̄ )

[ q8F qsqsqWpsp&c g d q8F qsqsq$`syWp ]
(g

(2)
σσ , g

(2)
σσ̄ )

[ d q8F qWpCysyso g q8F qsqsqsqst$d ]

pCr$d
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 NNHXJK5�J �CL�M<N>7@FG7@5�LQHILQFI9 G 36F�HX24L HX2NFIL�L"7@HI365�JPx	
V769IHXFI3�M HILQFX5�9JG 36F�HX24L
2S
x�3BNANBLQF;7@HI365 F 1-24L#x�36FXFIL�9TNh36\4MWJK\AU�j67@FXJ 7@HXJP36\>7@nELQ\4LQF UsU,JP9-d pCr�eVq8FKp&c6t$` [ c1e ] F

R 7@FG7@5�LQHILQFI9 O<36FIL 
V769XHXFI3&M t 9 d t NWd o 9 
V769IHXFI3�M o Mbd e 9 
V769IHXFI3�M
e
(1)
1

q8Ffd$`$`sq=c q8F r�eVq�e$e q8F rsqsqWpCy
b
(e−e)
1

e3Fkc6qsq=cbp t8Fkc6qsqst q8F y$`sr$`so
f

(1)
1

q8F q$dsq�e:` q8F eVq$`$` p$FKpCo$d�eVy
b
(e−n)
1

q8F eVqsosy$` q8F e/c6rso q8Ff`$dsr$dsy
e
(2)
1

d q8FKp&c6yWp�d d q8F t$dWpCo d q8F r$`$`so$`
e
(3)
1

d q8F qst�eVqst d q8FKpCq$d$` q8F eVo�e:dWp
e
(4)
1

d q8F qsqstso$d d q8F qst�e:` d q8F q$`sq=cBd
f

(2)
1

q8F rsr$dsrsr q8FKpCrsy$d q8F o�e$eVqst
f

(3)
1

q8F q$d$dsosr d q8F eVtWp�d d q8FKpCy$dsq$d
f

(4)
1

q8F qsqsrsrsr d q8F t�eVr=c d q8F tsrsoWpsp
g
(1)
1

d q8FKp�`$dstWp q8F qsqsqWpCy d q8FKp&c6o$dsq
g
(2)
1

q8F tWpspCosq d q8Ffd$`$`so d q8F qsqstWp�d

pCrsy



������� r8Fkc � `/NBL�xQHXFI3s9Ix�3BNNJPx x�36\49XHG7@\ZHI9�3�G�HX24L I"w 5�36nPL�xQ=NnPL 7@H�HX24L `NO<w 7@\4M
5�JK\NJK587@n O<a `N`NO<w$nPLQjkLQnP9"769S7 G�=N\4xQHXJP36\ 3�G HX24L ?>769IJP9 9ILQH F

c LQHX243bM
Re

[ 7 F = F ]
ωe

[ xQ5 −1 ] ∆E
[ �kxC7@n h05�36n ]

`NO<w [ x�xvdRNAX a ��?>769XJP9 ] p$Fkc6q�eVt e/c6t=c-F d
`NO<w [ x�xvdRNAX"1���?>769XJP9 ] p$F rsy=cbp e:dstsy8F d
`NO<w [ x�xvdRNAX;[ � ?>769XJP9 ] p$F rsy$`sr e:dsqsr8F d
`NO<w [ x�xvdRNAX ` ��?>769XJP9 ] p$F rsy$`so e:dsq$`8F d

t d MNLQH"O<a `N`NO<w [ x�xvdRNAX a ��?>769IJP9 ] p$Fkc1e4pCt osysrsq8F pCqsy8F t=c
t d MNLQH O<a `N`NO<w [ x�xvdRNAX 1���?>769XJP9 ] p$Fkc6osqsy eVq$dso8F pspCo8Ffd$d
t d MNLQH"O<a `N`NO<w [ x�xvdRNAX;[ ��?>769XJP9H] p$Fkc6t$dso eVq$d$d8F pspbe3Ffdsq
t d MNLQH O<a `N`NO<w [ x�xvdRNAX ` ��?>769XJP9 ] p$Fkc6t$dso eVqsysr8F psp�`8F q�e

l uN76xQH p$Fkc6ostsr e4pCo=c pbe4p$F y$`

p&c6q
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��� V��2<e? � �f<9�=g�hi� & �".0� &j- 1 � ! �G$ 1
�/( �%$'&\k
$ .0�W3 - ! + � � ��!T>@?A<9�"�l�
	�C9C9� �mk
$ ?
.0�W3 - ! + � � ��!�1B��E9� $'� !��2<Y3_( � 7 . $ ( � � - 1nE $ 1 � 1n1 �"� 1dF +2+ ?IH9JK! ��L ! � > LNM�L O�LP$ !�<
Q � �R4��TSU�WV $�+ ��X,!���!�?I( � &%$ � � . � 1/� �;+Y+"- (/.0� $ �Z�/4��[E\���/� � 7 �'3��/4��,] �*- ( � � 1
��E9� $'� !��2<^3_( � 7a` H:b'c �
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�/4��65 �87 � & � +"-9& � +:$'&;+"-9&%$ � �2< $ �=�/4��
��� V��2<e? � �f<9�og�hY� & �".0� &K- 1 � ! �T$ 1��/( �%$'&�k
$ .0�W3 - ! + � � ��!p�/4�� 7B-9& � � ?Aq $ 1/�/( � k
k
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	�C9C9� �,k
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-100.4

-100.3

-100.2
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-100.0

-99.9
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-99.6

1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4
R (a.u.)

2-det CASSCF curves

DZ 

TZ 

QZ 

5Z 

Exact 
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-100.44

-100.42

-100.40

-100.38

-100.36

1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4
R (a.u.)

DMC with 2-det CASSCF Nodes

DZ 
TZ 
QZ 
5Z 

Exact 
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-100.44

-100.42

-100.40

-100.38

-100.36

1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4
R (a.u.)

DMC with valence Jastrow Nodes

DZ 
TZ 
QZ 
5Z 

Exact 
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8 � 7G7 �l!�� - 1 &:9N$ .0��!�1r. - H9(<; + ;2<9� 7G7 �"!f� Le&%$ 3_��! + � � ��!t< 9 ��!�<9� 7B-9& � � ?Aq $ 1/�/( � k
$
- ! + ��!#� �"! - H94 ) 1 �>=f- �KE\� $'-�+ � - H�H &�- 1 H\�"(/� � !��"!f� =f- � &%$ 3 ��! + � � ��!�< 9 ��!�<9� - 1 - � &�& � �
h $'& 4�� - ( � - 1 � 7 �"!f� L#& �sH9( � V@?�H $:) �"(r�21/� - ! 1 - ( + �BA9� ! -97 ;"( �>=#- � &�� ;C? &:9 ;". $'&�-j$ � � ��!
<9�=!�� 7 E9( � - V^<D;"� �"( 7G� ! $ !#� 1 � 8 � + 4 $ H � �/( � $ H�� - (rE - �s< 9 ;". $'&�- �"(rH9(<; +"� 1E; 7 �"!#� + �
1 - ( + �BA9� � g $ !�1 & � + 4 $ H � �/( �=1 -9� . $ !#� & �21
H��"(�3_��( 7 $ ! + �21 H9( $ � �>=#- �21r1 �"( ��!#� ��&�&�- 1/�/(<;2�21
1 - (�<9�21��WV9� 7 H & �21 + ��! + ( �"� 1 ��� � - 1 $'&�& ��!�1 7 $'� !f� �"! $ !#� 7 ��!#�/( �"( =#- � L 7 $'&�� (<; & �
!�� 7 E9( � ��7 H\��(/� $ !f�o<9� <D;"� �"( 7G� ! $ !#� 1F? +:$'&;+"-9& �"( LP��& �21/�BH\�*1 1 � E & � <9� 7 �"�/�/( �t�"!
H &%$�+ � - ! $'&�� ��( � �/4 7 �
< 9 ;". $'&�-j$ � � ��!6�/(<G21 H��"(�3_��( 7 $ !f� �IH � - ( + � &%$�L !�� - 1 $'&�& ��!�1 + � 7 ?
H $ ( �"( & �G!�� 7 E9( � � ��� $'& <9�d<D;"� �"( 7G� ! $ !f� 16< �KJ ;"( �"!#� 1 =#-L9 ��& 3 $'- � +:$'&;+"-9& �"(6< $ !�1 & �
+:$ 1s< 9 - !Tq $ 1/�/( � k + � 7G7B- ! �"�s< $ !�1 & � +:$ 1s<9�vq $ 1/�/( � k ��(/E � � $'&%$'� ( �21 �NM �21RH $ (/� � �21
1 -9� .0�"!#� &:9 ��( <�( � + 49( ��!�� & � �*�>=#- �Y<9� &:9 ��7 H & ; 7 �"!#� $ � � ��! < $ !�1t!����/( � + �f<9�[h[��!#� �
8 $ ( & � =f-j$ !#� �>=f- � � 8 � &%$ 1 ��� ! � ]j� =#- � & ��( 1 =f-L9 - !�� =f-j$ !#� � �<;6( � =f-9� G"( �"( $ <9�21�<D;"� �"(�?
7G� ! $ !f� 1r<D;PO<? +:$'&;+"-9& ;21 H9(<; + ;2<9� 7G7 �"!#� L !�� - 1
!�� & �21 + � 7 H9� �"( ��!�1 H $ 1 + � 7G7 � <9�21
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<D;"( � .0�"(r1 -9� . $ !f�
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g $ !�1 & � +:$ 1o< 9 - ! q $ 1/�/( � k ��(/E � � $'&%$'� ( � LK& �21 + �f��( <9��!9!R;2�21G< 9 - ! ; & � + �/( ��!
i

1 ��!f�
H9(<;21 �"!#� �21P< $ !�1P� � - � �21 & �21 + � & ��!9!��21�H -9� 1 =f-L9 � &�& �21 $ H9H $ ( $'� 1 1 �"!f��< $ !�1 & �21 q $ 1/�/( � k 1 �
H � - (�<D;"( � .0�"(�1 -9� . $ !#� - !���<9�21 + �f��( <9��!9!R;2�21 Lj��& 3 $'- <�( $ <9��! + <D;"( � .0�"( &%$o7 $ �/( �;+ �
1 -9� . $ !f�v� � - � �21 & �21 + � & ��!9!��21 � g�� 7 � 7 � L < $ !�1 & � +:$ 1�< - q $ 1/�/( � k + � 7G7B- ! L & �21
H $ ( $'7 G"�/( �21=< - q $ 1/�/( � k H $ (s( $ H9H���(/� $'- V =#- � & 1l��! .0� - �l<D;"( � .0�"( ! 9N$ H9H $ ( $'� 1 1 �"!f�
=f-L9 ? &:9 �WV��<;"( � � - (K<9� &%$ 7 $ �/( �;+ �
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3 $�+ � � - (
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q $ 1/�/( � k ��(/E � � $'&%$'� ( �21 L & �21vH $ ( $'7 G"�/( �216< 9 - !mq $ 1 �/( � k $ H9H $ ( $'� 1 1 �"!#�6< $ !�1v� � - � �21
& �21 &���� !��21 ��� & �nq $ 1 �/( � k �21/�sH9(<;21 �"!#� �
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������! K"!5���5� �*�B��!5�)�"#�#-� &(+ ; ��!�6$����#��(�58 ��������#-�"���"���(� �M��#F���)� �"���/! & � & ��.1: ����#-�"!$# U��
:9�"�-�". G #��(�*�%�����	���*� ='�9�"#��(� ��������#-�"���*��.0��� ; & �����"���(�*�%��� � �"���/! & � � : �����	���*� ; ��� & #��(��!5�
��� �(:���!5����:D�/# ���*� ; ��� & #��(��!5�6��� ��:���!D���58�! � 4 �3���5� �*�B��!5�3����! & 2

• Nopt � U��
• : ����� !L9 ��.1: ����#(�C='�5�/�9:9�"�-�". G #��(�

N(cp) = 8 ��� ��������#-�"���*� ��� ���A. �"#���� & �6���
��:���! ��:D�/# � ��������#-�"���*�6���A��� . �"#���� & �S���S�(:���! ���#8�! �

• N(cp, ↑) = 4

• N(cp, ↓) = 4

• Nline = 17 × 8 = 136

���
	 �
��� �����6� � ��� � � � � �
Ψ

� ��� ��� ��� ��� ��� � � ���	�����
��� � �#�

H,����� &(+ �B='�5�F:9�"�-�". G #��(� cp ����
 �"��#	� ; �����B�/� #(����#(�F���*�?���<; !5�*� =$��� ��� & ��!'#����/!�!5�/!$# 48 � �-��!$#����*�6� ; #(�/��.1��!9�"!$#(�3�M� # > : � 2
∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . Ψ↑

1N↑444 4 4 4 444
∂Ψ↑

j1

∂cp
. . .

∂Ψ↑
jN↑

∂cp444 4 4 4 444

∣∣∣∣∣∣∣∣∣∣∣∣∣
7=�?> � ����! & Nline

� ; #(�/��.1��!9�"!$#(�3����:�:�� ; .0�/!$#-�"���(�*� ? & �"� & �����/� 4
����� �
��� �����6� ��������� �����

Ψ

�6���5� � ; �����B��!5�
Ψ

������� �"!$# ���*��:9�"�-�". G #��(�*�
cp1

�/#
cp2 4M	�*�S� ; ����� ; �*�S�����������*�S��!'#C�	��� & #(�/.0�/!'#C��� . � .0�0��#���� & #����(� ='�5� & �/��� =$��� � ; # ;


 �"��# : ��������� M	�":���� & ���/! � � ; ����� ; �*�������������*��:9�"� �-�":�: ����#��"��� & �'���(����!�! ; �*� � 4 � �"���

U
� �



& �/#�#(� 
Q����� ; & �3!5���5�8� ; �����B��!5�@���*�8���<; !5�*� ? ���J:���� & � ���*� & ������!�!5�*� 4 7=�6> �I����! &; ;$�"���/.0�/!'#�#��(������# > : �*� ��� � ; #(�/��.1��!9�"!'#(� 2
• M �*� � ; #(�/��.1��!9�"!'#(� � � ��!5� �(�/����� ���<; !5� �*��# � ; ����� ; � ='���6�(�/���B�/!'#8�5�"!5� ���

:��(�'�M����# 4 8 �*��� ; #(�/��.1��!9�"!$#(� ��!'#�� ;PO<?(; # ; & �"� & ��� ; ��: �����,����� ; ����� ; �):9�"��#����/�����
���A����
Q��! & #�����!D�09R��!5���

Ψ 4
• M �*�C� ; #(�/��.1��!9�"!'#(�1� � ���/���O���<; !5�*���M����#���! & #(�*���09 ��!5�0. � .0� . �"#���� & � �(��!'#

� ; ����� ; �*�
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . Ψ↑

1N↑444 4 4 4 444
∂Ψ↑

j1

∂cp1
. . .

∂Ψ↑

jN↑

∂cp1444 4 4 4 444
∂Ψ↑

1k1
∂cp2

. . .
∂Ψ↑

kN↑

∂cp2444 4 4 4 444

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

• M �*�1� ; #(�/��.1���"!$#(� � � ��!5�8���<; !5� �09 ��!5�8. �"#���� & � �*��#1� ; ����� ; � ���/��� 
Q����� ���
������#(� 4 ∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . Ψ↑

1N↑444 4 4 4 444
∂2Ψ↑

j1

∂cp1cp2
. . .

∂2Ψ↑

jN↑

∂cp1cp2444 4 4 4 444

∣∣∣∣∣∣∣∣∣∣∣∣∣S�#�#(�/!'#�����! K & �*� ���/��!����/�(�0� ; #(�/��.1��!9�"!$#(�0!L9R�	� ����#(�/!'#F=$�5�8�����(�<='�5� ���*�1���/���I:9�"�-� ;
. G #��(�*� ='�5�1!5���5� & ��!5����� ; �(��!5� �(�0#��(�����B�/!$# �����S��!5�0. � .0� ���<; !5� � & 9R�*��# ? �M���(� K
�":�:9�"��#����/!�!5�/!'#S�"� . � .0� 6$����#��(�58 ��������#-�"���"���(� � 4 �6���5��: �����B��!5��� ; ��!���� & �*� ���/���
���/��!����/�(� # > : �*� ��� � ; #(�/��.1��!9�"!$#(�@�/# �-�@:9���(�(�/� ��� ���J�M��� & #���! & #�����! �/!'#��(� :9�"�-� ;
. G #��(�*� �":�:9�"��#(�/!9�"!$#0�"�I. � .0��6$���(#��(�#8 ��� !5��! 4 H������ & �/��� !5���5��: �����B��!5�����*�
� ; & �����(� & ��.1.0�J���*�D� ; #(�/��.1��!9�"!'#(� ����!'# ���*� ���<; !5�*� :9��� ! ; & �*�(�-�"���(�/.0�/!$# �M��� & ;
#���! & #(�*�8�(��!'# � ; ����� ; �*�@���/��� 

����� 4�� ��� & � ? & �/���MK !5���5� : �����B��!5� �/! � ; �M�����(� ���
!5��.����(�C��� � ; #(�/��.1��!9�"!'#(�3�(��:�:�� ; .0�/!$#-�"���(�*�6! ; & �*�(�-�"���(�*� 4

N(cp1 , ↑)N(cp2 , ↑) +N(cp1 , ↓)N(cp2 , ↓)

U
� T



����� �
��� �����6� � ��� ��� �F�(� � � � �
��� ����� � � � � � � � ��� � ��� ���	�����
��� � �#�

8 �"� & ������!5������� ; ����� ; �A: ����� ��!5� & �'���(����!�! ; � �09 ��! ; ��� & #��(��! �/#���!@:9�"�-�". G #��(�
cp

�3���5�C�*�B��!5� � � =$�5� !5���5�A: ����� ����!5�S� ; & ��.1: � �-�/� ��� & �"� & ��� �/!O#��(����� :9�"��#����*�LK
&-+ �B=$�5�C� ; #(�/��.1��!9�"!$#A�(�/�-�1�"�����(��� ; ����� ; �(�������"!'# ���*�����<; !5�*� 2

• M �*��� ; #(�/��.1��!9�"!$#(�����*� . �"#���� & �*�����A��:���!8��:8�/#����58�!@����!'# &(+ � & ��!5� ? ��!5�
�(�/����� & ������!�!5�C� ; ����� ; �

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . ∂mi (Ψ↑

1k) . . .
444 444 444 444

∂Ψ↑
j1i

∂cp
. . .

∂∂m
i (Ψ↑

jk
)

∂cp
. . .

444 444 444 444
Ψ↑
j1 . . . ∂mi (Ψ↑

jk) . . .
444 444 444 444

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
7 � >@�C��!5� & ������!�!5� ? � ; �����B�/�LK9�(����# N↑ +N↓ 4 HF�����LKM��� >@�C: ����������. �"#���� & �
��: � �(�*�(: 4 ���58�! � N(cp, ↑) � �(�*��: 4 N(cp, ↓) � ���<; !5�*� ? � ; �����B�/� 4 8 �/��� 
 �"��#
��!O#(��#-�"� ���

N(cp, ↑)N↑ + N(cp, ↓)N↓
� ; #(�/��.1��!9�"!$#(������:�:�� ; .0�/!$#-�"���(�*� ?

& �"� & �����/� 4
•
� �:9 ��!$# ; �����/���6�09 ��!5�A. � .0�A. �"#���� & �S���/��� & ������!�!5�*� �-��!$# � ; ����� ; �*����!5�3
Q�����
� :9�"��#���� � �A2 ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . ∂2m

i (Ψ↑
1k) . . . . . .

444 444 444 444 444
∂Ψ↑

j1

∂cp
. . .

∂∂2m
i (Ψ↑

jk
)

∂cp
. . . . . .

444 444 444 444 444

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
M � !5��.C���(� ���1� ; #(�/��.1��!9�"!$#(������:�:�� ; .0�/!$#-�"���(�*���*��#

C2
N↑ � C2

N↓

='��� � ; & ����#
����!5��.C���(�3����: � �(������������# ; �)����� ; �����B�/� � & ������!�!5�*� :9�"��.1� �09 ��!5� :9�"��# ���*�

N↑

& ������!�!5�*�%��� ����. �"#���� & �����)��:���!C��:��/#,:9�"��.1� ���*�
N↓ & ������!�!5�*�%��� ��� . �"#���� & �

��� ��:���!P���#8�! �(����# N↑(N↑−1)
2

N↓(N↓−1)
2

4 H �����LK ��� >J� : �����C��� . �"#���� & � ��:

U
� �



� �(�*��: 4 ���58�! � N(cp, ↑) � �(�*�(: 4 N(cp, ↓) � ���<; !5�*� ? � ; �����B�/� 4 M	�1!5��.C���(� ���
� ; #(�/��.1��!9�"!$#(�3����:�:�� ; .0�/!$#-�"���(�*�A�*��# ����! & 2

N(cp, ↑)
N↑(N↑ − 1)

2
+N(cp, ↓)

N↓(N↓ − 1)

2

• 8 + �B=$�5� & ������!�!5�C�*��# � ; ����� ; �C���/���8

����� � :9�"��#����CT � 4
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ψ↑
11 . . . ∂2m

i (Ψ↑
1k) . . . . . .

444 444 444 444 444
∂Ψ↑

j1

∂cp
. . .

∂∂2m
i (Ψ↑

jk
)

∂cp
. . . . . .

444 444 444 444 444

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
7 � >@�C��!5� & ������!�!5� ? � ; �����B�/�LK9�(����# N↑ +N↓ 4 HF�����LKM��� >@�C: ����������. �"#���� & �
��: � �(�*�(: 4 ���58�! � N(cp, ↑) � �(�*��: 4 N(cp, ↓) � ���<; !5�*� ? � ; �����B�/� 4 8 �/��� 
 �"��#
��!O#(��#-�"� ���

N(cp, ↑)N↑ + N(cp, ↓)N↓
� ; #(�/��.1��!9�"!$#(������:�:�� ; .0�/!$#-�"���(�*� ?

& �"� & �����/� 4M ���(�<='�5� !5���5� � ; �����B��!5� ���O
Q��! & #�����!G�09R��!5���O���/��� 
Q�����@���������"!'#@��!5� & � ��� ;
����!�! ; ����:9�"#����"����:���������!5�C
Q������������� �"!$#3��!D:9�"�-�". G #��(� K !5���5�3���/�B��!5� & �"� & �����/�3���
!5��.����(�C��� � ; #(�/��.1��!9�"!'#(�3�(�������"!'# 2

N(cp, ↑)
N↑(N↑ − 1)

2
+N(cp, ↓)

N↓(N↓ − 1)

2
+N(cp, ↑)N↑ +N(cp, ↓)N↓

& � ='���	����!�!5� : ��������� M	�":���� & ���/! & ��.1:����/# � 3Ne & ��.1: � �-�"!$#(�*� �A2

3Ne(N(cp, ↑)
N↑(N↑ − 1)

2
+N(cp, ↓)

N↓(N↓ − 1)

2
+N(cp, ↑)N↑ +N(cp, ↓)N↓)

�/#�: ����� �:9R�/!5�(�/.������C���*��:9�"�-�". G #��(�*� 2
Nopt∑

p=1

[3Ne(N(cp, ↑)
N↑(N↑ − 1)

2
+N(cp, ↓)

N↓(N↓ − 1)

2
+N(cp, ↑)N↑+N(cp, ↓)N↓)]

='��� : �/��#��(� � ; � & �����(���/!D�(����#-�"!'#6��� ��� �(��.1.0� ���*� #(�/��.0�*��!5�C� ; : �/!5�5�"!$#6:9�������
: �/#6�/! ��#������-�"!$#6���*��!5��#-�"#�����!5� 2

• Nline(↑) =
∑Nopt

p=1 N(cp, ↑)
• Nline(↓) =

∑Nopt

p=1 N(cp, ↓)

U
���



3Ne[
N↑(N↑ − 1)

2
+N↑]Nline(↑) + 3Ne[

N↓(N↓ − 1)

2
+N↓]Nline(↓)

� ��� & � ����! & � ; ����. ; �5�"!5� ����#-�"�����L�"�@������� �"!$# � 4 U #(���5�)���*� � ; ������#-�"#(� =$�5��!5���5�
�B�/!5��!5�6�09 ; !5��! & �/� 4
������� � 4 U	� �3��.C���(�1���1� ; #(�/��.1��!9�"!'#(� ? & �"� & �����/�S: �����3��!O:9��� ; � ; .0�/!'#-�"���(�0���
�:9H�"�<;B������# + .0� � ��!'#(� 8 �"�����0�/# : ��������!D�(�/���?. �"� &-+ �/��� 4

6$����#��(�#8 & ��.1.C��! 6$����#��(�#8 ��������#-�"���"���(�
�3��.C���(�S���C� ; #(��! ; & �*�(�-�"���(�*��: ����� ��! & �"� & ����� � 8 ����
 � 8

ΨT
� �

∇ΨT
T
Ne

T
N2
e

∆ΨT
T
Ne 3Ne[Ne +

N↑(N↑−1)
2 +

N↓(N↓−1)
2 ]

�6��.����(�S���S� ; #(� �(��:�:�� ; .0�/!$#-�"���(�*�3: ����� ��:�#���.1��� �"#�����!5������! ; �"���(�*�6��� ��� �6� 8�#(��!
ΨT,l

�
Nline

∆ΨT,l
�

3Ne[
N↑(N↑−1)

2 +N↑]Nline(↑) + 3Ne[
N↓(N↓−1)

2 +N↓]Nline(↓)�3��.C���(�S���C� ; #(� ����:�:�� ; .0�/!$#-�"���(�*�6: ��������:�#���.1���-�"#�����! ��� �3� 8�#(��!
ΨT,l,m

�
N(c1, ↑)N(c2, ↑) +N(c1, ↓)N(c2, ↓)

U
�
�



M �S!5��.����(������� ; #(�/��.1��!9�"!$#(� =$�����*��# � & � & ��!5���<; ! ; �*��#����"���"�����C: �����6��! �(�/���
. �"� &-+ �/�����/#,: �����,��!S��!��>='�5� :9��� � ��!'#(� ; 8 �"����� 4 M	� & ������!�!5��� 6'����#��(�#8 8 ��.1.C��!��

��!5�M�>='�5� ��� !5��.����(�D��� � ; #(�/��.1��!9�"!'#(�8! ; & �*�(�-�"���(�*�0: �����0��� & ��� ��� �M� 6$����#��(�58
& ��.1.���! 4 M	� & ������!�!5��� 6$���(#��(�#8 ��������#-�"���"���(��� ��!5�M�>='�5� ��� !5��.C���(� ��� � ; #(�/��.1� ;
!9�"!'#(�C: �����S��� & �������*6$����#��(�58 ����������#-�"���"���(�*� 4 �	�(�����C�(���5� ; :9�"��#����*����; ���(�/!$#��5�"!5�
& �A#-�"�����L�"� 2

• �6��.����(�I���I� ; #(�/��.1��!9�"!$#(� ! ; & �*�(�-�"���(�*� �5�"!5� ��!5� ����.������"#�����! � � 8 ���

 � 8 4 7 ��� 9H��; ��# �M�I!5��.����(� ��� � ; #(�/��.1��!9�"!'#(�1: ����� & �"� & �����/�1���*� =$�9�"!'#�� ;
# ; ��! ; & �*�(�-�"���(�*�3�"���@�(��.C�����"#�����!5� 4

• �6��.����(�J���J� ; #(�/��.1��!9�"!$#(� ����:�:�� ; .0�/!'#-�"���(�*�D: ����� ���*� ��:�#���.1���-�"#�����!5�D��� ;
! ; �"���(�*�)��� ��� �3� 8�#(��! 4 7=�9� 9H��; ��# �M� !5��.C���(�3��� � ; #(�/��.1��!9�"!$#(�
	���
�
������������

����� � ��	 ? & �"� & �����/�LKM:��(��:��(�S�"��� !5�����B�/�����*�(=$�9�"!'#���# ; ����!$#��(� �M����#(�*��:9�"���:9R��:�#�� ;
.1���-�"#�����! 4 8 �/#�#(���(���5� ; :9�"��#���� & ��.1: ����#(���:9R�/!5�(�/.������ ���*�F� ; #(�/��.1��!9�"!$#(�)����: ;
:�� ; .0�/!$#-�"���(�*� ! ; & �*�(�-�"���(�*�F: �����%�:9R��:�#���.1���-�"#�����!0����! ; �"���(� 4 8 �*�F� ; #(�/��.1��!9�"!$#(�
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��� � �6#(� �/.1: + ����� � �3# + �"#LK'���*�(:���#(�6# + � ;B� �'� �(�*������#(������#-�"��!5�*�8��! # + �*�(� 8 ��� � �LK'# + �
:��(�������/. �"
�����#-�"��!���!�;�	 � 	 � ��� � � � � ;B�'� � � � ; 
 � 8 �(�*�(����#(��

����# + � ��. �"��� �/!5�/� ; >
�M�KJ?�/�(�/! & �*�A�"
 &(+ �/.1����#���>D����!5��# �"#3�"���%�(�����B�*� 4 �	��; ���B���0:��(� & ���(���	�5�".1:���� K7��! �
�(� & �/!'# 8 ��� � ��! # + ��� 4

.0����� & ����� K 8 �IJ �"�(�/�)�"!5� & �������"� ���-�"#(���(��� U � � + �*�B�1
Q����!5�
# + �"#6# + � + �/�<; + #A�"
F# + �C�M���(�-� & ���"#�����! �9�"�������/� � �"! �/!5�/� ; > �M�KJ?�/�(�/! & ���"
 �"� ����# U �
�B& �"� � .0��� � ��� �	�M#��(�/.0�/��>8���/: �/!5���/!$#3��! # + � !9�"#����(�S�"
%# + � !5� ���*� 4

7 !C� !'��.C� �/�,�"
M�(� & �/!$#28 ��� � � K � &(+ �"��# � K �,������:�:�� K �"!5� & �������"� ���-�"#(���(� � U T � K � U � � K � U � � K � U � �
+ �L�B��. �����6��!$#(�/�(�*�(#���!�; & ��!'#���������#�����!5��#(�#8��"�(�@�����5!���!�;1�S.0���(�6�(> ��#(�/. �"#�� & ��#��-� ;
#(� ; >8#(�1����#-�"��! & ��!$#��(�������*� �/!5�/� ; >8�M�KJ?�/�(�/! & �*� 4 7=!@# + �*�(� 8)��� � �LK9�C

����� ��:�#���.1�

�
� ;

#�����! �"
 # + ��#������"�+8 �L�B�<
 ��! & #�����!5���"# # + � � � 8 ���/�B�/�5���F: �/� 

����.0�*� 4 � + � ��:�#���.1�
�
� ;

#�����! ��!$�B�����B�*�)!5��# ��!���> # + � & ��.1:����/#(���(�/# �"
?# + ��:9�"�-�".0�/#(�/�(� �"
 # + �:6$����#��(�58 :9�"��#
����#F�"���(��# + � :9�"�-�".0�/#(�/�(�F�"
7�"���'.0����� & �����"�%��������#-�"������!'�B�����B�*�?KB�"!5�S# + � & �'�	� & ���/!'#(�
�"
,# + �6���/#(�/��.1��!9�"!'#-�"�	�	� :9�"!5�(����! 4 
 > ������!�; # + ���LK'# + � + ��: �6���)#(����.1:��(�L�B�A!5� ���*�
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� �"��# + ����; + ��# ��� !5��# & �/��#-�"��! � U�� � � �"!5� #(� ;B�/# � �/#�#(�/�C�M�KJ?�/�(�/! & �*�S�"
��/!5�/� ; > � !5��#
& �/��#-�"��!@�"���(� � 4 �3�/�(� K 8)��� + �"����
Q�������#8 � ='����#(� �M�KJ?�/�(�/!$#)�(����#(� 4 S6��8)��� + �"���9�(�*� K�!5�
��:�#���.1�

�
�"#�����!98�������� �C����!5� �"!5� 8 ��� + �"���,��#��(��!�; ��> �(�/��> ��! # + ���5�(�C�"
 # + � ��� � �

!5� �5�"� :9�"#�#(�/��!5�0���-�(� & ���"#(�*� 8���# + �(��.1:����8�"!5�I��#-�"!5�5�"�(� #������"�78 �L�B�<
 ��! & #�����!5� �"

='�9�"!$#���. &(+ �/.1���(#���> 4 �6����;B�/!5�/�-�"���"!5�C����!�; ; #(�/��. ��� O � & #����B� ���	#(�6���/� ���(�)������.1:����
� �5�-�C�"
 ��#-�"!5�5�"�(� � 	 � � � � � � 8 �*�B�<

��! & #�����!5� � �"!5� �(�����5��# � !5�8��>M��#(�/. ; ���/: �/!5���/!'#
��:�#���.1�

�
�"#�����! � ��#��-�"#(� ; > 
Q��� & ��.1:���#���!�; �/��� & #��(��!�� & #��-�"!5����#�����!5�LK�8 + � &(+ ���F
Q�L�����������

!5��#���!���>0
Q��� # + �6��. �"��� .0����� & �����*������#��"���(�C

��� # + �3���"� ;B�3�(> ��#(�/.0� 
Q��� 8 + � &-+ 
 �����
��:�#���.1�

�
�"#�����!5�S�":�: �L�"�A�M� � & ����#6#(� : �/� 
Q����. 4 7=!D# + ��� 8 ��� � K+8)� + �*�B�C

����!5� # + �"#

�(� &(+ ���(#��-�"#(� ; >C���L������#(�3�B�/��> ;B�'� ���(�*������#(����!�# + � & ���(� �"
9# + ��� & �(�����/��! .0����� & ����� 4
� + � ��� ;$�"!��

�
�"#�����! �"
A# + ���0:9�": �/�1��� ��� 
Q�������#8 � 4 7 ! � � & #�����! � # + � � & �(�����/��!

.0����� & �����A�"!5� # + �6�/��� & #��(��!�� & #��-�"!5����#�����! & ��!5�������/�(�*�@�"�(��:��(�*�(�/!'#(�*� 4 7=! � � & #�����! T
# + � & ��.1:���#-�"#�����!9�"�,���/#-�"����� � .0�/# + �'��� KM#������"�&8 �*�B�<

��! & #�����!5�LK �"!5�@�9���������(�/#(� � �"�(�
; ���B�/! 4 7=! � � & #�����! � # + � � � ; 
 � 8 �(�*�(����#(� �"�(� :��(�*�(�/!$#(�*� �"!5�1�-��.0� & ��.1:9�"�����(��!5�
8���# + � 	�� � � � ��� 8 ��!���; ���-�"#�����! 7=!$#(�/�-� & #�����! & �"� & �����"#�����!5�1�"�(�1. ����� 4 ����!9�"����>BK28)�
:��(�*�-�/!$#��(��.0�C����.1. �"��>@�"!5� : �/�(��: � & #����B�*� ��! # + �S������# �(� & #�����! 4

� �
	 ����� ��� ��� �
� ��� � ��� � � ��� � ������������� → π∗ � ��� ��� � � �����
7 ! # + ��� 8 ��� � 8)�3�"�(� & ��! & �/��!5�*� 8���# + # + � n→ π∗

�B�/��#�� & �"� �/��� & #��(��!�� & #��-�"!5��� ;
#�����!0�"
 # + � � & �(�����/��! � ��� :��(��: �/!9�"� � .0����� & ����� K 8 � 2 � 8 � ; 8 ����K � �/# 8 �*�/! # + ��# 8 �
���58)�/� ; ��> ��!�;C����!�; ���/# ��#-�"#(�*� � ; �(����!5� ; �(#-�"#(� �"!5� �5�(��#F����!�; ���/#F�	� & ��#(�*� ; ��#-�"#(� � 4 S6���(� ;
:��(�*�-�/!$#(�*�@:�� & #(�������"����>8��! ���<; 4 U 4 U # + �����	� & ��#-�"#�����! :��(� & �*�-�)��� ���-�(� & ���"#(�*� 8���# + # + �
:��(��.0��#�����! �"
�������!5�A:9�"��� �/��� & #��(��! �"
,# + �A� �M>�;B�/!D�"#(��. � � &*& ��:$> ��!�;1# + � ��������#-�"�
n � #(�D# + � �/.1:�#=>

π∗
�"!'#���� ��!5�M��!�; ��������#-�"� �"
�# + � 8 � ; �(����: 4 7 !I# + ��� 8)��� � 8)�

+ �L�B� & ��!5�(�����/�(�*� # 8)���M�KJ �/�(�/!'# ;B�*��.0�/#������*�)
Q��� # + � .0����� & ����� 4 S �5�(��#)��!5� & �����(�*� ;
: ��!5���6#(�8� .0�'���/��;B�*��.0�/#���> 8 + � &-+ + ����� �*�/! �5�-�*�D��! :��(�/�'�����5� 8)��� � ��� U
� � �"!5�
8 + � &-+ �"�����58 �C#(� : �/� 
Q����. �L��������>O��>M��#(�/. �"#�� & ��#��5�M���*�S

���S�(�/�����*���"
�: ����>B�/!9�"�����"

��! & �(�L���(��!�;0���

�
�*�LK'# + �A� & �(�����/��! .0����� & �����A� �/��!�; # + �A��. �"�����*��#���!5� 4 � + � ;B�*��.0�/#���>

& ��!5�(�����/�(�*� & �����(�*��: ��!5����#(�6� 	�� � � 	 & ��!���; ���-�"#�����!0�"!5�C# + � ��!$#(�/��!'� & ���L�"� �M����#-�"! & �*�
�"�(��; ���B�/! �'> 2 dC−O � U 4 ��� K

dC−C � U 4 � � K
dC=C � U 4 T � K

dC−H � U 4 U K	�"!5�
X̂CY � U � � ◦ � 
Q��� �"��� & ��.C����!9�"#�����!5� ��K � � 8 K ��K � � 4 �,�1. � � � & ��!$#-� & # 8���# + �	� ;

� U �



: �/����.0�/!$#(� 8)�C�"���-� & ��!5�������/� # + � �	�M: �/����.0�/!'#-�"�2;B�*��.0�/#���> ��������#-�"��!5�*� �'> 
 ����.
�"!5� & �������"� ���-�"#(���(��� ULU � �5����!�;0.1� & �(�#8��*�B����: � & #��(� � & ��:$> 4 � + � ;B�*��.0�/#���>BK�; ���B�/! ��!
Q6�<
 4 � ULU�� �"!5�J�(�/:��(�*�(�/!'#(�*�P��! ���<; 4 U 4 U K	���C# + �"#��"
�# + � 	�� � � � ��	A���-��.0�/� 8 + � &(+ K%�"#
�(� ��. #(�/.1: �/�-�"#����(� K7�(�/:��(�*�(�/!$#(�3# + � ; �(�L�"#�. � O ������# >D�"
 # + �C.0����� & �����*� 4 � � � � �3��#(�
# + �"# ��! � ��# +O& ���(�*�A# + � ;B�*��.0�/#���> & �����(�*��: ��!5��� #(� � :����"!9�"�C��#���� & #����(�0�"!5� # + �
.0����� & ����� + ���S� 8 �A��> .1.0�/#���> ; �(����: 4 � ����� & �����"�S��������#-�"���S�"�(� & �����(��� �9�*�J� &*& ��� ;
�M��!�;@#(�8# + ��# 8 �@�����(�*�M� & ������� �(�/:��(�*�(�/!$#-�"#�����!5� � ′ � ��> .1.0�/#���� & 8���# + �(�*��: � & #3#(�
# + �6:����"!5� � �"!5� � ” � �"!$#�����> .1.0�/#���� & � 4 � + � & ��� �-�*� ; � + �/��� ; �(����!5� ; ��#-�"#(�3���)�"
,�(>'. ;
.0�/#���> � ′ 8 + ����� # + � ��: �/! ; � + �/���	�	� & ��#(�*� ; ��#-�"#(�C� �/����!�;B��#(� � ” 4

� ��� � � � � � � � � ��� � � � ��� � ���-� �
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��� ���*� ; �6� ��� 
6�KJ �5������! � ��!$#(� 8 �"����� � � � ; 
 � 8 � 4 7=! # + � 7=!$#��(� �M� & #�����! KM# + � � �/>
�����L���)�"
 # + � .0�/# + �'�1!5� & �*�-�-�"��>�#(�S# + ����!5���/�(��#-�"!5�M��!�;��"
?# + ��:��(�*�-�/!$#�8 ��� ��+ �L�B�
�"���(�L���M>�� �*�/!�:��(�*�(�/!'#(�*� 4 �5���F���/#-�"�������"
 � � ; 
 � 8 # + � �(�L�����/�%���,�(�<
Q�/���(�*�?K������ ��K #(�
Q6�<
 4 � � U � ���"Q��<
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�/�(�/! & �*� 4 8 7 � �/��!�;1�
�(#-�"!5�5�"�(� �"!5�98)�/��� ; ��� & ��.0�/!$#(�*� �":�:��(�B� &-+ K28 �1�(�<

�/�C# + �1�(�L�����/�S��!$#(�/�(�*�(#(�*�J�$>
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��! & #�����! 4 7=# �/!$#(�/�(�1# + �@��� ;
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 # �B� & #(���LK E = 4 � U 4 U � K �"!5�O# + � ��� & �"�F�/!5�/� ; >BK E = 4 � U 4 � � 4 � + �
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��!P# + �8�/!5�/� ; >I�*��#���. �"#(��� 4 7 !P# + � ����.1��# �"
6�"! �	�5� & #�#������"� 8 �L�B�<
 ��! & #�����! K%� ��# +
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 # + ��:��(� �M� & #
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F���/#(�/��.1��!9�"!$#(�

ψT (~R) = exp [
∑

α

∑

〈i,j〉
U(riα, rjα, rij)]

∑

k

ckD
↑
k(
~R)D↓

k(
~R) � U 4 T �

8 + �/�(� # + � ����.G�L�B�/�
α
���/!5��#(�*��������.G�L�B�/�,# + �%!$� & ���/� K ∑〈i,j〉

������.G� �B�/� # + �F:9�"���
�"
A�/��� & #��(��!5�LK ck # + � & � �	� & ���/!$#(� �"
6# + �@.�����#�� & ��!���; ���-�"#�����!9�"�3�	�M:9�"!5������! K �"!5�
Dσ
k � σ =↑ ��� ↓ � �"�(� ���/#(�/��.1��!9�"!$#(�). �������"
?��!5� ; :9�"��#�� & ������:9� & � ; ��������#-�"��� 4 � + � �	� ;

: ��!5�/!$#����"� 6$����#��(�58 #(�/��. 8 + � &(+ ���/: �/!5���)�	� :���� & ��#���>0��!0��!'#(�/�(�/��� & #��(��!�� & �M����#-�"! & �*�
���C��!$#��(� �M� & �*�P#(� �(�/:��(� �M� & � # + �8��. �"��� ; �/��� & #��(��! ; �/��� & #��(��! ; �M����#-�"! & � � � + �*� ����� �"

# + ���	�5� & # 8��*�B�<

��! & #�����! � 8 � �	H & ��!5�M��#�����! � �"!5�?K �"���(��K9#(� ��! & ����: ���-�"#(���	�M:���� & ��#
& ����:�����!�;B�3� �/# 8 �*�/! �/��� & #��(��! ; !'� & ���/�5�C�"!5�D�/��� & #��(��! ; �/��� & #��(��! & � ���(�M��!9�"#(�*� 4 �3�/�(� K
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M	�1
Q����.C����� �����5�/>'!�. �"! ; �S� & ; #-�"������#3��! �����/! �/!'#��(� ; ='�9�"#�����!O�"��� � ; ����� ; �*�
:9�"��#����/�����*� �/#�:��(� & �*�(���5�%��#(� &(+ ���(#��>=$�5�*� 4 H������ ����.1:���� �9�/�F!5��#��(���	� : � � ; !5���5� & ��!5��� ;
� G �(�/�(��!5����� & ���C��!����M��.0�/!5�(����!5�/� 4 M 9 ; �B������#�����! �09 ��!5� :��(���9�"��������# ; ��� #��-�"!5����#�����!
='����� ; & ����#1��!I:��(� & �*�(���5� � �"� � �L� ���/! �*��#�����!�! ; �@:9�"���:9 ; ='�9�"#�����! �9� & � 8 �"�(� ���
�6����.0� ;B���(�L� 2

∂p

∂t
+ µ(x, t)

∂

∂x
p(x, t) +

1

2
σ2(x, t)

∂2p(x, t)

∂x2
= 0 � S 4 U �

µ(x, t)
�*��#����A�B� & #(�/���3��� � ; �����B�S���D�M��� 

# 4

σ2(x, t)
�*��#���� & � �	� & ���/!$#3���S�M�KJ �5�(����! 4

�3���5����.1: � �-��!5� & ��.1.0� & ��!5�M��#�����!5�0�"��� ����.1��#(�*� 2 : � �?K � � � : 0 � � � 4 M	� �(������#�����!
�09 ��!5�S#(�/����� ; =$�9�"#�����!D!5���5� �*��#�����!�! ; � :9�"������

����.������C�����5�/> !�. �"! ; �S� & 2

p(x, t) = E[p0(XT )|Xt = x] � S 4 � �
� �

X
��� ; ��# ? �:9 ; =$�9�"#�����!D�M�KJ ; �(�/!$#����/��������#(� &(+ ����#��>='�5� ������� �"!$#(� 2

dX = µ(X, t)dt + σ(X, t)dB � S 4 T �
�L�B� & dB ��! .0�����B�/.0�/!'#����(�#8�!����/! �/#���� & ��!5�M��#�����! ��!���#����"��� � � � � � �M,��:��(�/���B� � 9R� J?� & #��5��; ��� & � ? ��� 
Q����.C�����)��� 7 # 
 � �B�����	����:9��;B� � � ��� � � T � �":�:����>='� ; �

� T �



?
p(x, t) 4 8 �/����� ; & �,!5���5� ����!�!5� �:9R�	�M:��(�*�(������! 2

dp =

(
∂p(x, t)

∂t
+ µ

∂p(x, t)

∂x
+

1

2
σ2 ∂

2p(x, t)

∂x2

)
dt+ σ(x, t)

∂p(x, t)

∂x
dB

M	� #(�/��.0�S�/!$#��(�C:9�"�(�/!$# + G �(�*�3�*��#�!'���	:9�"� + >': ��# + G �(� 4 EF!D��!$# ; ; �-�"!$#3�:9R�	�M:��(�*�(������!
& � ; ���*�-���5��!5���5�6�L�B��!5� 2

∫ T

t

dp = p(XT , T ) − p(x, t) =

∫ T

t

σ(x, t)
∂p(x, t)

∂x
dB

E ! :��(�/!9�"!$#6�:9R�*��: ; �-�"! & � � .0�L>B�/!�!5� � !5���5�3�*�B��!5� 2

p(x, t) = E[p(XT , T )] −E[

∫ T

t

σ(x, t)
∂p(x, t)

∂x
dB]

M 9R�*��: ; �-�"! & ���09 ��!5����!$# ; ; �-�"��� ��� 7=# 
 �*�(#�!$������� 4 �3���5�3�L�B��!5�3����! & ��� 
Q����.C���������
�9�/>'!�. �"! ; �S� & 2

p(x, t) = E[p(XT , T )] = E[p0(x)] = E(p0(XT )|Xt = x]

S6��!5��� K,� ; �(���5�M�(� ��!5� ; ='�9�"#�����! �"��� � ; ����� ; �*� :9�"��#����/�����*� �(�/�'���/!'# ? & �"� & �����/� ��!5�
��!'# ; ; �-�"��� �(#(� &-+ ����#��>=$�5� 4 8 �/#�#(� ��!'# ; ; �-�"���D: �/��# � #��(� �":�:��(� &(+ ; � �/! �/!�;B�/!5�M�-�"!'#
���*� #��-� O � & #(�����(�*�@�"� ; �"#(�����(�*�0:9�"� . ; # + �'��� ��� � ��!$#(� 8 �"����� 4 8 9R�*��#0��� :�����! & ��: �

Q��!5�5�".0�/!$#-�"� ������� . ; # + �'��� � 
3�KJ �5������! � ��!$#(� 8 �"����� � ='�������(�(��.1�����C�:9 ; ='�9�"#�����!
��� � &-+ ���'�M��!�;B�/� ? ��!5� ; ='�9�"#�����!D��� �M�KJ �5������! 4
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� �
	 �
� � � � � ��� � � ��� � ��� �

� ����# ��!5� . �"#���� & � A � ; �/�����S��� #-�"�����
n×m

K
A

: �/��# �(� � ; & ��.1: � �(�/�3�/! !

A = QDT t

• Q
�*�(#	��!5�). �"#���� & ���"��� & ������!�!5�*�%����# + � ;B��!9�"���*�F���)#-�"������� m×n � � 4 � K QtQ =

Id �
• T

�*��#���!5� . �"#���� & �S����# + � ;B��!9�"������� #-�"�������
n× n � � 4 � K TT t = T tT = Id �

• D
�*��# ��!5�8. �"#���� & � �M����;B��!9�"��� ��� #-�"�������*�

n × n
����!$#1���*� ; � ; .0�/!'#(�0�(��!$#

: � �(��#�� 

����� !'����� 4

 ; .0��!5��#��-�"#�����! 2 M	�A. �"#���� & � A∗A

�*��# ��!5��. �"#���� & � & �"��� ; �6����#-�"�������
m×m 4 E �����

�*�(# + �/��.1��#����/!�!5� 4 H%�"�A����# + ; ��� G .0�1��: � & #��-�"� K �/����� �*��#A� ; & ��.1: � � �"�����1�/! � �"���/���(�
:��(��:��(�*� : � ����#����B�*�D��� !$�������*�D�5�"!5� ��!5� �9���(�O����# + ��!5����. ; � K � 4 � 4 ���S�	�M����#(� ��!5�
. �"#���� & �C����# + � ;B��!9�"��� T ��� #-�"�������

m×m
#(�/������=$�5� 2

T ∗A∗AT =


 Σ

�
� �


 � 
 4 U �

� T U



� �
Σ

�*��#S��!5� . �"#���� & � �M����;B��!9�"��� ��� #-�"�������
p × p

�"��� & � �	� & ���/!$#(� ��#���� & #(�/.0�/!$#
: � ����#�� 
Q� 4 EF! : � �-�"!$#

T =


 T1

T2




�L�B� & T1
��� #-�"�������

p×m
�/#
T2

���A#-�"�������
m− p×m

KM!5���5��: �����B��!5� � ; & �����(� 2

 T1

T2


A∗A


 T ∗

1

T ∗
2


 =


 Σ

�
� �




�-����# 2 
 T ∗

1A
∗AT1 T ∗

1A
∗AT2

T ∗
2A

∗AT1 T ∗
2A

∗AT2


 =


 Σ

�
� �




& � ='��� : �/��.0�/# ���S� ; �5!���� 2

T ∗
1A

∗AT1 = ΣAT2 = 0

H�� �(��!5�3�"�����(� 2
Q1 = AT1Σ

1
2

�3���5���L�B��!5� 2
Q1Σ

1
2T ∗

1 = AT1Σ
1
2 Σ

1
2T ∗

1 = A

H������ & ��! & �����(� K5!5���5� & ��!5��#��������(��!5� 2

Q = (Q1Q2)


A�A#(�/�����S�-����#(� =$�5�
Q

�(����# ����# + � ;B��!9�"���

D =


 Σ

1
2

�
� �




���A#-�"�������
n× n

�3���5���L�B��!5�6�"�����(����� � ; �(����#-�"# �B������� 2

A = QDT ∗

E !D� J �/#

A = (Q1Q2)


 Σ

1
2

�
� �




 T ∗

1

T ∗
2


 = (Q1Q2)


 Σ

1
2T ∗

1�

 = (Q1Σ

1
2T ∗

1 ) = A

� � �
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#(�/! & �P�09 ��!5�I#(�/�����P� ; & ��.1: � ����#�����! !L9R�*��# :9��� !'��. ; ���>=$�5�/.0�/!'#J��#-�"����� 4 M 9H�"�<;B� ;
����# + .0� ��� � �������J�/#�Q��/��!5� &(+ � ; & ��.1: � �(�1���8. �"#���� & � A �/!O���"���/���(�S�(��!�; ����� G �(�*�
�/! ���/��� ; #-�": �*� 2

• ��!5�C� ; & ��.1: � ����#�����! ���C���1. �"#���� & � A �/! ��!5��. �"#���� & �C�����M����;B��!9�"���
B

:9�"�
����. ; # + �'���������6���5�-� + �������/�

• ��� � ; & ��.1: � �(��#�����! �������A. �"#���� & � B �/!0� �"���/���(� ����!�; ����� G �(�*� :9�"� ���A. ; # + � ���
QR

� ��� � � ��� � � �-�������
A

� ��� � � � � �����
B

��� �����	� ��� ��� ���
�
� ��� ��� � ��� ����� � ���-��� � �
� ���

M	� . ; # + � ���C��� �3���5�(� + �������/���(�/: � �(�S�(��� �:9 ��#��������-�"#�����! ���S. �"#���� & �*�6��� �3��� ;
�-� + �������/� P K & 9R�*��# ? �M���(�S���A��� 

����.0� 2

P = Id− 2w.wt

�L�B� & w �B� & #(�/�����(� ; � !5����. ; � |w|2 = 1 � K5��� : ��������! �B� & #(�/��� u ='�5�/� & ��!R='�5� 2

P = Id− u.ut

H

�L�B� &
H =

1

2
|u|2

� !5�A. �"#���� & �C�����3���5�(� + �������/���*�(#�����# + � ;B��!9�"��� 2

P 2 � (Id− 2w.wt).(Id − 2w.wt)

� Id− 4w.wt + 4w.(wt.w).wt

� 7=�

A��! & P = P−1 �/# :������<='�5�

P = P t
K
P t = P−1

E ! &(+ ���������(� �"!$# ����. �"#���� & �������6���5�(� + �������/���":�:��(��:���� ; � K9!5���5��: �����B��!5� �/! !5���5�
����!�!9�"!'#6��!5�S. �"#���� & � A K7�"!�!$�����/�3#(����#����*� ; � ; .0�/!'#(�3�09 ��!5� & ������!�!5�C�/!D���*�-�(���5�
�09 ��! ; � ; .0�/!$#6�(��#�� ; ����� ���D�(���5����� �M����;B��!9�"��� 4

� � U



�3���5�C�"������!5�C� & �F: �����S�:9R�	���/.1:���� �"!�!'�����/�C���*� ; ���/.0�/!'#(�C���1��� :��(�/.1� G �(� & ������!�!5�
���

A
�/! ���*�(�(���5���M� & �'�	� & �/!'# a11 4H�� �(��!5��: ����� & �/���MK x ��� �B� & #(�/��� & ��.1: � � ; ���A��� :��(�/.1� G �(� & ������!�!5�S���

A
�/#

u = x+ sgn(a11)|x|e1

� �

e1 =




U
�
444
�




E ! �":�:����>=$�9�"!'#
P

�"� �B� & #(�/��� x ? ;$�"� &(+ �
H 4 � � x− u

H
.(x+ sgn(a11)|x|e1)t.x

� x− 2u.(|x|2+sgn(a11)|x|a11)
2|x|2+sgn(a112|x|a11

� � ; �

� sgn(a11)|x|e1
� ; ! � a11 � �*��#���!'#��(�'�M����#6: ����� �(#-�"���������(�/� �:9H�"�<;B������# + .0� 4
E ! �":�:����>='�9�"!$#

P
�"� �B� & #(�/��� x K !5���5� �"!�!'������!5� #(����#(�*�8���*� & ��.1: � � �"!$#(�*�@�/!

���*�-�(���5� �M� :��(�/.1���/� ; � ; .0�/!$# ���
x 4 �3���5�@: �����B��!5�@
 �"���(�O��� . � .0� �L�B� & ���*�

�"��#��(�*� & ������!�!5�*� 4 
A�A:����5���/! : � �-�"!'#

P =




U � � �
� 4 4 4 � �
� � U �

� � �
P1




� �
P1

�*�(# ��!5�S. �"#���� & ����� �3���5�(� + �������/�LK5!5���5�6: �����B��!5�3�"!�!$�����/�3#(���5� ; � ; .0�/!'#(�
�/! ���*�-�(���5� �09 ��! ; � ; .0�/!'#(�6��#���� & #(�/.0�/!'#6�/!D���*�-�(���5����� ��� �M����;B��!9�"��� 4

A�A����. � .0� . �"!�� G �(� K7�/!D�":�:����>=$�9�"!'#���!5� . �"#���� & �C��� �6���5�-� + �������/�6�":�:��(��:���� ; �
? �M�(����#(�A��� ���C. �"#���� & � A K$!5���5� : �����B��!5� �"!�!'�����/� #(���5� ���*� ; � ; .0�/!$#(���09 ��!5�6���<; !5�
�(��#�� ; � ? �M�(����#(�C�09 ��! ; � ; .0�/!'#(�6���������0�M����;B��!9�"��� � ��� ��#���� & #(�/.0�/!'# ? �M�(����#(� � 4

� � �



E !@�":�:����>='�9�"!$# ���*�). �"#���� & �*����� �3���5�(� + �������/� �":�:��(��:���� ; �*� ? �M�(����#(�6�/# ? ;$�"� &-+ �
���A���1. �"#���� & � A K�!5���5� : �����B��!5�6����! & ����#(�/!���� ��!5� . �"#���� & � �����M����;B��!9�"���

B 4

Q(n) . . . Q(1)AS(1) . . . Sn = B � 
 4 � �
E ! : � � �"!$#

QA = (Q(n) . . . Q(1))t � 
 4 T �
�/#

SA = (S(n) . . . S(1)) � 
 4 � �
!5���5�6�*�B��!5� 2

A = QABS
t
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